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Closed loop system

v" Let us consider the R(s) — Y (s) closed loop system

The closed loop function W(s) is given by

Y(s)

_ Y(s) _ _F(S)
W(s) = R(s) 1+F(s)

where,

N(S) _ 5 H{n(S — Zi)
D(s) " II}(s—pj)

F(s) =
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Definition of the root-locus

The characteristic equation, 1+F(s)=0,

provides the closed-loop poles.

The root-locus method is a technique in which the roots of
the characteristic equation are plotted for all values of a system
parameter. The roots corresponding to a particular value of this
parameter can then be located on the resulting graph. Usually,
this parameter is the constant p of F(s) defined by

[[["(s — z;)
[T7(s —»;)
p can be positive or negative, then, we need to plot the locus for

each case. Here, we assume p>0. If p<0, it corresponds to the
positive feedback case.
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F(s)=p



Angle and magnitude conditions

( 1+F(s)=0 Hm(S ) 1
VF(s) = p o 872 —) (s—p;) »
\ H(S_ ])

* Angle condition:

m n

2k + 1)m, >0
z arg(s — z;) — z arg(s — Pj) = {Z(kn ) '[; -0
i=1 j=1

* Magnitude condition:

[["ls—z| 1

[T} s —pjl ol
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Angle and magnitude evaluation

¢ | Im
One zero: »
<1 / m
Three poles:
d s Py \ J
P1>, P> ana p; / VAR AN\ >
/ Py = Re
/
a\g
73
m -
z arg(s —z;) — zarg(s — Pj) =01 — @1 — P2 — @3
i=1 j=1

H%n|5—2i| M

[T} s —p;l  min2n3
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Example: computing analitically the roots as

function of p

p B p
(s24+3s+2) (s+1(s+2)

the characteristic equation is

1+F(s)=0 ‘ s24+3s+2+ p=0

F(s) =

and the roots are: ¢ — —SEyi—dp
2
By varying p,
¢ p=0 mm=) Two poles in -1 and -2

c 0<p<1/4 mm) Two negative real poles

e p=1/4 mm) Two equal poles in -3/2

c p>1/4 ) Two complex poles with real part -3/2
* p<0 ) Two real poles
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Example: computing analitically the roots as

function of g
« p=0 mm=) Two poles in -1 and -2
c 0<p<1/4 ‘ Two negative real poles
e p=1/4 mm) Two equal poles in -3/2

c p>1/4 =) Two complex poles with real part -3/2
* p<0 EEE) Two real poles
A A
Im p>0 p <0 Im
Re Re
> —_—
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Example - graphical computation for

constructing the root-locus

o ,0 > O 5 r Im

—2 —1 Re
A test point s satisfies the angle

condition if:
m n

; arg(s — z;) — ;arg(s — pj) = 2k + Dm — Z arg(s _ Pj) _

=—p1— ¢ = 2k + D
* Then, the negative real axis between -2 and -1 satisfies the angle
‘ condition (i.e., ¢p; = m, @, = 0).
* Also, all the points belonging to the bisector of the segment (-2, -
1), i.e. for which @, and ¢, are supplementary angles
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Example - graphical computation for

constructing the root-locus

Then, for p > 0, the angle condition is satisfied by
* the points belonging to (-2 -1)
* the points of the bisector of the segment (-2, -1),

We use the magnitude condition, p Im

Mls—z; 1
[T} Is=p;l oI’
for evaluating p in a given point of
the root-locus; in this way, we can
understand the orientation of the
branches by increasing p:

For this example, the magnitude

condition is:
s+ 1||s+ 2| =p

For s = —3/2, a multiple root
> |—-3/2+1||-3/2+2| =05 :-05=025=p
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Example - graphical computation for

constructing the root-locus

¢ p <0 g ? Im
f
|IIIII nl
e :
2 ~1 Re
A test point s satisfies the angle
condition if:
m n n
Z arg(s — z;) — 2 arg(s —p;) =2kn EEE) ~ z arg(s —p;) =
i=1 j=1 j=1

= —@Q1 — @ = 2kn
* Then, the negative real axis between —oo and -2 satisfies the
mm)  angle condition (i.e., ¢ = 7, ¢, = 7) and the points from -1
to +oo (i.e., ¢; = 0, @, = 0).
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Example - graphical computation for

constructing the root-locus
e p<O0

* The negative real axis between —oo and -2 satisfies the angle
condition (i.e., ¢; = 1, ¢, = ) and the points from -1 to +oo
(i°e°9 P1 = 09 P = O)

A Im
* We use the magnitude condition

for evaluating p in s = 0:
s + 1l|s + 2| = |p| P

s=20

=) [1]12] = |p| mm) p=-2
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Procedure for root-locus plot: general rules (p>0)

1. Locate the open loop poles (by crosses) and the open loop zeros (by small

circles) in the complex plane.
2. The root-loci will have just as many branches as there are roots of the

charateristic equation:
NG _ oy =2
D(s) [T}(s — pj)
[T} (s —pj) +pII*(s —2) = 0.
Then, the roots are n (n = m), so the number of branches of the root-loci
is equal to n, 1.e the number of open loop poles.
3. The n branches start from the open-loop poles and m branches terminate

at m open-loop zeros, the remaining n-m branches terminate at infinity

1+F(s) =01+ 0o

(n-m 1mplicit zeros at infinity). ( [17"(s — z;)
- S:p]:_; l—)Oozp—)O
Hi (s —z;) 1 11j (S _ pJ)
mG-p) o [17"Cs — 2,)
J J S=Zi$::;( l)—>0=>p—>oo
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Procedure for root-locus plot: general rules (p>0)

4. Determinate the root loci on the real axis: the loci on the real axis is
determined by the open-loop poles and zero lying on it; the complex-conjugate
poles and zeros have no effect on the location of the root loci on the real axis
because the angle contribution of a pair complex-conjugate poles or zeros is 360°
on the real axis. A ponit of the real axis lies on a root locus if the total number
of real poles and real zeros to the right of this point is odd (Vice versa for the
complement locus, 1.e. p<0).

S. The root loci are symmetrical about the real axis of the s plane: the roots
of the characteristic equation are real or complex in coniugate pairs.

6. The n-m branches terminating at infinity must be asymptotic to
straight lines which intersect on the real axis; this point, denoted with by
S = 0,1s given by

_XDpj—Xzi
a " np-m °
The angles (slopes) of these lines (asymptotes) are given by (by applying the phase
condition)
2k+1
angles of asymptotes = ( n:rm)n (p<0, angles of asymptotes = %)

for k=0, ...,n-m-1
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Procedure for root-locus plot: general rules (p>0)

* All the asymptotes intersect on the real axis. This point is obtained
as it follows:

By expanding [1"(s — z) _ 1

[i(s—p;) p
sm—Qz)s™ 1+ .. 1
=) s — (Tp;)st1 + - ")
Then by dividing the denominator by the numerator
1 1
= (5~ T )
that can be approximated for a large value of s as
(s X i y zi)n_m } _% By denoting with o = > ?-_nzl -
n—m
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Procedure for root-locus plot: general rules (p>0)

* Then, we can approximate the characteristic eqaution for large values of s by

11
_ n-m A
with (s —ag) p
XPj— LZ
O, =
n—m

Then, we represent a numebr of poles and zeros with an unique pole o, with
multiplicity n-m, from which starts n-m branches terminating at infinity.

By applying the angle condition we get

1
arg ((S — aa)"_m) = (2k+ D ﬁ —(n—m)arg(s—o,) = 2k +

(2k + 1)m  i.e., asymptotes with angles (slopes)
h arg (s —oq) = n—m °  multiple of w/(n-m), for k=0, ...,n-m-1

2km 1.e., asymptotes with angles (slopes)
n—m’ multiple of 2r/(n-m), for k=0, ...,n-m-1
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* For p<0, arg(s—o,) =



Procedure for root-locus plot: general rules (p>0)

7. Determinate the angle of departure of the roots locus from a complex pole

Angle of departure from a complex pole, ¢, ; =

7 - (sum of the angles of vectors, @;, from all other poles to the complex pole in question)
+ (sum of the angles of vectors, 6;, from the zeros to the complex pole in question)

' Im
Example: in this figure, the angle of

- departure from p; (denoted with ¢,3),
iy 0, is given by:

< Re s =m— (@1 + @)+ (61 +6,)

1
; (2k+ D= ) @+ » 0| k=0,,u=1, p>0

In general, in the case 7]

of a complex pole, p;, ®p; =

: .y 1
with multiplicity u ‘ E<2]m — z @; + z 91>;k =0,..,u—1, p<0

1#]
\
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Procedure for root-locus plot: general rules (p>0)

8. Determinate the angle of arrival of the roots locus at a complex zero
Angle of arrival at a complex zero=

7 - (sum of the angles of vectors from all other zeros to the complex zero in question)
+ (sum of the angles of vectors from poles to the complex pole in question)

b Im

Example: in this figure, the angle of
departure from p; (denoted with ¢,,),

In general, in the case
of a complex zero, z;, oF i

1s given by:
~_ ?
E_H,:;\ - ¢ZZ =TT — (91) + (§01 + %) + (pS)
-, e

1

1#]

1#]

. . 1
with multiplicity u ‘ E(an — Z 0; + z (Pi> k=0,...,u—1, p<O0
\
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Procedure for root-locus plot: general rules (p>0)

9. Find the break-in and breakaway points on the real axis
(see figure below, a) and b), respectively)
If a root locus lies between two adjacent open-loop poles on the real axis, then there 1s at
least one breakaway point between the two poles. Similarly, if the root locus lies between
two adjacent zeros (one zero may be located at -o0) on the real axis, then there always
exists one break-in point between the two zeros...

[M"(s—z;)) _ N*(s)

By F(s) =E_P— p ——, the charac.eq. 1 + F(s) = 0 SNE _ 1

p(s) T Ii(s-p;) 7 D) | D(s) p
These points are obtained V |
by computing the min l
and max of the following
function: i 5

D(x) B X - Re | X Re
o) = - N*(x) / /

a) b)
1 on 1

i=15

Or by solving: X2 —— =05 =1, for p € (—o,+)
without providing the type of pc:ints (break-in orl breakaway)
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Procedure for root-locus plot: general rules (p>0)

10. Determine closed-loop poles

A particular point on each root-locus branch will be a closed—loop pole if the value of
p satisfes the magnitude condition at that point. Conversely, the magnitude condition
allows us to determine the value of p at any specif root location, s = S, on the locus:

Mts—z 1 >3 [17 |5 — py

=— mm) lpl= -
[THs—p;1 el [1"15 — z]

11. If n — m = 2, the sum of the real parts of the poles of the closed loop system
does not change by varying p

Then, for p = 0, such sum is equal to x, = Y.1-{ p;

Note: this rule can be useful for determining the points where the root loci cross
the imaginary axis
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Example 1 (p>0)

P A Im

S N [ R
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Example 1 (p <0)

A Im P
F(s) =
() s(s+3)(s+5)”0<0
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Example 2 (p >0)

F(s) = pot? >0
> _psz+25+2"0
A Im
+ J
) 0 Ee
T
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Example 2 (p <0)

F(s) st 2 <0
S) = ,
P s24+2s+2 P
A Im
17
p
:é —Il 0 Re
T 7
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Example 3 (p >0)

A Im
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Example 3 (p <0)

A Im
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Controller design by using root-locus

Alm Alm Alm

J @,

(=7 el
arccos &

Q|

Al
=y
41

Al
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Example: design a controller by using root-locus

Let us consider a closed loop system with a proportional control action (K(s) = ug)

Y(s)

A Im
+3

A her — S

where G(s) = Sey6710)
 Find up such thatty; < 2.5s

of the output y in response to a 1

step signal » S — >

-10 —7 0 Re
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Appendix - Routh table

A Let us consider the polynomial

D(s)=as"+a, s"" +...+a,
A The Routh table is defined as follows
h a, a,.; an-4

n-1 a, a,.; a,.s

n-2 b n-2 b n-4 b n-6
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