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Goal 

find weight vector which minimizes the error function 

Introduction

𝐸(𝐰)

A - local minimum

B - global minimum 
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Error function

A - local minimum

B - lacal maximum

C - saddle point

D - global minimum
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Error function
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Error function
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Learning approach 

Gradient descent

Limitations

To choose a suitable value for the learning rate 

Gradient descent

∆𝐰𝜏 = −𝜂∇𝐸𝑛 ቚ
𝐰𝜏

𝐰𝜏+1 = 𝐰𝜏 + ∆𝐰𝜏

Gradient

Hessian
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Minimization rule 

General form of the iteration

Optimality conditions - garantees

Minimum

Convex

Positive definite
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Taylor expansion f (one variable), m times 

continuously differentiable

 Multi-variable 

Taylor expansion

Point a around wich we will Taylor expand 

Second order
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Taylor exapansion around some point in weight 

space

where

Local approximation of the gradient

Local quadratic approximation

𝐸 𝐰 = 𝐸 ෝ𝐰 + 𝐰 − ෝ𝐰 𝑇𝐛 +
1

2
𝐰 − ෝ𝐰 𝑇𝐇 𝐰 − ෝ𝐰

𝐛 ≡ ∇𝐸 ቚ
ෝ𝐰

𝐇 𝒊𝒋 ≡
𝜕2𝐸

𝜕𝑤𝑖𝜕𝑤𝑗
ቚ

ෝ𝐰
Hessian matrix

∇𝐸 = 𝐛 + 𝐇 𝐰 − ෝ𝐰
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Local quadratic approximation around a point 

where

eigenvalues and eigenvectors of Hessian matrix

Local quadratic approximation

𝐸 𝐰 = 𝐸 𝐰∗ +
1

2
𝐰 − 𝐰∗ 𝑇𝐇 𝐰 − 𝐰∗

∇𝐸 = 0

𝐇𝐮𝑖 = 𝜆𝑖𝐮𝑖 𝐮𝑖
𝑇𝐮𝑗 = 𝛿𝑖𝑗
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from expansion

where

Moreover,  Hessian matrix is positive definite 

when

Local quadratic approximation

𝐰 − 𝐰∗ = ෍

𝑖

𝛼𝑖𝐮𝑖

𝐯𝑻𝐇 𝐯 > 0 ∀ 𝐯 = ෍

𝒊

𝛽𝑖𝐮𝑖

𝐸 𝐰 = 𝐸 𝐰∗ +
1

2
෍

𝑖

𝜆𝑖𝛼𝑖
2

𝐯𝑻𝐇 𝐯 = ෍

𝑖

𝛽𝑖
2𝜆𝑖
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Result

Countours of costant error are ellipses whose axes are 
aligned with the eigenvetors of the Hessian matrix, with 
length inversely proportional to the square roots of the 
corresponding eigenvectors

Local quadratic approximation
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Learning approach 

Gradient descent

Limitations

To choose a suitable value for the learning rate 

Gradient descent

∆𝐰𝜏 = −𝜂∇𝐸𝑛 ቚ
𝐰𝜏

𝐰𝜏+1 = 𝐰𝜏 + ∆𝐰𝜏
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Gradient approximation

moreover

Learning algorithm

Convergence

∆𝐰 = ෍

𝑖

∆𝛼𝑖𝐮𝑖

∇𝐸 = ෍

𝑖

𝛼𝑖𝜆𝑖𝐮𝑖

∆𝛼𝑖 = −𝜂𝛼𝑖𝜆𝑖

𝛼𝑖
𝑛𝑒𝑤 = (1 − 𝜂𝜆𝑖)𝛼𝑖

𝑜𝑙𝑑
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Distance to the minimum and linear convergence

After T step 

Convergence

𝐮𝑖
𝑇 𝐰 − 𝐰∗ = 𝛼𝑖

𝛼𝑖
(𝑇)

= 1 − 𝜂𝜆𝑖
𝑇𝛼𝑖

(0) 1 − 𝜂𝜆𝑖 < 1 
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We prove that

Convergence for

Convergence along the direction   

Gradient descent

𝛼𝑖
(𝑇

= 1 − 𝜂𝜆𝑖
𝑇𝛼𝑖

(0)

1 − 𝜂𝜆𝑖 < 1

1 −
2𝜆𝑚𝑖𝑛

𝜆𝑚𝑎𝑥
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Modified gradient formula

Iteratively

Increse the effective learning rate

Momentum

∆𝐰𝜏 = −𝜂∇𝐸𝑛ȁ𝐰𝜏 + 𝜇 ∆𝐰𝜏−1

∆𝐰 = −𝜂∇𝐸 1 + 𝜇 + 𝜇2 + ⋯ = −
𝜂

1−𝜇
 ∇𝐸
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Momentum
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Optimization function

Emprical risk minimization 

Optimization for deep models 
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Maximum likelihood estimation

Gradient of the loss function

Optimization for deep models 



M
L 
–
 O

p
ti
m

iz
a

ti
o
n
 a

lg
o
ri

th
m

s

21

Stochastic Gradient Descent (SGD) 

Sufficient condition for convergence



M
L 
–
 O

p
ti
m

iz
a

ti
o
n
 a

lg
o
ri

th
m

s

22

SGD and momentum

Update rule
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SGD and momentum
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Nesterov’s accelerated gradient method 

(Sutskever et al., 2013)

Nesterov Momentum
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Nesterov Momentum



M
L 
–
 O

p
ti
m

iz
a

ti
o
n
 a

lg
o
ri

th
m

s

26

Linear search direction in weight space

Where the parameter is chosen to minimize 

Line search 

𝐰𝜏+1 = 𝐰𝜏 + 𝜆(𝜏)𝐝(𝜏)

𝐸 𝜆 = 𝐸 𝐰(𝜏) + 𝜆𝐝(𝜏)

Error function
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At the minimum of the line search 

which gives 

Conjugate gradient

𝜕

𝜕𝜆
𝐸(𝐰𝜏 + 𝜆 𝐝(𝜏)) = 0

𝐠 𝜏+1 𝑇𝐝(𝜏) = 0 𝐠 ≡ ∇𝐸 

On a line minimization the new gradient is  orthogonal to the line-search direction 
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Initialization of the weight vector 

Evaluate 

At step j, minimize                       with

Stopping criterion   

Conjugate gradient algorithm

𝐰1

𝐰𝑗+1 = 𝐰𝑗 + 𝛼𝑚𝑖𝑛𝐝𝑗

𝐠1  → 𝐝1 = −𝐠1

𝐸(𝐰𝑗 + 𝛼𝐝𝑗) 

𝛼𝑗 = −
𝐝𝑗

𝑇𝐠𝑗

𝐝𝑗
𝑇𝐇𝐝𝑗
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Evaluate the successive gradient e search direction

Hestness-Stiefel

Polak-Ribiere

Fletcher-Reeves 

Conjugate gradient

𝐝𝑗+1 = −𝐠𝑗+1 + 𝛽𝑗𝐝𝐣

𝛽𝑗 =
𝐠𝑗+1

𝑇 𝐠𝑗+1 − 𝐠𝑗

𝐝𝑗
𝑇 𝐠𝑗+1 − 𝐠𝑗

𝛽𝑗 =
𝐠𝑗+1

𝑇 𝐠𝑗+1 − 𝐠𝑗

𝐠𝑗
𝑇𝐠𝑗

𝛽𝑗 =
𝐠𝑗+1

𝑇 𝐠𝑗+1

𝐠𝑗
𝑇𝐠𝑗
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Denominator can be negative increasing the error 

Ensure that the Hessian matrix is positive defined 

Step length is defined as 

Scaled conjugate gradient

𝛼𝑗 = −
𝐝𝑗

𝑇𝐠𝑗

𝐝𝑗
𝑇𝐇𝐝𝑗

𝐇 + 𝜆𝐈

𝛼𝑗 = −
𝐝𝑗

𝑇𝐠𝑗

𝐝𝑗
𝑇𝐇𝐝𝑗 + 𝜆𝑗 𝐝 2
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Explicit use of the Hessian matrix

The minimum of the error function satisfies 

Newton’s method

𝐠 = ∇𝐸 = 𝐇(𝐰 − 𝐰∗)

𝐰∗ = 𝐰 − 𝐇−1𝐠 Newton direction
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Second-order gradient method

Second order Taylor series expansion

Newton parameter update rule

Newton’s method
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Newton’s method



M
L 
–
 O

p
ti
m

iz
a

ti
o
n
 a

lg
o
ri

th
m

s

34

If the eigenvalues of the Hessian matrix are not 

all positive, we move in the wrong direction 

Regularization

Levenberg-Marquardt algorithm  

Approximation of Newton’s method
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Find a search direction that is conjugate to the 

previous line search direction

Conjugate direction

Calculation of the eigenvectors of H to choose  

Conjugate gradients
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Conjugate gradients
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Fletcher-Reeves

Polak-Ribiere

Conjugate gradients
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Conjugate gradients
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Broyden-Fletcher-Goldfarb-Shanno algorithm

Approximation of the Hessian matrix

Descent direction

Parameter update 

Quasi-Newton methods
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Newton’s method computationally prohibitive for 

evalutaing the Hessian matrix 

Sequence of matrices representing increasingly 

approximations to the inverse Hessian matrix 

Broyden-Fletcher-Godfarb-Shanno procedure

Quasi-Newton method
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Sensitivity to some directions in parameter space 

Seperate learning rate for each parameter 

Adapt learning rates throughout the course of learning 

Delta-bar-delta algorithm

Heuristic approach 

Idea – if the partial derivative of the loss rimains the 

same sign, then the learning rate should be increase, 

decreased otherwise  

Adaptive learning rates
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AdaGrad

Hadamard prduct (element-wise)

Adapts the learning rates of all model parameters by scaling them inversely 

proportional to the square root of the sum of the historical squared values of the 

gradient 
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RMSProp

Perform better in the nonconvex setting by changing the gradient accumulation 

Into an exponentially weighted moving average. Shrinks the learning rate

according to the entire history of the squared gradient. 
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RMSProp
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Adam algorithm

Variant of RMSProp with momentum. 

Adaptive Moments: 1) first order moment; 2) bias correction second order 

moment
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Heuristic

Tipically

Biases for each unit heuristically chosen constant 

weights random (Gaussian or Uniform distributions)

Large initial weights 

Recurrent NNs result chaos 

Further strategies 

Sparse matrices initialization

Initialization strategies
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