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Introduction

e Goal in network training

e Model the underlying generator of the data

e General and complete description of the generator
joint probability input-target space
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Likelihood

e Training data
x",t"}
e Likelihood

p(x,t) = p(t|x)p(x)
p() = [ p(exdt

c=] [penem = | [perxmpeen

e Maximizing the likelihood

E=—-InL = —Zlnp(t"lx") — ZInp(x")
n n
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The term does not depend on
the network parameters
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sum-of-squares error

e Consider c targets t,
Cc
p(to = | [pctix
k=1

r Assume distribution of target data is Gaussian
deterministic function

ty = hk(X) + €k Gaussian noise

e Distribution of the error

2
1 _ Gk

— 2
p(Ek) — (27_[0_2)1/2 e
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sum-of-squares error
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e Considering

Vi(X, W) = hy(X)

e Probability distribution of target

1 {yrxw)—tg}?

p(ti|x) = (20 D)i/? e 202

¥ The overall error function

Terms independent from the weights
Cc

= Zi 2 E{yk (x™",w) — t;}* + Nclno + N—ln(Zn)



sum-of-squares error

¥ Sum of squares error function

ZZZWX W) — 62

nlk

- EZ”Y(X w) =t
n=1
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Interpretation of NN output

e Limit of number N to infinity

N
1
= Jim ZNZ z{yk(x W) — t7}
n=1 k
1
fz f j{yk(xn' w) — tg}p(ty, X)dtydx
k

¢ Moreover

E

1

EZ f J e (x™, W) — e} p (&, | X)p(X)dt dx
k
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Interpretation of NN output

¢ Defining
(61 %) = [ el

(¢21) = [ et

¢ Moreover
e — e} = {ye — (] X) + (e | X) — e }*

= {yr — (te| X)}° + 2{yp — (| OH(ts | x)
— ti ) + {{te | X) — £}
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Interpretation of NN output
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¥ The error
E =

1
2D | et w) = (el )Vp(0dx +
k

1
oD [((eE1%) = (0l %) peoax+
k

e First integrand positive

Vi (X", W*) = (t| x)

Regression ot t, conditioned on X



Interpretation of NN output

¢ Regression
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Considerations

e Three key assumptions

e Data set must be sufficiently large that is approximates
an infinite data set

e The network output function must be sufficiently general
that there exists a choice of parameters (hidden units
sufficiently large) which makes th error sufficiently small

k The optimization of the network parameters is
performed in such a way as to find the appropriate
minimum of the cost function
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Example

R
;R
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t=x+03sin(2mTx)+e€
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Solid curve: MLP with 5 hidden
units and sum-of-squares error
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General error functions

¥ Generalization of the Gaussian distribution
R,Bl/R
2T(1/R)

Gamma function

e_ﬁlelR

p(e) =

e By negative log-likelihood the error function is

N C
g = z Z|yk<xn,w> — 7R

n=1k=1

Minkowski-R error
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General error functions

¢ The derivatives

OE
aWji
N C
ot yy
= > ) e w) — 1 Lsign(y(x”, w) — ") -
n=1k=1 MG

r Evaluated using the standard back-propagation
procedure

B Sensitivity to outliers

ML — Error functions

% g

14



General error functions

¢ The derivatives

0FE
aWji
N ¢
. 0yy
= z ly, X, w) =t R Lsign(y(x™, w) — t")
aWji
n=1k=1

r Evaluated using the standard back-propagation
procedure

B sensitivity to outliers
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Classification

e Density function
1-of-c coding

p(telx) = ) 8(t = 8)P(C,IX)
=1

¢ by sum-of-squares error function the conditional
average

V() = (6] X) = f tep (bl ds, = P(Cel %)
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Hidden units

e Considering the error

1 N c (M
n __ n
P22, 212

\2

~"

)
r Defining

(D =ty (W) = wy; (2), = 2"

' Mimimizing the error with respect the weights

) ’ n_ in n _
Z< Wiz —t, ¢2p =0
=1 =1 )
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Hidden units

¢ In matrix notation
ZTZWT —ZTT =0
e with solution

Wl =7'T =0

¢ The error becomes

E = %Tr{(ZWT —T)(ZW' —T)"}
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Hidden units

e After simple matrix manipultation

1
E = ETr{TTT — S5S71}

¢ with covariance matrix of the last hidden layer
S, = 777 = Z(z" — 2z —7)T
n

between class covariance matrix

Sy = ZITT"Z
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Hidden units

¢ Minimizing the sum-of-squares error is equivalent
to maximizing the discriminant

1
E = ZTr{sBs;l}
Similar to Fisher discriminant

e Result

e The weights in the final layer are adjusted to produce
an optimum discrimination of the classes of input vectors
by means of a linear transformation
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Hidden units

¢ Minimizing the sum-of-squares error is equivalent
to maximizing the discriminant

1
E = ZTr{sBs;l}
Similar to Fisher discriminant

e Result

e The weights in the final layer are adjusted to produce
an optimum discrimination of the classes of input vectors
by means of a linear transformation
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Cross-Entropy

e Network with single outtput y

P(C1|x) = y. P(Glx)=1-y

e Probability
p(tlx) =y (1 —y)*"

Bernoulli distribution

e Likelihood

c=] Jomra-yy
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Cross-Entropy

e Cross-entropy error function
E=—-InL
== ) (" Iy + (1=t In(1 - y"))
n

e Differentiating
OE _ O"—t")
ay™ y*(1—-ym)

g Absolute minimum

n_tn

yr=t". Vn
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Cross-Entropy for multiple class
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¢ Conditional distribution

perix = | o
k=1

e Differentiating

Cc
E = —zZt}}lny,’;‘
n k=1
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