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Scientific Computing
(part 2 – 6 credits)

Scientific Computing
(part 2 – 6 credits)
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Contents

 Interpolation VS approximation.

 Best approximation in ⋅: finite 

dimension subspaces.

Contents

 Interpolation VS approximation.

 Best approximation in ⋅: finite 

dimension subspaces.
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Data interpolationData interpolation
A function interpolating the values of an
unknown function, in general, is not a good
approximation of the function that
generated the data.

A function interpolating the values of an
unknown function, in general, is not a good
approximation of the function that
generated the data.
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If data are perturbed, Interpolation also
reconstructs the perturbations!
If data are perturbed, Interpolation also
reconstructs the perturbations!

noiseless curve
noisy curve

noiseless curve
noisy curve
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Fitting by means of a Least Squares polynomialFitting by means of a Least Squares polynomial
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If data are perturbated, Best 
Fit reduces perturbations!
If data are perturbated, Best 
Fit reduces perturbations!

Data fittingData fitting
R

e
c
a
ll

R
e
c
a
ll

-5 -4 -3 -2 -1 0 1 2 3 4 5
-10

-5

0

5

10

15

20

25

30

!!! !!! 
polynomial degree=2

Least Squares polynomialLeast Squares polynomial



SC
p2

_1
1.4

(p
ro

f.
 M

. R
iz

za
rd

i)
Be

st
 A

pp
ro

xi
m

at
io

n
in

 2
-n

or
m

Let X be a Linear Space, M a subspace, MX, and
fX, but fM. A vector f *M is said the best
approximation of f w.r.t. :

Let X be a Linear Space, M a subspace, MX, and
fX, but fM. A vector f *M is said the best
approximation of f w.r.t. :

* min
g M

f gf f
Î

= -- * min
g M

f gf f
Î

= --defdef

that is, f * is the “closest” approximation on M to f
w.r.t. the selected norm.
that is, f * is the “closest” approximation on M to f
w.r.t. the selected norm.

Best approximation in normed Linear SpacesBest approximation in normed Linear Spaces

* arg min
g M

ff g
Î

-=* arg min
g M

ff g
Î

-=
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1. discrete and finite case (vector xn)1. discrete and finite case (vector xn)
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2. discrete and infinite case (sequence {xk}k
p
)2. discrete and infinite case (sequence {xk}k

p
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p x x <
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= åp-norm
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kx x
¥

=

= åp-norm
For p we obtain again the Euclidean norm defined in , the Linear Space of
square‐summable sequences. In 2 the standard scalar product, which
induces the Euclidean norm, is xk, yk

For p we obtain again the Euclidean norm defined in , the Linear Space of
square‐summable sequences. In 2 the standard scalar product, which
induces the Euclidean norm, is xk, yk

1

, k k
k

x yx y
¥

=

= å
1

, k k
k

x yx y
¥

=

= å

or Manhattan normor Manhattan norm

p‐power summable sequences

convergent seriesconvergent series
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In the continuous case, the Euclidean norm is defined in the Hilbert Space
La,b, that is the space of square‐integrable (or square‐summable)
functions; the norm is induced by the scalar product defined as

In the continuous case, the Euclidean norm is defined in the Hilbert Space
La,b, that is the space of square‐integrable (or square‐summable)
functions; the norm is induced by the scalar product defined as
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3. continuous case (function f...)3. continuous case (function f...)

fL[a,b]fL[a,b]

fC[a,b]fC[a,b]

fL[a,b]fL[a,b]

( ) ( ) 

    

 

   

,
b

a

f x g x dxf g = ò
The integral has to be intended as Lebesgue integral; La,b contains
equivalence classes of functions (two functions that coincide "almost
everywhere", that is except on a set of zero measure according to Lebesgue measure,
are considered the same); La,b is complete, while C a,b does not.

square‐summable in [a,b]square‐summable in [a,b]

continuous in [a,b]continuous in [a,b]

summable in [a,b]summable in [a,b]
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The best approximation depends on:

 the subspace where it is searched (... of course!)

 the selected norm

0 0.2 0.4 0.6 0.8 1
-0.2

0

0.2

0.4

0.6

0.8
The best approximation of the function
f(x)=x4, x[], in the subspace of first
degree polynomials is given by:

• w.r.t. ⋅

• w.r.t. ⋅¥

4 1
5 5

x -4 1
5 5

x -

33 2
16

x - 33 2
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x -

f(x)=x4

4 1
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x -4 1
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x -

33 2
16

x - 33 2
16

x -

ExampleExample
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In the case of discrete data the best
approximation also depends on:

 the particular data

1 2 3 4 5 6 7 8 9
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x 10

4

dati             
m.a. ||.||


m.a. ||:||1     

m.a. ||.||2     
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dati             
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250000

the most sensitive normthe most sensitive norm

the least sensitive norm

ExampleExample

In data2 a single value has been modified very much ...
17500

17500
⋅2

⋅

⋅1⋅1
a little sensitive norm

data1 = (8500,14600,16500,   17500, 18600,20000,22900,24000,31200)
data2 = (8500,14600,16500, 250000,  18600,20000,22900,24000,31200)

All the samples must be approximated by a single valueAll the samples must be approximated by a single value

data1 data2

⋅2⋅2

⋅⋅

outlieroutlier
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The problem of the best linear approximation in  of f in

Mn (dimMn<¥) admits only one solution

such that

if, and only if,  f  fn
, gn   gnMn

(i.e., if the residual vector f  fn
* is orthogonal to the subspace Mn).

Linear least squares (LLS) approximation
(best linear approximation in ⋅)

Linear least squares (LLS) approximation
(best linear approximation in ⋅)

Mn a subspace of X with finite dimension (dimMn = n¥),
whose basis is known (Mn= span{1, 2, ..., n}).

1

n

n k
k

n n kf M f c *

=

=Î å
1

n

n k
k

n n kf M f c *

=

=Î å

simplersimpler to compute
numerically

Let: X be a linear space eqipped with 2 induced by ,,
f be a function fX,

of the best approximation w.r.t. ⋅ in a finite dimension subspace

*

2 2
min

Î
= --

n n
ng Mn ff gf *

2 2
min

Î
= --

n n
ng Mn ff gf*

2
arg min

Î
= -

n n

n
g

n
M

f gf *
2

arg min
Î

= -
n n

n
g

n
M

f gf
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nM nM

ff

*
nf
*

nfngng

*- nf f *- nf f

fn
*= the best linear approximation (w.r.t. 2) of f in Mnfn
*= the best linear approximation (w.r.t. 2) of f in Mn

 f  fn
, gn = 0      gnMn f  fn
, gn = 0      gnMn

22

*
nnff f g- £ -

22

*
nnff f g- £ -

cathetus hypotenuse

in 3

The best approximation fn
 of f in Mn is the orthogonal projection of f onto MnThe best approximation fn
 of f in Mn is the orthogonal projection of f onto Mn

(intuitive) Geometrical interpretation of the best
approximation in 2: orthogonal projection

(intuitive) Geometrical interpretation of the best
approximation in 2: orthogonal projection

residual vectorresidual vector

(p
re
vi
ou
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)
(p
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ou
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he
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)

dim Mn < dim Mn < 
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The orthogonality condition to the subspace Mn, of finite dimension
n and such that Mn=span{   n}, is equivalent to the linear
system of n equations with unknowns ck

:

 f  fn
, i =  i=1,2,…,n

If we put in the previous , and reorganize
the equations, we get 1

n

n k k
k

f c *

=

= å
1

n

n k k
k

f c *

=

= å

1

1, 2, ...,, ,    i ik

n

k
k

i nfc  *

=

==å
1

1, 2, ...,, ,    i ik

n

k
k

i nfc  *

=

==å

Linear System of Normal EquationsLinear System of Normal Equations

Gram matrix

element n. i of the basis

component of f along i

Theor. of
Normal Eqs
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discrete case

continuous case
Theor.

??no Theor.
discrete case

continuous case

discrete case

continuous case

finite dimension subspacefinite dimension subspace

infinite dimension subspaceinfinite dimension subspace

Best linear approximation in Best linear approximation in 

We’ll see later

The previous Theorem ensures that the
solution exists and is unique
The previous Theorem ensures that the
solution exists and is unique
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discrete case

finite dimension:

discrete case
incompatible systemsincompatible systems

Best linear approximation in Best linear approximation in 

overdetermined systemsoverdetermined systems
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19

20

21

22

23

24

25

26
Spirometria

Spirometrymeasures the oxygen
diffusion capacity in the lungs.
The graph shows some results as
a function of the speed at which
the patient is moving.

Spirometrymeasures the oxygen
diffusion capacity in the lungs.
The graph shows some results as
a function of the speed at which
the patient is moving.

The mathematical model for the
dependence between oxygen
and velocity is linear

f(x) mx q
however ... samples are not
aligned!!!

0 1 2 3 4 5 6 7 8 9 10
19

20

21

22

23

24

25

26

27

veloc ità

O
2

Spirometria

Discrete caseDiscrete case
space n with xy xTy

Example of application in Example of application in 
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Spirometria

Data points are not aligned!

There is no line r
r : y=mx+q

passing through all the points, i.e.
such that

m xi + q = yi (i=1,2,…n)

Auy is an incompatible linear
system because of data errors
Auy is an incompatible linear
system because of data errors
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How to find the line?How to find the line?
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The polynomial Least Squares Method (LSM) replaces the known
term y of the system Auy with another vector y which makes the
system compatible. LSM approximates y by y, where y is the
closest vector on R(A) to y, i.e. y is the best approximation of y in
R(A).

The polynomial Least Squares Method (LSM) replaces the known
term y of the system Auy with another vector y which makes the
system compatible. LSM approximates y by y, where y is the
closest vector on R(A) to y, i.e. y is the best approximation of y in
R(A).
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æ ö æ÷ç ç÷ç ç÷ç ç÷ç ç÷ç ç÷ç ç÷÷ç ç÷ç ç÷ç ç÷ç ç÷æ ö æ öç ç÷÷ ÷ç çç ç÷æ ö÷ ÷ç çç ç÷÷ ÷÷ç çç÷ç ç÷ ÷ç ç÷ =÷è ø è øç ç ÷÷ç ç ÷ç÷è øç ÷ç ÷ç ÷ç ÷ç ÷ç ÷÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷çè ø è

m
q

ö÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ø

204 36 837
36 9 198.5

    
    

    

m
q

0.7167
19.1889

   
   

   

m
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==å
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1, 2, ...,, ,    i ik
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always compatiblealways compatible

System of Normal EquationsSystem of Normal Equations

ATAu ATyATAu ATy
why?why?

ATAT
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c = A \ yi
c =

0.7167
19.1889

m=c(1); q=c(2); y_star=m*xi+q;
plot(xi,yi,'or',xi,y_star,'ob')

0 1 2 3 4 5 6 7 8
19

20

21

22

23

24

25

... in MATLAB... in MATLAB

If the linear system A*c=yi is incompatible
and rank(A)=n (with n=number of columns
in A, n<m), to solve the system, the
statement c=A\yi returns the only least
squares solution.

c = polyfit(xi,yi,1)
c =

0.7167
19.1889

y_star = polyval(c,xi);
plot(xi,yi,'or',xi,y_star,'ob')

xi=(0:8)'; A=[xi  ones(9,1)]; yi=[19 20 20.5 21.5 22 23 23 25.5 24]';
disp([rank(A) rank([A yi])])
2     3 incompatible system   A*c=yiincompatible system   A*c=yi

Only for 2, the polyfit() function
returns the coefficients of the best poly‐
nomial approximation (in a least‐squares
sense) for the data in yi.

N=50; P=mvnrnd([3 1 1],[1 .2 .7;.2 1 0;.7 0 1],N);
Xi=P(:,1); Yi=P(:,2); Zi=P(:,3);
A=[Xi Yi ones(N,1)];   c = A \ Zi;

In this case (3), we cannot
use polyfit function.
In this case (3), we cannot
use polyfit function.

LS planeLS planeLS lineLS line

Random Multivariate Normal DistributionRandom Multivariate Normal Distribution
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General discrete caseGeneral discrete case

Resolution of a linear system

Ax = b,     A(mn)
by means of Linear Least Squares method, 
where

A is a rectangular matrix, with rank n, 
and n < m

The system is incompatible

Overdetermined linear systemsOverdetermined linear systems
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The Least Squares Method replaces the incompatible
system Ax=b, bR(A), with a compatible system

where is the best approximation of b
in R(A), i.e. it is the vector of R(A) which is “closest
to b” w.r.t. .

x = Least Squares solution of the incom‐
patible system Ax=b

x : Ax = p (x solves the system Ax = p*)

where

x = Least Squares solution of the incom‐
patible system Ax=b

x : Ax = p (x solves the system Ax = p*)

where
( )

2
* arg min

pÎ
-=

A
bp p

R( )
2

* arg min
pÎ

-=
A

bp p
R

DEF

1

**
=

å  

n

.,p c Ak
k

k=
1

**
=

å  

n

.,p c Ak
k

k=

Ax p (pR(A))Ax p (pR(A))

defdef
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… and if the system is compatible?

A=[1 2; 1 5; 0 0];
b=[4 3 9]';
disp([rank(A) rank([A b])])
2     3
c=A\b;   d=(A'*A)\(A'*b);
disp([c d])

4.6667    4.6667
‐0.3333   ‐0.3333

A=[1 2; 1 5; 0 0];
b=[4 3 0]';
disp([rank(A) rank([A b])])
2     2
c=A\b;     d=(A'*A)\(A'*b);
disp([c d])

4.6667    4.6667
‐0.3333   ‐0.3333

in
co

m
pa

ti
bl

e
sy

st
em

A=[1 2; 1 2; 0 0];
b=[4 4 0]';
disp([rank(A) rank([A b])])
1     1
c=A\b;     d=(A'*A)\(A'*b);
disp([c d])

0    0.0000
2.0000    2.0000

In this case, the Least
Squares method returns

the only solution,
or
one of the  solutions of

the system.

co
m

pa
ti

bl
e

sy
st

em
un

de
rd

et
er

m
in

ed
co

m
pa

ti
bl

e
sy

st
em
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3. Then, to get the Least Squares solution x, we
solve the compatible system Ax = p.

3. Then, to get the Least Squares solution x, we
solve the compatible system Ax = p.

Algorithm

In order to solve an incompatible system Ax=b
by means of Least Squares method …

1. We solve the System of Normal Equations

ATA c = ATb
2. We compute

In order to solve an incompatible system Ax=b
by means of Least Squares method …

1. We solve the System of Normal Equations

ATA c = ATb
2. We compute

1

**
=

å  

n

.,p c A
k

k k=
1

**
=

å  

n

.,p c A
k

k k=

but, ... by definition of Least Squares solution ...

* *Ac p=* *Ac p=

1.1.

2.2.

3.3.
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The Least Squares solution x* of the
incompatible system Ax=b is the same as
the solution c* of Normal Equations.

Property

In the previous algorithm, among the three steps,
only the step is required; that is, in order to
compute the LS solution x, it suffices to solve the
system of Normal Equations.

In the previous algorithm, among the three steps,
only the step is required; that is, in order to
compute the LS solution x, it suffices to solve the
system of Normal Equations.

1.1.
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R(A) p

p* is the orthogonal projection of b onto R(A)

b

2 4
5 3

0 0 9

ì + =ïïïï + =íïï + =ïïî

x y
x y
x y

2 4
5 3

0 0 9

ì + =ïïïï + =íïï + =ïïî

x y
x y
x y

Ax=b
1 2 4
1 5 ,    3
0 0 9

æ ö æ ö÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷÷ ÷ç çç ç÷ ÷è ø è ø

=b=A
1 2 4
1 5 ,    3
0 0 9

æ ö æ ö÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷÷ ÷ç çç ç÷ ÷è ø è ø

=b=A

incompatible
bR(A)span{(1,1,0)T,(2,5,0)T}

( ) 2
* *

2
:   min 

pÎ
=- -

A
p b bp p

R( ) 2
* *

2
:   min 

pÎ
=- -

A
p b bp p

R

ATA x = ATbATA x = ATb
are written in matrix form as

Example 1Example 1

Gram matrix

re
sid

ua
l

b


p
 

re
sid

ua
l

b


p
  The Normal Equations

1

1, 2, ...,, ,   
n

i k k i
k

i nc f  *

=

==å
1

1, 2, ...,, ,   
n

i k k i
k

i nc f  *

=

==å
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Contents

 Best linear approximation in finite 

dimension subspaces w.r.t. : 
continuous case.

Contents

 Best linear approximation in finite 

dimension subspaces w.r.t. : 
continuous case.
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[ ] **
1 21  (1,1      ) * *Î P - x xcf f c= +[ ] **
1 21  (1,1      ) * *Î P - x xcf f c= +

Compute the best linear approximation f.*(x) of f (x)x3 w.r.t. 
in the subspace [] of 1st degree algebraic polynomials over
[1,1]: Mn =[]  span{1, x}

Compute the best linear approximation f.*(x) of f (x)x3 w.r.t. 
in the subspace [] of 1st degree algebraic polynomials over
[1,1]: Mn =[]  span{1, x}

unknowns

1 1 1 2 1

2 1

2

2

1

1 2 22

, , ,

, , ,

f

f

c c

c c

    
    

* *

* *

ìï + =
=

í
+

ï
ïïî

1 1 1 2 1

2 1

2

2

1

1 2 22

, , ,

, , ,

f

f

c c

c c

    
    

* *

* *

ìï + =
=

í
+

ï
ïïî

     

     

1 1 1

1 1 1

1 1 1

1

2

1 1 1
1

3

3

2

2

1d 1 d 1d

1 d d d

c c

c

x x

c

x

x x x

- - -

- -

*

-

*

* *

ì é ù é ù é ùïï ê ú ê ú ê úïï ê ú ê ú ê úï ê ú ê ú ê úï ë û ë û ë ûïíïé ù é ù é ùïê ú ê ú ê úïïê ú ê ú ê úïïê ú ê ú ê úë û ë û ë ûïî

ò ò ò

ò ò ò

+ =

+ =x x

x

x

x

x

     

     

1 1 1

1 1 1

1 1 1

1

2

1 1 1
1

3

3

2

2

1d 1 d 1d

1 d d d

c c

c

x x

c

x

x x x

- - -

- -

*

-

*

* *

ì é ù é ù é ùïï ê ú ê ú ê úïï ê ú ê ú ê úï ê ú ê ú ê úï ë û ë û ë ûïíïé ù é ù é ùïê ú ê ú ê úïïê ú ê ú ê úïïê ú ê ú ê úë û ë û ë ûïî

ò ò ò

ò ò ò

+ =

+ =x x

x

x

x

x

Normal EquationsNormal Equations

1

2

0
3
5

c

c

*

*

ìïïïïíïïïïî

=

=

1

2

0
3
5

c

c

*

*

ìïïïïíïïïïî

=

=

*( ) 3
5

f =x x*( ) 3
5

f =x x

Example 2Example 2

[ ] ( ) ( )
1

1

1, 1 d,C f x g x xf g
+

-

- + = òspazio   con   [ ] ( ) ( )
1

1

1, 1 d,C f x g x xf g
+

-

- + = òspazio   con   Space C[] with
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-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

*
1 2( )f c c* *+=x x*
1 2( )f c c* *+=x x

1

2

0
3
5

c

c

*

*

ìïïïïíïïïïî

=

=

1

2

0
3
5

c

c

*

*

ìïïïïíïïïïî

=

=

*( ) 3
5

x xf =*( ) 3
5

x xf =

Best appr. of x in 1
w.r.t. 

x3x3

gg

  1
2 23 3

2
 

(

  

)

1

    ( ) d
+

à

-

é ù- -ê úë û= òx g x g x x

1 2

3 * ( )

2

3min   
ÎP

à= --
g

xx f g
1 2

3 * ( )

2

3min   
ÎP

à= --
g

xx f g
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1 1 1

1 1 1

1 1 1

1

2

1 1 1
1

3

3

2

2

1d 1 d 1d

1 d d d

c c

c

x x

c

x

x x x

- - -

- -

*

-

*

* *

ì é ù é ù é ùïï ê ú ê ú ê úïï ê ú ê ú ê úï ê ú ê ú ê úï ë û ë û ë ûïíïé ù é ù é ùïê ú ê ú ê úïïê ú ê ú ê úïïê ú ê ú ê úë û ë û ë ûïî

ò ò ò

ò ò ò

+ =

+ =x x

x

x

x

x

The System of Normal Equations is numerically created and solved;
but it can also be described, more effectively for teaching goals, by
means of the MATLAB Symbolic Math Toolbox:
syms x real; M=[sym(1) x]; M'*M
ans =
[   1,   x]
[   x, x^2]
A= int(M'*M,‐1,1)
A =
[   2,   0]
[   0, 2/3]
f=x^3; b=int(M'*f,‐1,1)
b =

0
2/5
c = A \ b
c =
0

3/5
fstar = M*c
fstar =
(3*x)/5

Gram matrix

    

    

1 1 1

1 1 1

1 1 1

2

1

3

1 1

31d 1 d 1 d  

1 d d  d  

,   

*

- - -

- - -

æ ö æ ö÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç çè ø

=

è ø

=
ò ò ò

ò ò ò

=

x

x x x

x

x

x x x

x x x

A bc

A b
    

    

1 1 1

1 1 1

1 1 1

2

1

3

1 1

31d 1 d 1 d  

1 d d  d  

,   

*

- - -

- - -

æ ö æ ö÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç çè ø

=

è ø

=
ò ò ò

ò ò ò

=

x

x x x

x

x

x x x

x x x

A bc

A b

known term

*
1 2

3( ) 5
* *x x xf c c+= =*
1 2

3( ) 5
* *x x xf c c+= =

**

**
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syms x c1 c2 real
er_min=sqrt(int((f‐fstar)^2,‐1,1));
er=sqrt(int((f‐(c1+c2*x))^2,‐1,1));
ezsurf(er); hold on; AX=axis;
surf(2*pi*[‐1 1;‐1 1],2*pi*[‐1 ‐1;1 1], ...

double(er_min)*ones(2,2))
axis(AX)
G=gradient(er); S=solve(G)
S = struct with fields:

c1: 0
c2: 3/5

is the best approximation of x3 in [‐1,+1] w.r.t. ∙2
* 3( )

5
f =x x* 3( )

5
f =x x

er=sqrt(int((x^3‐(c1+c2*x))^2,‐1,1))

( )3
1

3
1 22

2
2+3 ,

5
- - "£ x c c x cx cx ( )3

1
3

1 22
2

2+3 ,
5

- - "£ x c c x cx cx

arg min

( )
1

23
1 2

1

1 1

2
3 3 d

5
+ d

- -

£
é ù
ê ú-
ê úë û

é ù-ë ûò ò x c c x xx x x ( )
1

23
1 2

1

1 1

2
3 3 d

5
+ d

- -

£
é ù
ê ú-
ê úë û

é ù-ë ûò ò x c c x xx x x

Let us check the property of best approximationLet us check the property of best approximation

er_min=sqrt(int((f‐fstar)^2,‐1,1))

arg minarg min

ererer_miner_min
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1 2 3

1 2 3

1 2 3

1 1 1 2 1 3 1

2 1 2 2 2 3 2

3 1 3 2 3 3 3

, , , ,

, , , ,

, , , ,

c c c f

c c c

c

f

c c f

      
      
      

* * *

* * *

* * *

+ + =
+ + =
+

ìïïïïíïïïïî + =

        

       

3

3

1 1 1 1

1 1 1 1

1 1 1 1
2

1 1 1 1

1 2 3

1 2 3

1d 1 cos d 1 sin d 1d

cos 1d cos d cos sin d cos d

c c c

c

x x x x

x c x xcx

* * *

- - - -

- -

* *

-

*

-

é ù é ù é ù é ù
ê ú ê ú ê ú ê ú⋅ ⋅ê ú ê ú ê ú ê ú
ê ú ê ú ê ú ê úë û ë û ë û ë û

é ù é ù é ù é
ê ú ê ú ê ú⋅ê ú ê ú ê ú
ê ú ê ú ê úë û ë û ë û

ò ò ò ò

ò ò ò ò

+ + =

+ + =

x x

xx x x x

x

x

       

1 1 1

1 2 3

1
2

1 1 1 1

3sin 1d sin cos d sin d sin dx x xc c c x* *

- - -

*

-

ìïïïïïïïï ùïïï ê úïí ê úï ê úï ë ûïïïé ù é ù é ù é ùïê ú ê ú ê ú ê úï ⋅ ⋅ïê ú ê ú ê ú ê úïïê ú ê ú ê ú ê úë û ë û ë û ë ûïîï
ò ò ò ò+ + = xx x x x x

Normal EquationsNormal Equations

unknowns

Example 3Example 3

Compute the best linear approximation f.*(x) of f (x)=x3 w.r.t. 
in the subspace P[] of 2nd degree trigonometric polynomials
over [1,1]: Mn = P[]  span{, cos x, sin x}

Compute the best linear approximation f.*(x) of f (x)=x3 w.r.t. 
in the subspace P[] of 2nd degree trigonometric polynomials
over [1,1]: Mn = P[]  span{, cos x, sin x}

*
1 2 3( ) cos sinf c c c* * *+= +x x x*
1 2 3( ) cos sinf c c c* * *+= +x x x
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Normal Eqs solved by means of MATLAB Symbolic Math Toolbox:

syms x real; M=[sym(1) cos(x) sin(x)];
A=int(M'*M,‐1,1);  b=int(M'*x^3,‐1,1);
c=A\b
c =
0
0
2*(‐5*cos(1)+3*sin(1))/(cos(1)*sin(1)‐1)
double(c)
ans =

0
0

0.6495
*( ) 0.6495sin( )xf x=*( ) 0.6495sin( )xf x=

  

1 1 1 1

1 1 1 1
1 1 1

2

1 1 1
1 1 1

2

1 1 1

3

3

1d 1 cos  d  1 sin  d  1 d  

cos 1 d  cos  d  cos sin  d  cos

sin 1 d  sin cos  

,

d  sin  

  

d  

*

- - - -

- - -

- - -

æ ö÷ç ÷ç ⋅ ⋅ ÷ç ÷ç ÷ç ÷ç ÷ç ÷÷ç ÷ç ÷ç ⋅ ÷ç ÷ç ÷ç ÷ç ÷÷ç ÷ç ÷ç ÷ç ⋅ ⋅ ÷ç ÷

= =

ç ÷è ø

=

ò ò ò ò

ò ò ò

ò ò ò

x x

x x x x x

x x

x

x

x

x

x x x x

x x x

x x x

A b

A b

c

1

1
1

3

1

d  

sin  d  

-

-

æ ö÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷è ø

ò

ò x x

x

x

  

1 1 1 1

1 1 1 1
1 1 1

2

1 1 1
1 1 1

2

1 1 1

3

3

1d 1 cos  d  1 sin  d  1 d  

cos 1 d  cos  d  cos sin  d  cos

sin 1 d  sin cos  

,

d  sin  

  

d  

*

- - - -

- - -

- - -

æ ö÷ç ÷ç ⋅ ⋅ ÷ç ÷ç ÷ç ÷ç ÷ç ÷÷ç ÷ç ÷ç ⋅ ÷ç ÷ç ÷ç ÷ç ÷÷ç ÷ç ÷ç ÷ç ⋅ ⋅ ÷ç ÷

= =

ç ÷è ø

=

ò ò ò ò

ò ò ò

ò ò ò

x x

x x x x x

x x

x

x

x

x

x x x x

x x x

x x x

A b

A b

c

1

1
1

3

1

d  

sin  d  

-

-

æ ö÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷è ø

ò

ò x x

x

x

*
1 2 3( ) cos sinf c c c* * *+= +x x x*
1 2 3( ) cos sinf c c c* * *+= +x x x

**

**
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-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

*
1 2 3( ) cos sinf c c c* * *+= +x x x*
1 2 3( ) cos sinf c c c* * *+= +x x x

1

3 3

2

*

2
min
g

xx f g
ÎP

= --
1

3 3

2

*

2
min
g

xx f g
ÎP

= --

* 0.6495( ) sin»x xf * 0.6495( ) sin»x xf
b.a. of x3 in P1 

w.r.t. 2

x3x3
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Compare, from a “graphical” point of
view, the last two approximations of the
function f(x)=x3 in [-1, +1]:

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

x

 

 

x3

3/5*x
0.6495*sin(x)

what can you say?

action interval

ExerciseExercise
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Contents

More on Normal Equations.
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where G is the Gram matrix of the subspace basis.where G is the Gram matrix of the subspace basis.

1 1 1 2 1 1

2 1 2 2 2 2

1 2

, , , ,

, , , ,

, , , ,

n

n

n n n n n

f

f

f

G q

      
      

      

æ ö æ ö÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç çè ø

=

ø è

=




    


1 1 1 2 1 1

2 1 2 2 2 2

1 2

, , , ,

, , , ,

, , , ,

n

n

n n n n n

f

f

f

G q
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=
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To detect f kck, the best approximation of f, w.r.t.
2, on the subspace

Mspan{...n}
the Least Squares Method solves the Normal Equations

To detect f kck, the best approximation of f, w.r.t.
2, on the subspace

Mspan{...n}
the Least Squares Method solves the Normal Equations

G x  qG x  q

This generic form of the Normal Eqs applies to any normed
Linear Space (containing vectors of n, or functions), while
the matrix form only holds for overdetermined linear
systems.

This generic form of the Normal Eqs applies to any normed
Linear Space (containing vectors of n, or functions), while
the matrix form only holds for overdetermined linear
systems.

x LS sol.x LS sol.
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generalized Fourier coefficients of f in Mngeneralized Fourier coefficients of f in Mn

diagonal matrixdiagonal matrix

The Normal Equations become simpler to be solved, if
the basis vectors {1(x), 2(x), …, n(x)} are:
The Normal Equations become simpler to be solved, if
the basis vectors {1(x), 2(x), …, n(x)} are:

orthogonalorthogonal

orthonormalorthonormal

identity matrixidentity matrix

We can use the Gram‐Schmidt Orthonormalization algorithm.We can use the Gram‐Schmidt Orthonormalization algorithm.

N
or
m
al
Eq
s

N
or
m
al
Eq
s

N
or
m
al
Eq
s

N
or
m
al
Eq
s

solution of
the Normal
Equations

solution of
the Normal
Equations

named asnamed as
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Example: Find the linear b.a. f.* of f(x)=x w.r.t. 2 in
the subspace1[-1,1] of 1st degree algebraic polynomials.
Example: Find the linear b.a. f.* of f(x)=x w.r.t. 2 in
the subspace1[-1,1] of 1st degree algebraic polynomials.

P1[-1,1]= span{1, x} non‐orthonormal basis

GSO algorithm orthonormal basis
1 3,

22
x

ì üï ïï ïí ýï ïï ïî þ

1 3,
22

x
ì üï ïï ïí ýï ïï ïî þ

*
1 2

1
22

( 3)f c c* *+= xx*
1 2

1
22

( 3)f c c* *+= xx

 

 

3
3
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1

1

2
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1
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x x
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6
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f

f

*( ) 3
5

f =x x*( ) 3
5

f =x x

The solution is the same as in Example 2, obtained now
without solving the Normal Eqs

* 1 3
22

6( ) 0
5

xxf = +* 1 3
22

6( ) 0
5

xxf = +

, jjc f * = , jjc f * =
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Find the linear best approximation f. of f(x)=x w.r.t.
2 on the subspace P1[] of the 2nd degree
trigonometric polynomials in  by orthonorma‐
lizing, at first, the subspace basis {,cos(x),sin(x)},
and compare the obtained solution to that one in
Example 3 (SC2_11c.pdf): are they equal? Why not?

ExerciseExercise
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for any columns in Afor any columns in A for orthonormal columnsfor orthonormal columns

Consequences of orthonormalizationConsequences of orthonormalization

2. Normal Eqs and QR factorization2. Normal Eqs and QR factorization

1. Orthogonal Projection Matrix P
P = A(ATA)-1AT ¾ P = Q QT

1. Orthogonal Projection Matrix P
P = A(ATA)-1AT ¾ P = Q QT

3. Conditioning of Normal Equations3. Conditioning of Normal Equations

In the particular case of incompatible linear systems,
solved by Least Squares method, the Gram matrix is

GATA

In the particular case of incompatible linear systems,
solved by Least Squares method, the Gram matrix is

GATA

Gram‐Schmidt Orthonormalization A=QR
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ATA x = ATb
(QR)T(QR) x = (QR)T b
RTQT QR x = RTQT b
RTR x = RTQT b

2. Normal Eqs and QR factorization2. Normal Eqs and QR factorization

R is invertible
if rank(A)=n<m
R is invertible
if rank(A)=n<m

/      //      /
Upper triangular system

(simpler to solve)
Upper triangular system

(simpler to solve)

1. Orthogonal Projection Matrix1. Orthogonal Projection Matrix
already

seen
in Linear M

appings
already

seen
in Linear M

appings

A=QRA=QR

Consequences of orthonormalizationConsequences of orthonormalization

R x = QT bR x = QT b
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ExampleExample

Ax=b

Normal Equations Rx QTbNormal Equations Rx QTb

7 1 1 42 0
2 2 2 3

3 1 1 02 92 22

x
æ ö æ öæ ö÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç÷ ÷ç ÷-÷ç ÷ç ÷ç÷÷ çç è øè øè ø

=
7 1 1 42 0

2 2 2 3
3 1 1 02 92 22

x
æ ö æ öæ ö÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç÷ ÷ç ÷-÷ç ÷ç ÷ç÷÷ çç è øè øè ø

=

1 2

1 2

1 2

2 4
5 3

0 0 9

x x
x x
x x

ì + =ïïïï + =íïï + =ïïî

1 2 4
1 5 ,    3
0 0 9

æ ö æ ö÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷÷ ÷ç çç ç÷ ÷è ø è ø

=b=A
1 2 4
1 5 ,    3
0 0 9

æ ö æ ö÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷÷ ÷ç çç ç÷ ÷è ø è ø

=b=A

14
3
1
3-

æ ö÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷÷çè ø

=x
14
3
1
3-

æ ö÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷÷çè ø

=x

The solution is the same as
solving the Normal Eqs without
orthonormalizing the basis

(see Example 1)

A=QRA=QR Q =

1 1
2 2

1 1
2 2
0 0

æ ö÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷è øç ÷

-

R =
72

2
3 2
2

æ ö÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷÷ç ÷çè ø

solve an incompatible system by means of the Least
Squares Method and by orthonormalizing the basis

solve an incompatible system by means of the Least
Squares Method and by orthonormalizing the basis

triangular systemtriangular system



SC
p2

_1
1.4

2
(p

ro
f.

 M
. R

iz
za

rd
i)

Be
st

 A
pp

ro
xi

m
at

io
n

in
 2

-n
or

m

In solving Normal Equations numerically, due to roundoff errors, it
may happen that the solution is not that of Least Squares!

A=[hilb(10); ones(1,10)*eps/1000];
b=ones(11,1);
[rank(A) rank([A b])]
ans =

10    11
x1=A\b;
norm(b‐A*x1)
ans =

1
x2=(A'*A)\(A'*b);
norm(b‐A*x2)
ans =

1.000000008143431

incompatible system

the solution of the Normal Eqs
does not reach the minimum
of 2 of the residual vector

Least Squares solution

3. Conditioning of Normal Equations3. Conditioning of Normal Equations

Hilbert matrix is known
to be ill‐conditioned
Hilbert matrix is known
to be ill‐conditioned

MATLAB exampleMATLAB example

Consequences of orthonormalizationConsequences of orthonormalization

Normal Equations solution
minimum residualminimum residual
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A=[hilb(10); ones(1,10)*eps/1000];
b=ones(11,1);
[rank(A) rank([A b])]
ans =

10    11
x1=A\b;
norm(b‐A*x1)
ans =

1
[Q,R]=qr(A,0);
x2=R\(Q'*b);
norm(b‐A*x2)
ans =

1

QR Factorization, in solving Normal Equations, did not amplify
the data errors; thus we got the right solution!
QR Factorization, in solving Normal Equations, did not amplify
the data errors; thus we got the right solution!

Hilbert matrix is known to be
ill‐conditioned
Hilbert matrix is known to be
ill‐conditioned

Least Squares solution

solution by QR factorization

the solution of the Normal Eqs
now reaches the minimum of
2 of the residual vector

If we orthonormalize the basis, by QR Factorization, now we getIf we orthonormalize the basis, by QR Factorization, now we get

minimum residualminimum residual
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The Least Squares solution can be
also computed by means of SVD
Factorization.

The Least Squares solution can be
also computed by means of SVD
Factorization.

The algorithm based on QR facto-
rization is more efficient than that
based on SVD factorization, but
the latter is numerically more
stable.

The algorithm based on QR facto-
rization is more efficient than that
based on SVD factorization, but
the latter is numerically more
stable.

In the case of an incompatible linear system …
remember that:

In the case of an incompatible linear system …
remember that:
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Normal Eqs and SVD factorization (A: full column rank)Normal Eqs and SVD factorization (A: full column rank)

The Least Squares solution xLS of an overdetermined (incompatible) system Axb,
as a solution of the Normal Equations, can be expressed by

LSx A b= +

where A+, of size nm, is the left pseudoinverse of A:

We want to express A+ in terms of U, , V, where A UVT

A+ (ATA)ATA+ (ATA)AT

=AA xx bb

=

TT 

singular values
j

2
j

2
n

( ) ( ) ( ) ( )
11

LSx A A A A U V U V

U U

b Ub V

V

b  



--+ é ù= = = =ê úë û

=

T TT T T T

T T
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-é ù
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=
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  LSx V U b= + Τ

Amn, mnAmn, mn
ATA xLS = ATb
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SVD Factorization
for Normal Equations

ExampleExample
1 2 4
1 5 ,    3
0 0 9

æ ö æ ö÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷÷ ÷ç çç ç÷ ÷è ø è ø

=b=A
1 2 4
1 5 ,    3
0 0 9

æ ö æ ö÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷÷ ÷ç çç ç÷ ÷è ø è ø

=b=A

A=QR

ATAx=ATb x1=(A'*A)\(A'*b)
x1 =

4.6667
‐0.33333

[Qn,Rn]=qr(A,0);
x2=Rn\(Qn'*b)
x2 =

4.6667
‐0.33333

A=USV T [U,S,V]=svd(A,0);
x3=V*diag(1./diag(S))*U'*b
x3 =

4.6667
‐0.33333

rank(A)=2

solve the Normal Eqs

QR Factorization for
Normal Equations

the same
solution

the same
solution

solve an incompatible system by means of the Least
Squares Method

solve an incompatible system by means of the Least
Squares Method

11

22

33

unstableunstable

stablestable

efficientefficient

Compare the LS solutionsCompare the LS solutions
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Compare LS solutionsCompare LS solutions
n=11; A=vander(1:n); A=[A;rand(5,n)]; b=ones(size(A,1),1); r=rank(A);
disp([r rank([A b])])

11    12
tic; xLS=A\b; tLS=toc; % LS solution
tic; xNE=(A'*A)\(A'*b); tNE=toc; % Normal Equations
tic; [Q,R]=qr(A);     xQR1=R\(Q'*b);   tQR1=toc; % QR 1
tic; [Qn,Rn]=qr(A,0); xQR2=Rn\(Qn'*b); tQR2=toc; % QR 2
tic; [U1,S1,V1]=svd(A); % SVD 1
xSVD1=V1*[diag(1./diag(S1(1:r,1:r))) zeros(r,m‐r)]*U1'*b; tSVD1=toc;
tic; [U2,S2,V2]=svd(A,'econ');% SVD2 equivalent to [U,S,V]=svd(A,0), since m>n
xSVD2=V2*diag(1./diag(S2))*U2'*b; tSVD2=toc;
format long
fprintf('\nnorm(b‐A*xLS) = ');  disp(norm(b‐A*xLS))
fprintf( 'norm(b‐A*xQR1) = ');  disp(norm(b‐A*xQR1))
fprintf( 'norm(b‐A*xQR2) = ');  disp(norm(b‐A*xQR2))
fprintf( 'norm(b‐A*xSVD1) = '); disp(norm(b‐A*xSVD1))
fprintf( 'norm(b‐A*xSVD2) = '); disp(norm(b‐A*xSVD2))
fprintf( 'norm(b‐A*xNE) = ');   disp(norm(b‐A*xNE))
format short g
fprintf('\ntime Least Square : %e',tLS)
fprintf('\ntime QR1 factoriz : %e',tQR1)
fprintf('\ntime QR2 factoriz : %e',tQR2)
fprintf('\ntime SVD1 factoriz: %e',tSVD1)
fprintf('\ntime SVD2 factoriz: %e',tSVD2)
fprintf('\ntime Normal Eqs. : %e',tNE)

Vandermonde matrix is known
to be ill-conditioned

Vandermonde matrix is known
to be ill-conditioned

norm(b‐A*xLS) = 0.397654939767875
norm(b‐A*xQR1) = 0.397654939767937
norm(b‐A*xQR2)  = 0.397654939767607
norm(b‐A*xSVD1) = 0.397654939767366
norm(b‐A*xSVD2) = 0.397654939767366
norm(b‐A*xNE) = 0.397654945772732

time Least Square : 1.608609e‐04
time QR1 factoriz : 2.161868e‐04
time QR2 factoriz : 1.717342e‐04
time SVD1 factoriz: 9.626067e‐04
time SVD2 factoriz: 4.384498e‐04
time Normal Eqs.  : 7.707250e‐04

 efficient efficient

 stable stable
 stable stable

 efficient efficient

Use:
tic
…
T=toc

to get the elapsed time

MATLABMATLAB

A()A()
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1. XLS is a convex and closed set

LS = Least Squares

x y
convexconvex

2. xXLS x is a solution of Normal Equations, i.e. its
residual vector is orthogonal to R(A).

3. The system of Norm. Eqs ATAx=ATb admits one and only one
solution, if rank(ATA) is maximum (rank(ATA)=n); otherwise, if
rank(A)=rn, the system is underdetermined.

There is only one solution of Normal Eqs of minimum  (xLN is
said the least norm solution), and it is the only element of XLS
belonging to N (ATA)  R(ATA).

{ }2 2
! : min ,LN LNLS LSX x x Xx x$ Î = " Î
LN = Least Norm

Properties of XLS, the set of LS solutions
XLS = {xn : Ax  b = min  Ay  b yn}

R
e
c
a
ll

fr
om

p.
1

R
e
c
a
ll

fr
om

p.
1

This is a particular case of the Problem of the Solution with Least Euclidean norm of
an underdetermined system (see: SC2_06_NEW).
This is a particular case of the Problem of the Solution with Least Euclidean norm of
an underdetermined system (see: SC2_06_NEW).

A convex set contains all the
segments between elements in
the set.
A closed set contains all its limit
points.

A convex set contains all the
segments between elements in
the set.
A closed set contains all its limit
points.

4.4.
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A=[1 2 3 4; 5 6 7 8]';
A=[A  A(:,1)+A(:,2)];
b=[1 0 1 0]';
disp([rank(A) rank([A b])])

2   3 % incompatible system A*x=b
disp([size(A'*A) rank(A'*A)])

3     3 2 % non‐max rank system A'*A*x = A'*b
xp=A\b;        % particular solution of Normal Eqs
M=A'*A; y=A'*b; % underdetermined system (of Normal Eqs)
N=null(M);      % basis for the Null Space
syms a real; xn=N*a; % Null Space
X=xp+xn; % general solution of Normal Eqs
RMT=orth(M);   % orthonormal basis of R(ATA)
P=RMT*RMT'; % orthogonal projection matrix
Pxp=P*xp; % projection of xp onto R(ATA)
xLN=pinv(M)*y; % Moore‐Penrose inverse
disp([norm(xLN) norm(Pxp) norm(xp)])

0.50166   = 0.50166   < 0.83217
disp([norm(A*xLN‐b) norm(A*Pxp‐b) norm(A*xp‐b)])

0.89443  = 0.89443   = 0.89443

...

ExampleExample
XLS

O

Solution with Minimum Euclidean norm of underde-
termined Normal Eqs ATAx=ATb, A(mn), rank(A)<min{m,n}

Solution with Minimum Euclidean norm of underde-
termined Normal Eqs ATAx=ATb, A(mn), rank(A)<min{m,n}

xXLS x = xp + xn :   ATAxp=ATb  xnN (ATA)

xp = xr + xn,  xrR(ATA) : xr = min{x, xXLS}

xXLS x = xp + xn :   ATAxp=ATb  xnN (ATA)

xp = xr + xn,  xrR(ATA) : xr = min{x, xXLS}

min xmin x

x "xXLSx "xXLS

all LS solutions =all LS solutions =

minxminx

particular solutionparticular solution

argminAxbargminAxb
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xLN=pinv(A)*b % Moore‐Penrose pseudoinverse
xLN = % min2 solution

‐0.45
0.25

=A
mn
m>n

x b

Solve incompatible systems in MATLAB

A=[1 2 3 4; 5 6 7 8]';  b=[1 0 1 0]';
disp([rank(A) rank([A b])])

2   3     % incompatible system A*x=b
disp(size(A)) % rank(A)=2 max

4     2

xEN=(A'*A)\(A'*b) % Normal Equations solution
xEN =

‐0.45
0.25

xBS=A\b % LS solution with r=rank(A) non‐zero components
xBS =

‐0.45
0.25

minAxb2

 only one LS solution

[Q,R]=qr(A,0); r=rank(R); Qr=Q(:,1:r);
Rr=R(1:r,:); xQR1=Rr\(Qr'*b)
xQR1 =

‐0.45
0.25

[U,S,V]=svd(A,'econ'); r=rank(S);
d=U'*b; xSVD=S(1:r,1:r)\d(1:r);
xSVD=V(:,1:r)*xSVD
xSVD =

‐0.45
0.25 [Q,R,p]=qr(A,0); d=Q'*b; r=rank(R);

[m,n]=size(A);
xQR2=R(1:r,1:r)\d(1:r);
xQR2(r+1:n)=0;  xQR2(p)=xQR2
xQR2 =

‐0.45
0.25

QR with a permutation
vector p: A(:,p)=Q*R

reduced SVD 
decomposition

economy size QR 
decomposition

the same solutionthe same solution

rank(A)=n  full (col) rankrank(A)=n  full (col) rank
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A=[1 2 3 4;5 6 7 8]'; A=[A A(:,1)+A(:,2)]; b=[1 0 1 0]';
disp([rank(A) rank([A b])])

2   3     % incompatible system A*x=b
disp(size(A)) % rank(A)=2 non‐max

4     3

different LS solutionsdifferent LS solutions

=A
mn
m>n

x b

Solve incompatible systems in MATLAB

xNE=(A'*A)\(A'*b) % Normal Equations solution
xNE = NaN

Inf
‐Inf

xBS=A\b % LS solution with rank(A) non‐zero components
xBS =       0

0.7
‐0.45

infinitely many LS solutions

[Q,R]=qr(A,0); r=rank(R); Qr=Q(:,1:r);
Rr=R(1:r,:); xQR1=Rr\(Qr'*b)
xQR1 =      0

0.7
‐0.45

[U,S,V]=svd(A,'econ'); r=rank(S);
d=U'*b; xSVD=S(1:r,1:r)\d(1:r);
xSVD=V(:,1:r)*xSVD
xSVD = ‐0.38333

0.31667
‐0.066667 [Q,R,p]=qr(A,0);

d=Q'*b; r=rank(R); [m,n]=size(A);
xQR2=R(1:r,1:r)\d(1:r);
xQR2(r+1:n)=0;  xQR2(p)=xQR2
xQR2 =      0

0.7
‐0.45

QR with permutation
vector p: A(:,p)=Q*R

reduced SVD 
decomposition

economy size QR 
decomposition

th
e 

sa
m

e
so

lu
ti

on
s

th
e 

sa
m

e
so

lu
ti

on
s

rank(A)=r<n  rank‐deficientrank(A)=r<n  rank‐deficient

[L,U,P]=lu(A'*A);
w=L\(P*A'*b); xp=U(1:r,:)\w(1:r)
xp =

0
0.7

‐0.45

particular solution

xLN=pinv(A)*b % min2 solution
xLN =  ‐0.38333

0.31667
‐0.066667

minAx b2
disp(norm(A*xBS‐b))

0.894427
disp(norm(A*xp‐b))

0.894427
disp(norm(A*xLN‐b))

0.894427

disp(norm(xBS))
0.832166

disp(norm(xp))
0.832166

disp(norm(xLN))
0.501664

minx2

LU decomposition with partial pivoting
??
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XLS = xp + N (ATA)

nNE=null(A'*A);% N (Gram matrix)
syms a real
N=nNE*a;
X = xp + N;
ezplot3(X(1),X(2),X(3),[‐5 5])

XLS

Solve incompatible systems in MATLAB
rank(A)=r<n  rank‐deficientrank(A)=r<n  rank‐deficient

infinitely many LS solutions

minXLSminXLS

xLN=pinv(A)*b; % Moore‐Penrose inverse
amin=solve(diff(norm(X),a)); % argmin
amin=double(amin)
amin =

0.66395
Ymin=double(subs(norm(X),a,amin));
disp([Ymin norm(xLN)])

0.50166   = 0.50166

norm of the solution
from Moore‐Penrose

pseudoinverse

minXLSminXLS

minXLSminXLS

f(a)=XLSf(a)=XLS

fplot(simplify(norm(X)),[‐4 4])

aminamin

aa
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u=[1 1 1 1]'; v=[1 ‐1 1 ‐1]'; A=u*v'; A=A(:,1:3); b=[1 0 1 0]';
disp([rank(A) rank([A b])])

1   2      % incompatible system A*x=b
disp(size(A)) % rank(A)=2 non‐max

4     3

xLN=pinv(A)*b % min2 solution
xLN =  0.16667

‐0.16667
0.16667

=A
mn
m>n

x b rank(A)=r<n  rank‐deficient
Solve incompatible systems in MATLAB

xEN=(A'*A)\(A'*b) % Normal Equations solution
xEN = NaN

NaN
NaN

xBS=A\b % LS solution with rank(A) non‐zero components
xBS =     0.5

0
0

infinitely many LS solutions

[Q,R]=qr(A,0); r=rank(R); Qr=Q(:,1:r);
Rr=R(1:r,:); xQR1=Rr\(Qr'*b)
xQR1 =    0.5

0
0

[U,S,V]=svd(A,'econ'); r=rank(S);
d=U'*b; xSVD=S(1:r,1:r)\d(1:r);
xSVD=V(:,1:r)*xSVD
xSVD =  0.16667

‐0.16667
0.16667 [Q,R,p]=qr(A,0); d=Q'*b; r=rank(R);

[m,n]=size(A);
xQR2=R(1:r,1:r)\d(1:r);
xQR2(r+1:n)=0;  xQR2(p)=xQR2
xQR2 =    0.5

0
0

QR with permutation
vector p: A(:,p)=Q*R

reduced SVD 
decomposition

economy size QR 
decomposition

th
e 

sa
m

e
so

lu
ti

on
s

th
e 

sa
m

e
so

lu
ti

on
s

??

r=rank(A); [L,U,P]=lu([A'*A A'*b]);
xLU=U(1:r,1:n)\U(1:r,n+1)
xLU =

0.5
0
0

LU decomposition
with partial pivoting

disp(norm(A*xLN‐b))
1

disp(norm(A*xBS‐b))
1
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Verify, by means of MATLAB Symbolic Math Toolbox, that
minXLS is reached by the LS solution computed by pinv().

ExerciseExercise

nEN=null(A'*A);% N of Gram matrix
syms alfa beta real
N=nEN*[alfa;beta];
X=xLU + N;
fsurf(X(1),X(2),X(3),[‐1 1])

XLS

minXLSminXLS

f(,)=XLSf(,)=XLS
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Find the best fit circle  of a sample of N data in . What is the Least
Norm (min⋅) solution? Is the solution unique? If so, why?

ExerciseExercise

The unknown circle , centered at (a,b) and of radius R, has equation:
(x ‐ a)2 + (y ‐ b)2 = R2

The unknown circle , centered at (a,b) and of radius R, has equation:
(x ‐ a)2 + (y ‐ b)2 = R2

We want that all the samples (xi,yi) belong to the circle:
i=1,…,N (xi ‐ a)2 + (yi ‐ b)2 = R2

We want that all the samples (xi,yi) belong to the circle:
i=1,…,N (xi ‐ a)2 + (yi ‐ b)2 = R2

i.e. xi2 + yi2 + a2 + b2 ‐ 2xia ‐ 2yib = R2i.e. xi2 + yi2 + a2 + b2 ‐ 2xia ‐ 2yib = R2

By reordering unknowns, we get: i=1,…,N       2xia + 2yib + R2 ‐ a2 ‐ b2 = xi2 + yi2By reordering unknowns, we get: i=1,…,N       2xia + 2yib + R2 ‐ a2 ‐ b2 = xi2 + yi2

i.e.i.e. = xi2 + yi2= xi2 + yi2[2xi 2yi 1][2xi 2yi 1]
a
b

R2 ‐ a2 ‐ b2

a
b

R2 ‐ a2 ‐ b2

X0=0.5; Y0=0.5; r0=1;
N=50; %=,100,150,200 num. of samples
t=linspace(‐pi,pi,N)';
Xi=X0+r0*cos(t); % exact 
Yi=Y0+r0*sin(t);
perc=0.15;
xi=Xi+perc*(2*rand(N,1)‐1);
yi=Yi+perc*(2*rand(N,1)‐1);
plot(xi,yi,'ob'); axis equal
hold on; plot(Xi,Yi,'r')

exact exact  Least Squares Least Squares 

similarly for the eq.:
x2 + y2 + x + y +  
similarly for the eq.:

x2 + y2 + x + y +  

Solve also the problem by using the eq. x2 + y2 + x + y +  

percentage of noise

samples don’t lie on the circle

incompatible systemincompatible system
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Solve by means of Linear Least Squares the following fitting
problem*:

speed v (m/s): v=[10 20 30 40 50 60 70 80]';
force F (N): F=[25 70 380 550 610 1220 830 1450]';

modeled by power function: y = f(x) = a xb, a,b

Exercise: wind tunnel experimentExercise: wind tunnel experiment

The fitting model is non‐linear, but it can be simply linearized by applying the
logarithmic transformation.
The fitting model is non‐linear, but it can be simply linearized by applying the
logarithmic transformation.

Numerical problem: linear LS fitting
Statistical problem: linear regression
Numerical problem: linear LS fitting
Statistical problem: linear regression

Wind tunnel experiment: how the air resistance 
force depends on wind speed

*

Attention! The “log trick” could lead to a solution that differs from the desired. For
example: if the residual yi‐f(xi) has a normal distribution, log(yi)‐log[f(xi)] has not.
Attention! The “log trick” could lead to a solution that differs from the desired. For
example: if the residual yi‐f(xi) has a normal distribution, log(yi)‐log[f(xi)] has not.
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 Best linear approximation w.r.t.

: the case of infinite dimension

subspaces.

 Concept of convergence in norm.

Contents

 Best linear approximation w.r.t.

: the case of infinite dimension

subspaces.

 Concept of convergence in norm.
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discrete case

continuous case

discrete case

continuous case
Theor.

??no Theor.
discrete case

continuous case

discrete case

continuous case

finite dimension subspacefinite dimension subspace

infinite dimension subspaceinfinite dimension subspace

Best linear approximation w.r.t. 
in a subspace

Best linear approximation w.r.t. 
in a subspace

Theorem for existence and uniquenessTheorem for existence and uniqueness
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Let
fn
x: the best approx. of fx w.r.t. ||||2 on Mn=span{n}

where k are orthonormal;

fn
x: the best ap. of fx w.r.t. ||||2 on Mn=span{nn}

(Mn É Mn) where k are orthonormal.

1
1

1

1 1
1

n

n

n

k kk
k

k n

n

n
k

cc

f

f c



  *

=

+
*

+ +
=

*
+= = +åå


1

1

1

1 1
1

n

n

n

k kk
k

k n

n

n
k

cc

f

f c



  *

=

+
*

+ +
=

*
+= = +åå



Let us consider the residual error of the best linear
approximation in a finite dimensional subspace: how does the
residual error perform as the subspace dimension increases?

Let us consider the residual error of the best linear
approximation in a finite dimensional subspace: how does the
residual error perform as the subspace dimension increases?

 fx fn
x ?  fx fn

x fx fn
x ?  fx fn

x
Given fn

x, for computing fn
x, we don’t need to repeat all the

calculations, but we only need to compute the last coefficient
cn

f,n in the linear combination:

dim Mn=ndim Mn=n

dim Mn=ndim Mn=n
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2 22

22 2
2 22 * *

2
1 1

2

2

2*

1

, 2 ,

               2

               

n n n

n

k

n n
n n

k k
k k

k

f f f f f f f

f

f f

c c

f

cf

    

=

=

=

- = - - = + - =

= + - =

= -

å å

å

2 22

22 2
2 22 * *

2
1 1

2

2

2*

1

, 2 ,

               2

               

n n n

n

k

n n
n n

k k
k k

k

f f f f f f f

f

f f

c c

f

cf

    

=

=

=

- = - - = + - =

= + - =

= -

å å

å

The two residual errors are such that:The two residual errors are such that:

SinceSince

we have nwe have n

1 2 2 2* 2*2 22 2

2 2 22

*
1

1

*
1 1

1

n

n k n n
k

n

k n
k

cf f f f ff c c c
+

+ +
=

+
=

- = - = - - = - -åå
1 2 2 2* 2*2 22 2

2 2 22

*
1

1

*
1 1

1

n

n k n n
k

n

k n
k

cf f f f ff c c c
+

+ +
=

+
=

- = - = - - = - -åå

2

221

2

n nf f ff 
+- -2

221

2

n nf f ff 
+- -

Proof:Proof:
* *

1 1

*

1

2 2

2
1

,,
n n

n k k k

n

h h

n

n kk
k

n
k

i

k

j

n
h

f c ccf f cf    



 
==

*

= =

= = = =å å åå


* *

1 1

*

1

2 2

2
1

,,
n n

n k k k
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n kk
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n
k

i

k
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n
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f c ccf f cf    



 
==

*

= =

= = = =å å åå




2* *

1 1*

,,
n n

k k kn
k k

k

c f cf f

c

 
= =

= =å å
2* *

1 1*

,,
n n

k k kn
k k

k

c f cf f

c

 
= =

= =å å
orthonormal
system {k}
orthonormal
system {k}
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What happens if dim Mnn ? What happens if dim Mnn ? 
QuestionsQuestions

 Is it possible that the sequence of best approximations of
f(x) w.r.t. 2 converges in 2 to f(x)?

 Is it possible that the sequence of best approximations of
f(x) w.r.t. 2 converges in 2 to f(x)?

2
lim 0nn

f f *

¥
- =

2
lim 0nn

f f *

¥
- = ??

If we have an infinite orthonormal system of basis functions
{k(x)}

k=1, ..., ¥
then the sequence of residual errors {fxfn

x}n
in the best

approximations { fn
*(x)}

n
is non‐increasing (()), …but this doesn’t

imply that it is decreasing () and infinitesimal (res.).

2

221

2

n nf f ff 
+- -2

221

2

n nf f ff 
+- -

2
lim 0nn

f f *

¥
- =

2
lim 0nn

f f *

¥
- =

residualresidual

1

n

n k k
k

f c *

=

= å
1

n

n k k
k

f c *

=

= å the best approximation of  f in Mn nthe best approximation of  f in Mn n
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it doesn't happen automaticallyit doesn't happen automatically

We have to add more assumptions to the Linear Space X
containing fx, and to the orthonormal basis of X
({k}

k,,...,
):

X must be a Hilbert Space (complete metric space).

{k}k,,...,
must be a complete orthonormal

system w.r.t. 2 in X.

We have to add more assumptions to the Linear Space X
containing fx, and to the orthonormal basis of X
({k}

k,,...,
):

X must be a Hilbert Space (complete metric space).

{k}k,,...,
must be a complete orthonormal

system w.r.t. 2 in X.

n fn
xbest approx. of fx in Mn=span{n} w.r.t. 

2
lim 0nn

f f *

¥
- =

2
lim 0nn

f f *

¥
- =??

{k}k orthonormal basis
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2 2

22

2

1

0      
n

n k
k

f cf f n 

=

£ - = - "å
2 2

22

2

1

0      
n

n k
k

f cf f n 

=

£ - = - "å
From the previous proof, we get:

This always implies that:

n fn
*(x) best approx. of fx in Mn=span{n} w.r.t. 

2

1

2

2k
k

fc
¥

=

£å
2

1

2

2k
k

fc
¥

=

£å

 {fn
*}, not  {fn
*}, not 

If, in addition, {k}k is complete in the Hilbert Space X, then
the following holds:
If, in addition, {k}k is complete in the Hilbert Space X, then
the following holds:

2

1

2

2k
k

fc
¥

=
å 2

1

2

2k
k

fc
¥

=
å  Parseval’s equalityParseval’s equality

2

1

2

2
     

n

k
k

fc n

=

£ "å
2

1

2

2
     

n

k
k

fc n

=

£ "å

Bessel’s inequalityBessel’s inequality

Parseval’s Theorem represents the generalization of Pythagoras’
Theorem for right triangles in spaces with  dimensions.
Parseval’s Theorem represents the generalization of Pythagoras’
Theorem for right triangles in spaces with  dimensions.

2
lim 0nn

f f *

¥
- =

2
lim 0nn

f f *

¥
- =

{k}k orthonormal basis

convergence in convergence in 
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It can be proved that the trigonometric functions

or, equivalently, the exponential functions

form a complete orthonormal system w.r.t. 
in the Hilbert space L([]) of square integra‐
ble (or summable) functions over []. 
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e
{ }2

ikx
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( ) ( )cos sin1 , ,
2 k

kx kx

  

ì üì üï ïï ïï ïï ïí ýí ýï ïï ïï ïï ïî þî þ

( ) ( )cos sin1 , ,
2 k

kx kx

  

ì üì üï ïï ïï ïï ïí ýí ýï ïï ïï ïï ïî þî þ

Euler’s formula
cos sinie i  = +

This implies that the Fourier Series of f(x)L([])
converges in mean square or in quadratic mean (i.e.,
w.r.t. ) to f(x).
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A sequence of functions {n(x)} is said to be convergent in
norm to the function (x), over an interval [a,b], if x[a,b]
A sequence of functions {n(x)} is said to be convergent in
norm to the function (x), over an interval [a,b], if x[a,b]

... by specifying the norm, we get

( )lim ( ) 0nn
xx  - =

¥
( )lim ( ) 0nn

xx  - =
¥ defdef uniform convergenceuniform convergence

( )lim ( ) 0nn
xx  - =


( )lim ( ) 0nn

xx  - =
 defdef convergence in mean square

(or quadratic mean convergence)
convergence in mean square
(or quadratic mean convergence)

Example: if  is an analytic holomorphic function, then the sequence of partial
sums of its Taylor series (power series) is uniformly convergent to 

Example: if  is a square integrable function, then the sequence of partial
sums of its Fourier series (trigonometric series) converges in quadratic mean to 

Convergence in normConvergence in norm

( )lim ( ) 0nn
xx  - =( )lim ( ) 0nn
xx  - = {n(x)} (x)
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convergence in normconvergence in norm *lim 0nn
f f- =*lim 0nn
f f- =defdef

convergence in 
(uniform convergence)

convergence in 
(convergence in mean square)

{fn
}n{fn
}n

Example: convergence in 2Example: convergence in 2
In C() the sequence of functions {fn(x)}n ( ) 4 21n

nf x
n x

=
+

( ) 4 21n
nf x
n x

=
+

In facts, it is ( )
1

2 2
4 22

1

d 2 arctan0    per  0
1

  n xnf x n n
nn x

+

-

- = = ¥
+

ò( )
1

2 2
4 22

1

d 2 arctan0    per  0
1

  n xnf x n n
nn x

+

-

- = = ¥
+

ò

But it does not converge in ¥ because
it goes to  at 0 (diverges)

( )    per 0   nf n n=  ¥  ¥( )    per 0   nf n n=  ¥  ¥

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
0

0.5

1

1.5

2

2.5

x

( ) ( ) ( ), supf g f x gd g x f= - = -
¥( ) ( ) ( ), supf g f x gd g x f= - = -
¥

x

( )
    

22
 

2
   

b

a

f f x dx= < ¥ò
converges in 2 to the zero function.

ab



SC
p2

_1
1.6

7
(p

ro
f.

 M
. R

iz
za

rd
i)

Be
st

 A
pp

ro
xi

m
at

io
n

in
 2

-n
or

m

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
0

0.5

1

1.5

2

2.5

3

3.5

4

convergence in normconvergence in norm *lim 0nn
f f- =*lim 0nn
f f- =defdef

convergence in 
(uniform convergence)

convergence in 2
(convergence in mean square)

{fn
}n{fn
}n

Example: convergence in Example: convergence in 

In C() the sequence of functions {fn(x)}n ( )
4

21n
nxf x

nx
=

+
( )

4

21n
nxf x

nx
=

+

converges uniformly (in ) to the function x2 : in facts, it is

( )
4

2 22

4 2lim lim max 0
1nn n x

x x nxf x
n x¥ Î

- = - =
+

( )
4

2 22

4 2lim lim max 0
1nn n x

x x nxf x
n x¥ Î

- = - =
+

xx

41lim
n

nx+ 4nx-
2 0

1 nx
=

+

41lim
n

nx+ 4nx-
2 0

1 nx
=

+

for uniformly convergent sequences, the following holds:
limn fn(x)-x = limn fn(x)-xdx =limn fn(x)-x = limn fn(x)-xdx =

=  limn fn(x)dx =  0 dx = 0=  limn fn(x)dx =  0 dx = 0

also converges in  because

swap the 2 operators
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The theorem for the existence and uniqueness of the best
approx. w.r.t. 2 is only valid for finite dimension subspaces.
Hilbert Spaces are introduced to guarantee the existence of
the best approx. w.r.t. 2 in any subspace, even of infinite
dimension.

Linear Spaces

Normed Spaces

Hilbert
Spaces

In practice, Hilbert Spaces make it possible to mantain, even
in infinite‐dimensional spaces, the same “geometry” as Eucli-
dean Linear Spaces (i.e.: finite vector lenght, angle between vectors, Pythago‐

ras’ Theorem, ...), which is familiar for spaces such as 2, 3, …, n.


