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Recall: Eigenvalues and eigenvectors of a matrix

SCp2_09.4

A is a square matrix nxn

A eigenvalue for A <>

e ene
Thlngl;,nggs?er?,\us the sistem AX=AX admits

AX =AX infinitely many solutions X#Q
IS underdetermined

Eigenvalues and eigenvectors

X elgenvector for A

related to the eigenvalue A

<=

X#0 is a solution of the system

AX = AX

(prof. M. Rizzardi)

AX=AX < (A-Al)Xx=




How can we find problem unknowns: A and x?

(A-Ax=0 <Z=> det(A-1rl)=0
det(A—Al)=C, + C,A + CA2 + ... + C AT

A is a square matrix nxn |:> n-degree polynomial G

characteristic polynomial

SCp2_09.5

The eigenvalues are the n roots of the characteristic polynomial

Eigenvalues and eigenvectors

Example

4 —5]E> [4—x 5]E> )
A—\Nl = cbdA—kU:KA—k—Z
7 3 2 —3—\

A=[4 -5;2 -3];
syms lambda; B=A - lambda*eye(size(A));

g:iolve(det(B),lambda) det(A _ M):O roots: = _1 7» _|_2

E elgenvalues

A=

(prof. M. Rizzardi)




charpoly(A) returns the coefficients of the characteristic polynomial of A
charpoly (A, x) (only symbolic) returns the characteristic polynomial of A in terms of x

Compute eigenvalues from definition in MATLAB | =
3

numerical 2 =3 symbolic

A=[ 4 -5;2 -3]; A=sym([4 -5;2 -3]);
disp(eig(A).") — disp(eig(A).") .
2 -1 . -1, 2] S
disp(charpoly(A)) iizpfczaﬁp;ly(A,x)) disp(charpoly(A)) S
1 -1 -2 [1, -1, -2] g
disp(roots(charpoly(A)).") | bothnumerical and symbolic | djisp(roots(charpoly(A)).") ||l ©
S e :

3 -2 0

A=|-2 3 0
numerical 0 05 symbolic ~
A=[3 -2 0;-2 3 0;0 @ 5]; A=sym([3 -2 ©;-2 3 0;0 @ 5]); ||l S
disp(eig(A).") disp(eig(A).") =
1 5 5 syms x real [1, 5, 5]} s
disp(charpoly(A)) disp(charpoly(A,x)) (| disp(charpoly(A)) +
1 -11 35 -25 x"3 - 11*x”~2 + 35*x - 25 [1, _11, 35, _25] é

disp(roots(charpoly(A)).") both nLHmericaI and symbolic| disp(roots(charpoly(A)).")
5 5 1 ll d=roots(charpoly(A)); [1: 5, 5]




If a matrix is real, its characteristic polynomial has
real coefficients: what type are its roots?

1 0 O 1-4 0 O
A=|5 0 -1 A=\l = 5 -4 -1

3 1 O 3 1 —A4 1
det(A-Al) = (1-A)(A*+1), roots: Q
0%

A=[1 0 0;5 0 -1;3 1 0]; disp(charpoly(A))
1 -1 1 -1
disp(eig(A).")
0 + 1i 0 - 1i 1+ 01

Also if the A matrix is real, nothing can be said about the existence of real
eigenvalues. The Fundamental Theorem of Algebra (also known as d'Alembert's
Theorem or the d'Alembert-Gauss Theorem “a n-degree polynomial has exactly n
complex roots”) implies that:

A matrix of dimension n has n complex eigenvalues: some of them
may be real, and each complex eigenvalue always appears paired
with its complex conjugate.

SCp2_09.7
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Computing the eigenvalues is immediate when the matrix
is diagonal or triangular; in these cases the eigenvalues
are exactly the elements on the main diagonal.

The LU factorization does NOT preserve the eigenvalues.

SCp2_09.8

Lower triangular matrix ERamplys

(1 ) 12

A=0 2 det(A—Al)=det| 0 2—A

4 5 3 4 3—A

j|> Its eigenvalues are: 1, 2, 3.
4 —5
A= [2 _3] eigenvaluesof A: | A,=-1, A=+2
i 4 _5 | Idifferent

A=LU= [% 1] [O _%] eigenvalues of U: A= —1/2," A,=+4

Eigenvalues and eigenvectors

(prof. M. Rizzardi)




To find all the eigenvectors related to a particular
eigenvalue A”, we have to compute the infinitely
many solutions X~ of the following underdetermi-
ned homogeneous linear system

(A= 1)X =0

i.e. we have to compute the Null Space of the
matrix A—1"1. This subspace V, - is called the

= f—— .
- =-.,
- -
.- "~
P .

elgenspace related to A":

V.. = eMA-11)

R -
= -
= -
~ - e-
e -

SCp2_09.9
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Examples: computing eigenvectors
. both numerical and symbolic
|| d=roots(charpoly(A)); :[4 -S;ZL];"=

5Cp2_09.10

A
4 -5 d=eig(A) [[a= -5;2 -3]);
A:[z 3] eigenvalues: A;=—1, A,=+2 |4 = d=:)ilggl[\‘)l 32 2D
— ) d =
1 > eigenvalues
5 =5
A\l = ) V_ﬁ@/V(A—?»ﬂ) =span{(1,1)'}

null(A-d(2)*eye(2)) ”

—_— ans = _
- ﬂ oy [MILA-G@) ere@)
0.7071 1
1

Eigenvalues and eigenvectors

elgenspaces null(A-d(1)*eye(2))
ans o oggs || MUL1(A-d(2)*eye(2))
A=+2 0.3714 273 -

2 =5 - =
AMl= |, . V,,=eMA-d,1) = span{(5,2)"} | ¢
[V,d]=eig(A, 'vector"') \[/V,D]=eig(A) f
d = - 2
2 V =;\9285 9\;671 bases of the two H S/H [[’_;, - =

2 6.3714  0.7071 eigenspaces [ 0, 2]




MATLAB eig fun: computing eigenvalues/eigenvectors| -

I

. V: each column represents a ”

numZWCG”Y basis for the eigenspace of

A=[4 -5;2 -3]; the related eigenvalue

[V, D]=eig(A) g

V = . : ; =

normalized vectors (||-||,=1) disp(V'*V) S

0.9285 0.7071 2 >

" lo.371¢ oo but non-orthogonal | | eists:  1.eeee || &
2 (%] T
e -1 D : the main diagonal contains o
[V, d] = eig(A, 'vector') the eigenvalues 3
V= S
037139 lo7eriafc— symbolically .
d = '

2 vector of eigenvalues A=sym([4 -5;2 -3]);

-1 [V, D]=e1g(A)
Vi=null(A-d(1)*eye(size(A))) \[/ = S . =
R Y [ 1 1 non-normalized vectors S

©.37139 D = &
V2=nuII(A-d(2)*eye(size(A))) E 'é g% =
va = 5 70711 p <1jisp(r'ank([V1 V(:,2)])) g
0.70711 .
disp(rank([V2 V(:,1)]))
1




| T
eigenspaces of A= [2 ; N

Spectrum (set of eigenvalues) of A

(A)= [hme L, 3t} —O/%A Ad) =span{(1,1)"}

G = 1:— , 2:—|— ‘g
+2—©/%A—7» ) =span{(5,2)"} g
= 3,
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, V+2 %
T 7 O O T O O :




MATLAB eig fun: computing eigenvalues/eigenvectors| -
3 -2 1 ¥
simple root A=-2 30 A=[3 -2 1; -2 3 0; 0 0 5];
\ 0 0 5) [V, D] = eig(a)
eigenvalues: A,=1, A,=A;=5 0.7071| e.7071| -e0.7071| [ w
-0.7071| e.7071 e.7071| [l S
27 2 1 0 @|1.5701e-15 §
D = paralle £
A—kllz 5 9 0 double root e e
0 1 o |[2
0 0 4 0 0 s I 3
V,_;=eMA-11) =span{(1,1,0)"} [V, D] = eig(syn(R) | |3
V1=null(A-D(1,1)*eye(size(A))) \[/ 1, -1] S
Vi = [ 1, 1]
1 % [ o, 9]
1 D =
) [ 1, 0, O]
[ 6, 5, 0] =
59 1 ei genspaces [ 0, 0, 5] :
A-rl=|-—2 2 0 2
0 0 0 322==nu11(A—D(2,2)*eye(size(A))) qg
-1 —

V,_=eMA-AI1)=span{(-1,1,0)7} | }

%)




3 -2 1
eigenspaces of A= |-2 3
0

Spectrum (set of eigenvalues) of A
G(A)={h=+1, A=15}

V+1:@%A—kll) =span{(1,1,0)™}
V+5:@%A—kzl) =span{(-1,1,0)"}

10 ,4,,,,(,,4,/,,,,
- ‘ |

SCp2_09.14
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MATLAB eig fun: computing eigenvalues/eigenvectors
3 -2 0 A=[3 -2 ?;-2 30; 060 5];
A=|-2 3 o] symmetric [V, D]=eig(sym(A))
0 0 5 i3y | i
| [e]] o, 1]
eigenvalues: A,=1, A,=A;=5 e e
2 2 0 [6) 6, o]
A_}“ll =2 2 0 d=r‘oo§s(ggar‘p01y(A))3
0 0 4 Szgflaggdageye(size(A));
_ X T
VI—CD/‘/(A—}»II) - Span{(lalao) } Vl=null(subs(B,lambda,D(1,1)))
all
5] 1
%)
-2 -2 0} _
A—7\,2| |2 2 0 eigenspaces ¥22=_nu11(subs(B,1ambda,D(2,2)))
0 0 0 o
0, 1]
VZZQV(A—}LZI) — Span{(—l,l,O)T,(O,O,l)T}

5Cp2_09.15
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v(A) algebraic multiplicity of an eigenvalue A

def

<—

multiplicity of A as a root of the characteristic polynomial

w(A) geometric multiplicity of an eigenvalue A
:def:

dimension of the related eigenspace V,

It can be proved that: |
1

w(L) < v(h), VA

(geometric multiplicity does not exceed algebraic multiplicity)

A(nxn) ﬁ 2)

2 V(L) =n

1) +2) > the sum of dimensions of all the eigenspaces

IS N at most

SCp2_09.17
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Properties of eigenvalues/eigenvectors
of any square matrix A

nxn)

Let A, be any real square matrix

1. Each eigenvalue is uniquely determined by its eigen-
vector, while there are infinitely many eigenvectors
related to a particular eigenvalue;

2. If A is an eigenvalue of A and x is a corresponding
eigenvector, then A? is an eigenvalue of A? and x its
related eigenvector;

3. If A#0 is an eigenvalue of A (invertible) and x is a
corresponding non-zero eigenvector, then A~! is an
eigenvalue of A-! and x is its related eigenvector;

4. The matrices A and A™ have the same eigenvalues;

5Cp2_09.18
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Properties of eigenvalues/eigenvectors
of any square matrix A

nxn)

5. Eigenvectors related to different eigenvalues are
linearly independent;

6. The product of all the eigenvalues of a matrix equals
the determinant of the matrix

(in particular, if 3 A=0 then det(A)=0);

7. The sum of all the eigenvalues of a matrix equals the
sum of elements on the main diagonal of A (called the
trace of the matrix):

n

Zkk =Tr(A)= Zak’k
k=1

k=1

5Cp2_09.19
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Properties of eigenvalues/eigenvectors
of a symmetric real matrix A,

A'=A
in addition:

8. The eigenvalues are all real (6(A) = R)*;

* particular case of “eigenvalues of a hermitian matrix are real”

9. Eigenspaces corresponding to different eigenva-
lues are mutually orthogonal;

5Cp2_09.20

nxn)

Eigenvalues and eigenvectors

10. If A is an eigenvalue of algebraic multiplicity v(%),
then the corresponding eigenspace has dimension:
W(A)=v(A), that is the geometrical multiplicity u(1) equals
the algebraic multiplicity v(L);

11. R" can be obtained as a direct sum of all the
eigenspaces;

(prof. M. Rizzardi)

12. A is diagonalizable (as we will see later ...)

A symmetric and positive definite ::> all its eigenvalues are positive




Geometrical interpretation
of eigenvalues/eigenvectors

5Cp2_09.21

If we consider the endomorphism associated with the A matrix
t, : XeR"—> 1,(X) = AxeR"

solving the equation AX=AX is the same as looking for a vector X
whose image Yy=t,(X)=AX lies parallel to X, since only parallel

vectors have proportional components:
y=1,(X) = AX =X

Eigenvalues and eigenvectors

The proportionality constant (i.e. the scaling factor) between the
components of an eigenvector X and its image y=t,(X) is the
eigenvalue A, of A and the related eigenspace V,_  consists of all the
vectors that have the same property of X.

Therefore each eigenspace remains overall unchanged by the
mapping t,, i.e. t,(V,)=V, (hence the term eigenspace), although
the individual vectors do not necessarily transform into themselves
unless the eigenvalue is 1.

(prof. M. Rizzardi)




Example: download and run eigenvectors.p (eigenvectors of a matri

2 : : : : : |

YR — 4 5 N
X —_—AX QO
— AT 1 | [——=eigen-direction S — 1 n

0 L
4l o | A=[4 -5;2 -3];
eigenvector [V,D]=eig(A, 'vector"') n
=7 L L L L L V = "3
2y _5 P ; 5 ; 5 -4 -3 2 -1 0 1 2 0.92848 0.70711 Q
: : eigenvector related to A,=+2 0.37139 0.70711 <
X mov n the unitary circl S 1 Q
oves on the unitary circle AX is twice the length of X D = k=)
2 - ‘ : : : Q
x 2 A\ o
— A ' ‘ ‘ ‘ , -
1 k|~ eigen-direction 1 }\‘2 g
— | y
o- 2 | — A% o
——>eigen-direction é
. )
> s 1+t env or S
T eigenvector . ; w
0 L
2 . L . w .
4 2 2 -1 0 1 2
eigenvector related to A,=-1 Af
AX is the opposite of X ‘ : : : ' —~
, = 2 -1 0 1 2 3 4 5
T T T T I ——— \* H _—
x T cen-direstion eigenvector related to A,=-1 E
1r R eigenvector 1 — o
. — :
27 —>eigxenspaces E
0r Y=
°f g
Al —~
B . . | | . — o i & o 4 eigenspaces non-orthogona
-2 -1 0 1 2 3 4 eigenvector related to A;=+2 5 4 o 0 5 4 5




Example: download and run eigenvectors.p (eigenvectors of a matrix)™

L}

o
(l i NI
A[F 3|3
_ 1
A=[1/4 3/4;1 1/2]; \~ | 2
[V,D]=eig(A , 'vector')
V =
-9.70711 0.6 SUbSpaCE( oo
09.70711 ;0.8 || V(:51), ...
D = V(:,2))*180/pi

—
q | — AT q |- | — A
—>eigen-dire;tion
oo 031 eigenvector related to A,=1.25
or X _ or
05 05
Al YAX At
eigenvector
45 4 08, 0 .05 1 115 i PR
X Movés on theunitary circlé N\ \ A
— | | | | | | —
q | | m— q |- | — A

——»eigen-direction

eigenvector related to A,=-0.5

05¢ 0.5
0r 0r
05+ 0.5
a4t -1t eigenve
-1I.5 1 -ol.5 6 oj5 1 1f5 -1‘45 1 -o‘.5 6 015 1 115
— | — | eigehvectbr
q | | m—A*x q |- | — A

——»eigen-direction

eigenvector related to A,=1.25

1K = -NR n NnAR 1 1K

-0.5 A, ans =

1.25 X,

©

— ) o

q || — A <

——#eigen-direction (=}

)]

05| Y

S

>

0r <

Q

A=)

0.5 )

-

eigenvector related to A,;=-0.5
45 1 05 0 05 1 15
eigenspaces neither orthogonal
. between them | to the
ellipse

(prof. M. Rizzardi)

—y

—A* X

| | |~ eigenspaces
18 -1 -NAK n nA 1 18




Example: download and run eigenvectors.p (eigenvectors of a matrix)

3L | —

— A %y

2 | [ eigen-direction

eigenvector related to A,

igenvector

[ | —
— A %y
| |[—* eigen-direction

eigenvector related to 2,

-4 2h .0 .2
X moves on the unitary circle

3| | e—

— A %y

4 2 0 2 4

(| —
— A ¥y

| |[—eigen-direction

1 symmetric A:

4
1

positive definite matrix

-1
3

A=[4 -1;-1 3];
[V,D]=eig(A , 'vector"')

-0.52573 -0.85065

-0.85065

0.52573

subspace( ...

4.618 1,>0( v(:,2))*180/pi

dans =

eigenspaces orthogonal between
them and normal to the ellipse

—
— A%y

——eigen-direction

eigenvector related to A,)\ |

—
— A X
—* eigenspaces

-

q—
N
o)}

5Cp2_0
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Example: download and run eigenvectors.p (eigenvectors of a matrix)
< ven - o BEH >> eigenvectors

g 9

[4-5;2-3) ]
symmetric —

[1/4 314; 1 112) 2 5

[4 -1;-1 3] pos. def. symmetric

SCp2_09.25

[82;2-5]indef_synmetric< I indefinite matriX
= ] = ] || Ade 232 o8
4 ||—=eigen-direction i g | [=—=eigen-direction | [V, D]=e1g(A, ' Vector' ' )
z Ax Xé"hvector ‘2‘ ‘o 0.1487  -0.98888
/ag 1 -0.98888 -0.1487
2L | I | D =

Eigenvalues and eigenvectors

0 = subspace( ...
4} ] ol eigenvector ] -5.3007 A, V(:,1)
8.3007 -25)3%180/pi
61 : ] 4l . ] . 2 ([ V(:,2))*180/pi
eigenvector related to A, eigenvector related to A, ans =
8t | . . i 6t | | ‘ |
-10 -5 0 5 10 -10 5 0 5 10
X moves on the unitary circle eigenspaces orthogonal each other
and normal to the ellipse
|| ' — —_
8 | et At 6 [ [m—tpx 1 6 35
6l ~— eigen-direction | al ——* eigen-direction . §
4+ 2 N
2 _gigenvector o
27 ot E
0r 2 2 "‘5‘
| -
2 4t 4 o~
4| 5 ol —
eigenvector related to A, eigenvector related to A, oA
Bt ! ! | I | | eigenspaces

-10 -5 0 5 10 -10 -5 0 5 10 -10 -5 0 5 10



A symmetric matrix and its ellipse

A symmetric matrix A can be:

positive definite (XTAX > 0) : A, >0,

negative definite (XTAX <'0) : A, <0,

semipositive definite (XTAX > 0) kk 0, seminegative definite (XTAX < O) kk<0
indefinite (otherwise).

A=...; [V,D]=eig(A, 'vector')

,abs(D(2)),

t=linspace(-pi,pi,201); x=[cos(t);sin(t)]; Ax=A*x;
plot(Ax(1,:),Ax(2,:),'k'); axis equal; grid on; hold on
quiver(o,0,Vv(1,1),V(2,1)|,abs(D(1)),
quiver(o0,0,V(1,2),V(2,2)

Color','b’',

'LineWidth',2)
Color','r', 'LineWidth',2)

symmetric ||V =
-0.52573
4 —1)| -o.85065
— D =
—1 3 2.382
4.618

-0.85065
0.52573

A>0

scale factor

positive definite matrix

|}\‘2| V(,Z)

semi-major axis

|7\“1| V(rl)

semi-minor axis

symmetric

8 2
2 =5

indefinite matrix

V =
0.1487 -0.98888
-0.98888  -0.1487
D =
-5.3007 ) > 0
8.3007 <

IA,| V(:,2) semi-major axis

semi-minor axis |7M1| V(1)

5Cp2_09.26
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Eigenvalues of particular symmetric matrices:
ATA,

AAT

A, m>ngm> AL, AT AX =% A-Ay=vy
.
A=[1 0; 5 -3;3 1;-1 2]; 1 0
gisp(rank(A)) s o ADAFA"
21.:/:'*A AT AX =A% A= 3 e,
5o RS I
disp(rank(Al1)) disp(rank(A2))
\%/1;1— dl]=eig(Al1, 'vector') AT. AR k)—c,’izlz:dz]mig(Az,'vector")
-0.4371  -0.8994 5 -9.9770  -0.0003  0.1630  -0.1375
-0.8994  ©.4371 A-A'Yy=17y| e.0932 -0.4082 -0.1911 -0.8878
d1 = 0.1860  ©.4083  ©.8242  -0.3456
1955 —— non- 46[‘0 |, 00468 -0.8165  0.5076  0.2711
eigenvalues o 00
are equal e

5Cp2_09.27
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mxn’ m=>n :> nxm :> A Ax }\JC AAT_):’Y)_;

rank(A)=n X

5Cp2_09.28

Property
spectrum o([AA'],,.,,) = spettro

o(|A'A],.,)U{0}

1)/ Let A be any eigenvalue of A™- A and X a related eigenvector:
AT-AX =\X
If we premultiply by A: A(A™-A%)= A(MX), then we have
AA"-(AX) = L(AX)

i.e. A is also an eigenvalue of A- A"and the related eigenvector is Ax

=D> o(l4" Al..) C ollA-A'),..)

2) Conversely, let y=0 an eigenvalue of A-A™ and y a related
eigenvector: A-A"y=vyy

Premultiply by A': then ATA-(A'j)=7(A7¥), i.e. v is also eigenvalue
of A™-A and a related eigenvectoris A"y

> (A -A'l,n)— {0} C (A" Al,.,)

Eigenvalues and eigenvectors

Proof

(prof. M. Rizzardi)




Examples of eigenvalues/eigenvectors of 2D linear maps:

5Cp2_09.29

rotation A Wl
‘Ax - kxl
syms th real; A=[cos(th) -sin(th);sin(th) cos(th)]

A =

[cos(th), -sin(th)]

[sin(th) cos(tny] A 2D rotation matrix

[V,D] =Eig(A)

[(cos(th)-sin(th)*1i)/sin(th)-cos(th)/sin(th),

syms lambda; B=A-lambda*eye(2);

(cos(th)+sin(th)*1i)/sin(th)-cos(th)/sin(th)]
[1, 1]

d=simplify(det(B))
d=

d=simplify(charpoly(A,lambda)) " o

[cos(th) - sin(th)*1i, 0]

lambda”2 - 2*cos(th)*lambda + 1
S=simplify(solve(d,lambda),10)
S:

cos(th) - (cos(th)”2 - 1)~(1/2)

@0, cos(th) + sin(th)*1i]

plane rotation.

cos(th) + (cos(th)”2 - 1)~(1/2) COS(@)Z— 1<0 — complex eigenva|ue5’ ‘z
' except for cos(0) = £1, —§

i.e. 0=0 or O=m g

Indeed, in general, there is no real direction that remains the same after the -
0=0: > identity map > =1 and eigenspace=RR> | _
all the vectors in R? remain the same §

:

. =

O=T: > reflection across O :> L=—1 and eigenspace=RR” 5

each vector in R? becomes its opposite;
but the eigenspace remains the same




Examples of eigenvalues/eigenvectors of 2D linear maps:

orthogonal reflection across x-axis

A=[1 0;0 -1];

syms lambda; B=A-lambda*eye(2); A_X,' 7\,)(,'1

d 51mp11fy(det(B)) [V,D]=eig(A)
d=simplify(charpoly(A,lambda)) =

lambdaAZ -1 1 0 %) 1

S=simplify(solve(d,lambda),10) A= [ ] 1 0

s = 0 1) |-

-1 -1 }\, (%)

1 0 k1

A=1: :> eigenspace=x-axis >

N1=null(B1)
N1 =

1

(%]

Bl=subs(B,lambda,1);

only vectors on x-axis remain the same

A=—1: > eigenspace=y-axis >

N2=null(B2)
N2 =

(%]

1

B2=subs(B,lambda,-1);

only vectors on y-axis become their opposite;
but the eigenspace remains the same
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Examples of eigenvalues/eigenvectors of 2D linear maps:
orthogonal reflection across the line r=span{a}=span{(2,1)"}

X =

2

1
0

0
1

2

X
5

i

a=[2 1]°;

A=2/norm(a)”~2*a*a’' - eye(2);
syms lambda; B=A-lambda*eye(2);
d=simplify(det(B))

d =

lambda”~2 - 1
S=simplify(solve(d,lambda),10)
S =

-1

1 eigenvalues

Bl=subs(B,lambda,1);
N1=null(B1)

N1 =
2

B2=subs (B, lambda,-1);

N2=null(B2)

N2 =

-1/2
1

eigenspace basis of A=1

eigenspace basis of A}

po~ 2
P _ apt
5 5
&V,D]=eig(5ym(A))
[2, -1/2]
[1, 1]
D =
[1, o]
[@: '1]

r=1:

> eigenspace = span{a} @

only vectors on the reflection axis remain the same

A=—T1:

eigenspace = sp

only vectors on span{a}: become their opposite
the eigenspace remains the same

an{a}t
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The eigenvalues of a 2D orthogonal reflection over a
generic line r=span{a} are always A ==l

5Cp2_09.32

. Proof
1 \ -
Let a= [a ]; then the orthogonal reflection across r=span{a} is: "
2 a’—al = 2aa, +§
a’ +a’ a? +a’ 9
y=t,()=|-2-aa"—I,|x=| = X S
lal 2aa, a’—a 3
\ " ' 2 2 T2 2 2
.. W - a, +4a, a +4a, o
Its characteristic polynomial is: g
a’—a ( 2aa, E
a +a; a; +a, , fa?—a2) (2aa Y ) >
det(A—\l)=det 2PN =L —|| 52— —| [=A" -1 w
2a,a, A= a, +a, a, +a
a’ +a; a’ +a;

syms a [2 1] real; A=simplify(2/norm(a)”2*a*a’' - eye(numel(a)))

Syn e

AY A A A %1 % A A S
R e TN o |
p=simplify(charpoly(A)) e — ’ =
(1, 0, -1] x2 - 1 5
disp(roots(p)) =

b The eigenvalues are always A = *1




The eigespaces of a 2D orthogonal reflection over a ||
generic line r=span{a} are: span{a} and span{a}-* o
(V2]
Proof

The eigenspace V, related to A = +1 is given by:
a’—a; o 2a,a, 2
a’ +a, a’ +a, > [a, 0)(-a a >
A—AI |X:1 — 2 2 v 2 2 8’
283, - a—a | &+a 0 ajla -4 9
“ral vt ) [
_a a 3 syms ;ambdi; g:A-iaTbgi*ey§§2;1 E
Q/V(A—ll)ZQ/V[ 2 1 ]:span [ 1] 53—=su s(B,lambda,1); =null(B1) %
a4 —q a, al/ai eigenspace basis for A=1 2

The eigenspace V, related to A = —1 is given by:

2 2

a —dad 2a,a
Zr!l &= ~
a] —l_ a2 al + a-2 2 al O al 8.2 _g
A_7\4| |X=—1 — o) 2 — a.2 a2 O a a a N
23132 . al _a2 _|_1 1 —|_ D 2 1 9} &
a’+a a’+a =
S
s

-a2/al eigenspace basis for A=—1

@/V(A_|_1|):@/V[a1 az]—span{[
a & 1 orthogonal to N1

—a B2=subs(B,lambda,-1); N2=null(B2)
2011 — VL N2 =
1
1

a,




Examples of eigenvalues/eigenvectors of 3D linear maps: | 3
orthogonal projection onto the plane n=span{(1,0,1)", (1,1,0)'} | &
1 1 non-orthonormal columns orthonormal columns ’
A=|0 1| n=@A) y=|A(ATA) AT|x y=[u"lx
projection
1 0 projection matrix P+ matrix P+
As[1 0 1; 1 18] It is preferable to switch to gh ortho-

,~]=gqr(A,9); P1=Q*Q' . . .
[2,~1=ar(8,0)3 PA=0"0" 1 o rmal basis for the plane =: in this way we

0.66667 ©.33333 0.33333 |can use the simpIified formula for the

0.33333  0.66667 -0.33333 S :
0.33333 -0.33333 oe.ee667 | Projection matrix P+,

O=orth(A); P2=0*0"
P2 = P1, P2 are singular matrices

0.66667 ©.33333  0.33333 A _K
©.33333  ©.66667 -0.33333 [ X = xl

0.33333 -0.33333 0.66667

Eigenvalues and eigenvectors

The mapping has a double eigen-

LV.D] = elg(sym(P2)) value: A,=1 (related to the vectors E
% i é} ) that remain fixed) and the 5
[ 1o, 1] corresponding |eigenspace| is the =
[ o, o, o] plane itself ZR(A). 5
[0, 1, @]
[ 0, 0, 1]




Exercises

Find the eigenvalues and the eigenspaces of the 3D
orthogonal reflection over the line

r = span{(2,1,1)'}.

Also by means of Symbolic Math Toolbox, find the

eigenvalues and the eigenspaces of the 3D orthogonal
reflection over a generic line r=span{a} where a=(a,,a,,a;)’".

Hint: remember the matrix form of the mapping

Also by means of Symbolic Math Toolbox, find
the real eigenvalues and their eigenspaces of
the 3D rotation around z-axis.
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Matrix diagonalization

Two square matrices, of size n, A and B are caIIed ‘similar” if there
exists an invertible matrix S such that B=S"'AS (S: similarity matrix).

Two similar matrices have the same eigenvalues.

In general, a matrix A, is “diagonalizable” if it admits n
linearly independent eigenvectors, which can form a basis of R",

and so that they constitute the columns of S.

This occurs, for example, if all the eigenvalues of A differ.

Diagonalizability criterion

A is diagonalizable  <—> v(}\,) — u(}\,), VA

algebraic geometric

Equivalent statements:

multiplicity multiplicity
| |

(1) A is “diagonalizable”
(2) The sum of the geometric multiplicites equals n.

(3) v(A) = n(A), VA
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Matrix diagonalization:

example

A:[% %] t, xeR2—5¢,(x) = AxeR?

L7

eigenvalues: A,=—-1/2, A,=5/4 (simple roots of characteristic polynomial)

eigenspaces: VX1 =span{(-1,1)"} [v(.))=p())
V}b2=span{(3,4)T} V(&) = (Ay)

=

]

Since the two eigenvectors are linearly independent, they can form
a new basis for R?, so that each vector x can be expressed as

—1 3

X=q, ! +a, A ——‘SQL
-] 3
i tA(X)=Ax=ASQ=(X1A | +a2A 4] =
A, i
o | e[ 540

ty:xe€R", x=8o——t,(x)=Ax e R",t

w.r.t. the new basis of R? in S, the mapping ¢, becomes as a non-uniform scaling

ty(x)=ASa =S,

{—> A=STAS A hasbeen diagonalized by S

Ao
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Matrix diagonalization: MATLAB examples

A

numerical

ho N
L7

A=[1/4 3/4;1 1/2]
A =

0.25 0.75
1 0.5

P=charpoly(A)
P =

1 -0.75 -0.625
w=roots(P)
W=

1.25

-0.5
Vi=null(A-w(1)*eye(2))
Vi =

0.6

0.8

V2=nu11(A-w(2)*eye(2)2:::::::=+
V2 =

-0.70711 y1 V2 are normalized

0.70711 but not orthogonal
S=[V1 V2];

inv(S)*A*S ¢ |

non-symmetric

symbolic

.‘s..-.-

characteristic

—

polynomial

H eigenvalues )'——>

eigenvectors <

S diagonalizes A

A=sym(A)
A =

[1/4, 3/4]

[ 1, 1/2]
P=charpoly(A)
P =

[1, -3/4, -5/8]
w=roots(P)
W =
-1/2
5/4
Vi=null(A-w(1l)*eye(2))
Vi =
-1
1
V2=null(A-w(2)*eye(2))
V2 =
3/4 V1, V2 neither normalized
1 nor orthogonal

inv(S)*A*S

ans =
1.25 -2.22e-16
-2.77e-17 -0.5

S\A*s — [

ﬁ diagonalization )——9

ans =
[-1/2, @]
[ o, 5/4]

[S,d]=eig(A, 'vector');

[S,D]=eig(A);

inv(S)*A*S |€

ans =

-0.5
1.1102e-16

2.7756e-17
1.25

diagonal matrix

#inv(S)*A*S
ans =

['1/2) @]

[ 0, 5/4]
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* | A symmetric matrix is always diagonalizable.

x | Spectral Theorem for symmetric real matrices

Let A be an nxn real matrix. Then A is symmetric if, and only
if, it is orthogonally diagonalizable, that is: T A

3Q : Q 'AQ= A where Ais diagonal and Q'Q=QQ' =1
<:> 7 R QTAQ the inverse no longer needs to be computed

i.e.: “if A is a real symmetric matrix, then there exists an orthonormal
basis of R" formed by eigenvectors of A”

In order to find Q:

» compute eigenvalues and eigenvectors of A;
» form the diagonalizing matrix S having the eigenvectors of A
as columns;

a)compute the factorization S=QR;

» compute Q by ortonormalizing cols of S:{b) S oo

» Q isthe orthogonal diagonalizing matrix.
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Matrix diagonalization: MATLAB examples

numerical

A

(5 4
4 5

A=[5 4;4 5]
A:

5
4

P=charpoly(A)
P_

1 -10 9

4
5

] symmetric

e

characteristic
polynomial

w=roots(P)
W =
9
1

Vi=null(A-w(1)*eye(2))
V1l =
0.70711
0.70711

H eigenvalues )—-—-)

V2=null(A-w(2)*eye(2) )> eigenvectors <
V2 =
-0.70711

épi

symbolic
A=sym(A)
A =
[5, 4]
[4, 5]

P=charpoly(A)

[1) '16) 9]
w=roots(P)
W =

1

V1=nu11(A—w(1)*eye(2))

—1

v;=nu11(A—w(2)*eye(2))

1 V1, V2 are orthogonal
9.70711 V1,V2 are orthonormal 1 but non-normalized
V=[V1l V2]; V diagonalizes A V=[V1 V2];
ans = ans =
9 0 i izati [1, o]
o e eﬁ diagonalization o) o] O=orth(V);
V' *¥A*Y (¢ V'*A*V [— 0’ *A*Q
ans = [V,d]=eig(A, 'vector'); ||| [V,D]=eig(A); . ans =
9 0 V' *A*V |e V' *AXY [2, O] [1, 0]
0 1 ans = ans = [0, 18] [0, 9]
1 o | diagonal [2, 0]
) 9 | matrix [fl[e, 18] Why twice the eigenvalues?
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Matrix diagonalization: MATLAB eig() recap
non-symmetric symmetric
A=[1/4 3/4;1 1/2]; A=[5 4;4 5];

[V, D] = eig(A) [V, D] = eig(A)
V = V =
-0.70711 0.6 [ s : -0.70711 0.70711
0.70711 0.8 dlsp(no;‘m(V(.,l))) 0.70711 0.70711
D = . D =
-0.5 o | disp(norm(V(:,2))) 1 0
%) 1,25 1 (%) 9
disp(V'*V) disp(V'*V)
1 -0.14142 1 0

-0.14142 1 0 1
disp(V*V"') disp(V*V"')

0.86 -0.02 1 0

-0.02 1.14 0 1
disp(inv(V)*A*V) disp(V'*A*V)

0.5 2.7756e-17 1 0

1.1102e-16 1.25 0 9
For a non-symmetric matrix, eig For a symmetric matrix, eig (num)
(num) function returns V as a non- function returns V as an orthogonal
orthogonal matrix, but with normali- matrix
zed columns
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Exercise




Connection between SVD and diagonalization

SCp2_09.43

Singular Value Decomposition of A .
A —U S V7 U,V orthogonal ‘real square UTU:Imxm

MXm ™~ mxn ' nxn matrices  (or unitary .
complex square matrices) —
| V4 Vv=Il
MATLAB ' is the conjugate
transpose operator, while .’

\singular‘ VC(IUZS D Of A is the transpose operator

0“
*

S is uniquely determined by A

diagonalization

A1:ATA:V‘ST°UT'U°S-VT ::V-(ST.S).VT
/ *dox)’
/ A : / ' st

All=| A = |V |SL9| VT eigenvectors
‘ \ eigenvalues

U | 57| U l i

SST

A2=A-A"=U-S-V'-V.ST.U"=U-(S-S)-U"

Eigenvalues and eigenvectors

4 symmetric
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Connection between SVD and diagonalization i
47 15 2434 4896 2716 3554 o
Example| 1_|? | aa-[580 00 e it |

3554 7176 3956 5218

143.29 ) / d1 =
0 5.2267 20533

0 0 27.319
(%] 0 .
V =

-0.94026 0.Ngeas [~ A2=A*A"; | N |
S*Sl—e.34e45 -0.9%926 [U2,d2]=eig(A2, 'vector');

[d2,]]=sort(d2, 'descend’);
u2=u2(:,J); U2, d2
U‘ —

)

67 27

A=[47 15;93 35;53 15;67 27]; Al=A"*A; 2
[U,S,V]=svd(A) A=U-S.-V' [V1,d1]=eig(Al, 'vector'); s

U= - 1 TN .
-0.34405 0.36297 | -0.86528 -0.034355 [dl’J]'Sort(dl’ descend )’ %
-0.69341 -0.23867 | ©.20137 -0.64936 Vi=v1(:,J); Vi, di k)
-0.38342  0.75379| ©.45776  0.27433 V1 = -
-0.50379  -0.49305 | -0.034639 0.70845 ~0.94026 0.34045 S
S = _—"| -0.34045 -0.94026 ‘3
=
&
Q)
S
(W0

ai

20533 %)
0 27.319

OO
(W)

©
| .
= 0.34405 -0.36297 | -0.8653 -0.033877 N
2 g 2 0.69341 0.23867 | ©.14962 0.6632 5
‘¥ 0.38342 -0.75379 | ©.47794 -0.23744 S <
d=diag(s); d.~2 0.50379  0.49305 | ©.021246 -0.70897 S :
2" d2 = ans = -
20533 \ 58E33 20533 0 <
27.319 Na 27.319 m @  27.319 =

9 -1.5793e-13

0 -3.0295e-12




Applications of diagonalization: example 1
A" nt power of a matrix

In order to compute A", the most efficient algorithm is to
diagonalize A, and then compute the power as:

A=SAS" €@ A"=AA--A=(5AS")" =4S

What is the matrix power used for? | .. .

10) In dynamic systems transition matrices are used to pass from a

state to another.

X, initial state

xk+l =A xk

SCp2_09.45

0 b 0 -
0

A=0 0 ¢ -

N e O O O

o O

a0 0 -
o » 0 -
0 0 ("

Eigenvalues and eigenvectors

(A Transition matrix of a Markov chain)

Consider the dynamic system consisting of the population movement between a city and its
suburbs. Let x=[c;s]€R? be the state population vector, where c is the population of the

city and s is the population of the suburbs. For simplicity, we assume that c+s=1, i.e., ¢ and
s are percentages of the total population. Suppose that in the year 1900, the city
population was ¢, and the suburban population was s, and suppose that after each year
5% of the city’s population moves to the suburbs and that 3% of the suburban population
moves to the city. Hence, the population in the city is:

A=[0.95 0.03;0.05 0.97];
[ci55.1=A*[cy5S,]5 % inyear 1901
[c,55,]1=A*[c 55,15 % inyear 1902

—

(prof. M. Rizzardi)

[c,55,]=A"2%[Cy5S,]5 % inyear 1902

[c;5]=A"100*[c,;5S,]5 % inyear 2000




Application of diagonalization: example 1a (cont.)
A" nt power of a matrix

A2=[0.95 0.03;0.05 0.97]; % double precision

Al=single(A2); % single precision

[V2,D2]=eig(A2); [V1,D1]=eig(Al);

NMIN=10; nMAX=400; nSTEP=10; nVals=(nMIN:nSTEP:nMAX)';

E22=zeros(numel(nVals),1); El2diag=zeros(numel(nVals),1); El2pow=zeros(numel(nVals),1);

for k=1:numel(nVals)
n=nVals(k);
A2pow=A2"n; % A"n in double prec. AP=AA --- A
Alpow=Al*n; % A”n in single prec.
A2diag=V2*diag(diag(D2).”n)/V2; % *inv(V2) /1”‘—\//1”\/_1
Aldiag=Vi*diag(diag(D1).”n)/V1l; % *inv(V1) '_
E22(k)=norm(A2pow-A2diag)/norm(A2diag);

E12pow(k)=norm(Alpow-A2diag)/norm(A2diag); compare single prec. A,"" and Alj'.iag
; El2diag(k)=norm(Aldiag-A2diag)/norm(A2diag); Withdoub|eprec,A2Iag
en ,
figure(1l); semilogy(nVals,[El2pow El2diag E22]) relative errors w.r.t. A,"%

figure(2); plot(nVals,E12pow./El2diag)

_Alei:xg H

Relative Errors (1=single prec., 2=double prec.)

10° N diag
A
A" = lesslaccurate 10 KO
W00 e A, —> more accurate — o[ the ratio between
. A A 3 er errors grows with n
HAf-’Iiup,H 7r
il T‘Aiih.'lu__‘A;h:lgH 6t
ExTRE st
| AF;”“.~ p f)“ill-'.l I
10712 14 <Ii‘z?- '| 3 ¢
145 i
= 3
104 —y 2r
// 11
1071 : ! ! * * ! : 0 : ! ! * * ! '
50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400

n: A" n: A"
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Applications of diagonalization: example 1b
A" nt power of a matrix

In order to compute A", the most efficient algorithm is to

diagonalize A, and then compute the power as:

A=SAS" €@ A"=AA--A=(5AS")" =4S \/}

0 -
0 -

(=S N ]

What is the matrix power used for? e

1b) In graph theory:

Example We consider n people P,,P,,...,P,, and form a digraph (directed graph or
oriented graph), where a directed edge from P, to P, denotes that P; can send some
information to P,. Then we write the corresponding adjacency matrix A:

Graph = {vertices} U {edges}

0101 \Pl P,—>P,,P,>P,
frmO0 0 1 P, P,>P,
1 0O 0 1 P, P;,—>P,P;—>P,
0 0 } P,—>P,P,—>P,
P

A:

adjacency 11
matrix P, P

s

3 P4 directed graph = one-way edges
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Applications of diagonalization: example 1b (cont.)

A" nt power of a matrix

P, P, P, P,
(0 1 0 1)\p, P,—>P, P, >P,
A_| 001 O0]|p P, = Py
I AR i
\1 10 0)P4 4 12 74 2
How can we interpret A3, and more generally A+?
A=[0 10 1;0010;1001;1100];
A2=A"2 to

A3 =P, P, P, P, | The entry a;,=2 in A? denotes that P, can send information

P 1 5 2| toP, in2stages, by 2 different ways:
M el 1 @ 2 1 P;—>P, AP,~P, or P,—>P, AP,—>P,
Py 2 1 1 stage 1 stage 2 stage 1 stage 2
The entry a;,=2 in A3 denotes that P, can send informations to P,, [ A3=A"3 to
in 3 stages, by 2 different ways: SO SRR
P, 2 1 1

In general, the number of walks of length k£ from P; to P, is given by the entry a;j
of the matrix A¥: a, = (A¥),

In general, the number of ways in which P, can send information to P; in at most
k stages is given by the entry a;; of the matrix: A + A2+ A3 + - + Ak
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Applications of diagonalization: example 2

We want to compute the ranking of the best soccer teams in a
tournament. We form the bipartite directed graph where the nodes
are the teams, and the directed edge from node i to node j denotes
that team i won against team j. The graph is represented by its
adjacency matrix (non-symmetric).

4,516

wins

_O O O=N
—_ - O OO W

1
0
1
0
1
1

o O = OO
O =k O R
QIR W[ N -

1 1.0 0 1 0|6
A describes the tournament

James P. Keener — The Perron-Frobenius Theorem and
the ranking of football teams. SIAM Review, 35 (1), 1993
http://stat.wharton.upenn.edu/~steele/Courses/956/Ranking/RankingFootballSIAM93.pdf
Dario A. Bini — Il problema del PageRank. Appunti del

corso di Calcolo Scientifico (2015)
https://pagine.dm.unipi.it/bini/Didattica/CalSci/dispense/google.pdf
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112/3]4]5]6 e
01001 0! wins| |
(Vp)
1. 000 1 0/2
00 01 0 0}3
A=
1 01 0 1 1{4 P
11100 1|5 5
1 100 1 0)¢g S
Ac[010010...]; The maximum modulus eigenvalue is ‘g
[V,d]=eig(A, 'vector"') 2=2.58... E
[d,3]=max(abs(d)); , . S
v=abs(V(:,3)); and its related eigenvector represents 2
[v,3]=sort(v, 'descend’); | the ranking.
disp(' team ranking')
disp([7 v]) We sort the modulus of the components@
tea’znl gfggézg of this eigenvector in descend order, and 5
5 0.49581 we obtain the score of each team. @ R
i g:giggz According to this ranking system, the best ;‘
2 0.31328 team is the 4", followed by the 5t", 61, @@ s
3 0.21934 5

then tied first and second, and as last the
3




If we change the adjacency matrix so that the element A;
denotes the goal difference (>0), we can then take advantage
of additional information that leads to a change in the ranking.

SCp2_09.51

1123456 .
0 1 0 0 1 0) 1 |wins 5
1 0 0 0 1 Of2 g
0 001 0 0]3 2
A= a
1 01 01 14 E
A<[610016...0; 11200 2|5 5
[V,D]=eig(A); S
[d,3]=max(abs(diag(D))); . 1 1 0 0 1 0)é
v=abs(V(:,J3));
[v,3]=sort(v, 'descend"); 5 before
disp(' team ranking') ~
disp([J v]) 4 4 S
team ranking . ] E
5 0.60052 6 | Taking goal difference 5 &
. o ar008 1 | into account, the ran- | 6 :
2 0.30689 : 5
: o oees 2 king changes! 1,2 &
3 0.17024 3 3




Applications of diagonalization: example 3

Detect the number of 3 connected components

connected components. o
of a graph é

The number of connected components of a graph
(of nodes V,, and set of edges E) is given by the
multiplicity of A=0 as an eigenvalue of the
Laplacian matrix L (or Kirchhoff matrix), ‘

which is defined as degree of @‘@’

rdeg <Vl )/ a vertex

l =] degree of a vertex: it i
the number of edges tha

L:(Eij):<—1 11]/\(‘/;,‘/]>€E are incident to the vertex

0 otherwise

The Laplacian matrix L is computed as L =D — A, i.e. the difference
between the degree matrix D (a diagonal matrix which contains information
about the degree of each vertex - that is, the number of edges attached to each vertex)
and the adjacency matrix A of the graph.
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undirected

graph

adjancency matrix

symmetric matrix

ﬁiCDEFGH|JKLMNOPQRSTUVWXYZ
m om
C
D 0
5E "1
F 0
G [ § |
H .= | B B |
I [ § |
10+J | |
E ... [ |
: r -
15|
P | |
0 0
R [ | |
S [ |
20T H B
U [ |
v H B
W
A-[0100080 ...]; : .
spy(A) find the algebraic | 0 5 10 15 20 25
deg=d1ag(surf|(A) )5 multiplicity of the spy(A)
o= ol - null eigenvalue
d=abs(eig(L));
J=find(d < l1le-8);
€
numel(J)
ans = :
3 otherwise

d=abs(eigs(L, 25, 'smallestabs'));

eigs: subset of the 25 smallest eigenvalues
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Exercise

Write a MATLAB function to detect the number of
connected components of a graph, given its adjacency
matrix as input.

Download the file graph2.mat for an adjacency
matrix, or use another of your choice.

SCp2_09.54

Eigenvalues and eigenvectors

(prof. M. Rizzardi)




