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Affine maps generalize linear maps, since they allow not only the
basis but also the origin of the reference system to be changed.

Affine maps preserve collinearity, i.e. they map aligned points to
aligned points and parallel lines to parallel lines*, but in general

they don’t preserve distances between points or angles between

segments. *this means that « is a fixed point, i.e. it is mapped to itself

Recall that, for example, if ': R?>——>R? is a linear transformation,
then F'is completely identified by its action on any basis of R?; that
is, if you know F(b,) and F(b,) for some basis {b,, b,} of R?, then

you can find the matrix of F.

Similarly, an affine transformation on R? is completely identified by

its action on any three non-collinear points, that is, any three
points that form a proper triangle (affinely independent points).
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An elementary real affine transformation between
two real affine spaces with finite dimensions

¥ : P(x)eR"— Q(y)eR™ P,Q points
is described, in Cartesian coordinates, by the follo-
wing matrix equation

coordinates of the
image of Origin OcR”

cartesian
coordinates

translation

where PE()Q) and QE(})
and in Homogeneous coordinates by

augmented y A b X augmented
vectors matrix
\ ]' / O tte O - ]' \ ]' /

N

Any linear map is also an affine map.
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Linear maps preserve linear combinations, while
affine maps usually do not preserve linear
combinations; however, there is a particular
combination that is preserved.

Theor. Affine maps preserve linear combinations of
points in which the sum of coefficients is 1; these
are said affine combinations:

P=S"0,P aff bination* "o, =1
;Ot affine combination <::> ;Ot

* if, in addition, a;>0 Vi, it is said a convex combination

Proof:

Q:AP+b:A§n:ociPi +b(1)=
i=1
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Example of an affine map
. pl* 2 _ _
Y:P| |eR°—QO=Y(P)=ox;+Px,+yER
Xy
in cartesian coordinates in homogeneous coordinates

X

Q=¥ (P)=ax,+px, +7=(a B)[il]” mz[gg 1

(N

itis an affinemap  y = A(x)+ (D)

{

In general, any linear function f(x)=a'x+B=0x,+0,x,+ --+a,x,+p can be
considered as an affine map between R” and R.

in homogeneous coordinates

r N = q 3

augmented y -8 A b X augmented matrix or
vectors N affine transformation matrix
" 1 o O O - 1 " 1 o
/ N /1\

In the general case, when the last row vector is not restricted to be [0 ... 0| 1],

the matrix is used to perform projective transformations, and it is called a
projective transformation matrix.
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Example of a non-affine map in R?

The 2D projective transformation (or homography)

ax+by+c dx—+ey+f
gx+hy+k’ gx+hy+k
can be described as a matrix-vector product by resorting to homogeneous

coordinates:
xy yy
W* 9 W*

we can set@, by scaling all the matrix
elements, so that we have 8 parameters

T

cR?

®:P(x,y) eR* - ®(P)=0

*

*

a b c
Plx,y)=|y|— |y |=|d e [flly| = O(X.)Y)=
W g h

—

'ndeifl xy ax+by+c X
) w’ ox + hy + Kk
Y= 0(X,Y)

()

If g=h=0 hn the projective transformation reduces to an affine map (based
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Example of a linear map as an atfinity: horizontal shear in R?

¥V xeR?>—— y = A xeR?

colorful little house drawn by a child

1
_/4 — N7 €R
0 1

tan(0)

X1=[0 160 160 0]; Y1=[0 © 160 160]; P1=[X1;Y1]; % yellow

X2=[0 160 80]; Y2=[160 160 254]; P2=[X2;Y2]; % red

X3=[60 100 100 60]; Y3=[ @ @ 75 75]; P3=[X3;Y3]; % cyan

patch(X1,Y1,'y'); axis equal; hold on; box on; patch(X2,Y2,'r"'); patch(X3,Y3,'c")
P=[P1 P2 P3]; plot(P(1,:),P(2,:),"'.k', 'MarkerSize"',15)

colorful little house transformed by the horizontal shear

plot(Q(1,:),Q(2,:),"'.k', "MarkerSize',15)

th=pi/6; r=tan(th); A=[1 r;0 1]; Q1=A*P1; Q2=A*P2; Q3=A*P3; Q=[0Q1 Q2 Q3];
patch(Q1(1,:),01(2,:),'y"'); axis equal; hold on; box on
patch(Q2(1,:),Q2(2,:),'r"); patch(Q3(1,:),Q3(2,:),'c")
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Example of a linear map as an agfinity: vertical shear in R? |

1 0
¥V xeR?>—— y = A xeR? A= plo TR
colorful little house drawn by a child tan(6)

X1=[0 160 160 ©]; Y1=[0 © 160 160]; P1=[X1;Y1]; % yellow
X2=[0 160 80]; Y2=[160 160 254]; P2=[X2;Y2]; % red
X3=[60 100 100 60]; Y3=[ © © 75 75]; P3=[X3;Y3]; % cyan

P=[P1 P2 P3]; plot(P(1,:),P(2,:),"'.k', 'MarkerSize',15)

patch(X1,Y1,'y'); axis equal; hold on; box on; patch(X2,Y2,'r"'); patch(X3,Y3,'c")

colorful little house transformed by the vertical shear

th=pi/6; r=tan(th); A=[1 O;r 1]; Q1=A*P1l; Q2=A*P2; Q3=A*P3; Q=[Q1 Q2 Q3];
patch(Q1(1,:),01(2,:),'y"'); axis equal; hold on; box on
patch(Q2(1,:),Q2(2,:),'r"); patch(Q3(1,:),Q3(2,:),'c’)
plot(Q(1,:),Q(2,:),"'.k', "MarkerSize"',15)
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A Translation in R", w.r.t. the Cartesian coordinates, is not
a linear map

(because it cannot be written as a matrix-vector product, i.e. it cannot be
expressed as a map induced by a matrix).

Example

X, — 2

T : xER ——=yp= c R’

x, —1
No matrix A(2x2) exists such that y =T7'(x)= Ax

a translation is an affine transformation

. X, —2 —2
1" can be written as y = T(x) = = Ix+
X, —
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Example: Translation in homogeneus coordinates
. 2 xl B 21 ™ 2
The translaton 7 : xeéR"——ypy= IJEH\
is written in homogeneus coordinates as &
( ) ( N )
X o] (A2 (X, —-2X,)
X3 X3
y — T(x) — — — X2 — X3 —
L D B A
R EU N U CA >1 03 —2)”)(17
=10 1 —1||X,
. 0 O 1 X
Therefore it becomes , o N3,
1 0] |—2 X1 origin displacement
T=t, : XeRP——y=Ax=|o 1 |-1||x,|eR’
010 1J{X;)

identity matrix

T

I |
Yo
0 1]
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Example of affinity: Translation in R? .
|
¥V : xeRP——y=Ix+beR? 3
b=[2.5 1]'; b=[2.5 1]';
X=[0 2 2 0]; Y=[0 0 1 1]; X=1+[0 2 2 @]; Y=-2+[0 0 1 1];
patch(X,Y,'g"'); axis equal; hold on patch(X,Y,'g"'); axis equal; hold on
B=[X;Y] + repmat(b,1,numel(X)); B=[X;Y] + repmat(b,1,numel(X));
patch(B(1,:),B(2,:),'y") patch(B(1,:),B(2,:),'y")
isometry g
s £
T oaee® <
2| @5’ -7 o
N
-1.5 E
a vertex at origin~ 251 NO vertex at origin —

T



Example of atfinity: Translation in R?
In homogeneous coordinates

¥ : xeR'——y=AxeR’ A—[

I, b
0 1

]_

O O =

b=[2.5 1]'; A=[eye(2) b;0 0 1];
X=[0 2 2 0];Y=[0 0 1 1]; P=[X;Y;ones(size(X))];
patch(P(1,:),P(2,:),P(3,:),'g"); axis('equal'); hold on

Q=A*P;

translation as matrix-vector product

patch(Q(1,:),Q(2,:),Q(3,:),"y")

//\

251

2_

151

1

0.5

0

-0.5

o = O

sy

view(2)
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How to use MATLAB patch() to draw 3D objects

1) Set object vertex coordinates

erilg 26 % 1 ol e
HE ace= g Y
2 1 0; %@—)é7 8 4; % 2
©10; % 8(0,1,1) (28N 376; %3
g 8 ié ? g GGLOJ) J 567 8], % 4
211; %7 50.0,1) |
e11] %»8 | | + 49 2,1,0)
e e o 4050 2200) 3) Set face colors in RGH
2 %) %) 1(OILO) 7 .
2 1 (%]
0 1 0 <:::_ - —
2 g 1 O) Enumerate vertices
2 1 1
(%) 1 1

4) Draw with parameters "Name"-"Value"

patch('Faces',face, 'Vertices',vert,
'FaceVertexCbhata',col,
'FaceColor', 'flat’,
"FaceAlpha',0.5) % trasparency aec[0,1]
view(3); axis equal; axis tight

5) If you want, add light effects
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@ o ] ] . lo)
Affinity example: rotation around X-axis by a=r/6 in R? || 2
N
. 3 3 &
Y : xeR ry=Ax€eR 3
1 0 0
A=|0 cosoa —sina
0 sina coso
vert=...; fac=...; col=...;
alpha=pi/6; A=blkdiag(1l,[cos(alpha) -sin(alpha);sin(alpha) cos(alpha)]);
B=A*vert'; §,
patch('Faces',face, 'Vertices',B', 'FaceVertexCData',col, 'FaceColor’', 'flat"') =
view(3); axis equal; axis tight; hold on S
patch('Faces',face, 'Vertices',vert, S
=
<<
observer
0.8 ; %
06-, é
0.4 “
0z &
D?Ei g 5
| 5
0.4 0 :Q-;
. . 44 02 0 02 04 0B 08 y B
a vertex at origin observer’s viewpoint

T



Affinity example: translation of shift (1,1,2)"in R?
¥ : xeR’ y=x+beR’

vert=...; fac=...; col=...;

b=[1;1;2]; B=vert' + b;
patch('Faces',face, 'Vertices',B', 'FaceVertexCData',col, 'FaceColor', 'flat"')
view(3); axis equal; axis tight; hold on

patch('Faces',face, 'Vertices',vert, ...

transformed

original
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Affinity example: translation of shift (1,1,2)"in R3

in homogeneous coordinates

¥ : xeR* .y = Ax € R*

A=

o O O -

o O = O

S = O O

1
1
2
1

vert=...; fac=...; col=...;
b=[1;1;2]; A=[eye(3) b;0 0 0 1];
B=A*[vert';ones(1,size(vert,1))]; B=B(1:3,:);

patch('Faces',face, 'Vertices',B', 'FaceVertexCData',col, 'FaceColor’', 'flat"')

view(3); axis equal; axis tight; hold on
patch('Faces',face, 'Vertices',vert, ...

transformed

3.
2.5 |

2

K 1B
1

0.5

0.
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Exercise: Establish whether the following maps are linear or
affine, and check if they are invertible. For an invertible map, find
its inverse. Display in MATLAB the effect of the map and of its

inverse on a unitary square.

2X— 2 1
b x= . ERz——>y=[ Mot c R’
X, —x, +x, —1
A X, ERZ——>y:[2x1_x2+1 R
X, —x; +x, —1
X, 9 —2
o x=|x,|eRP——y=[3 1 —1|xeR’
1 0 1
X, -1 0 -2
o : x=|x,|ER’——y=| 0 -1 —1|xeR’
1 0O 0 1
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Exercise: Find the matrix equation of a central reflection with
respect to the origin of the real plane (isomorphism), and that
one of a central reflection with respect to a generic center
Co(%0,Y,) (affinity).

Write also the matrix equation in homogeneous coordinates.

\ P
pooop=|™ ceR?—50=A xl]:[_xl c R?
X, Xy —X,
. X P
0O
0 C,(3,2)
X
¢ . p=|TerR?——0=TcRr?
X, < 0 >
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Exercises on affine maps

Find the matrix equation of the rotation (of the real

plane) by an angle O around a point P,(x,Yy,) non at
origin.

Find the matrix equation of the rotation (of the real 3D
space) by an angle 0 around an axis passing through a
point P,(x,,Y,) and parallel to a direction (a,[3,y).
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