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Definition of Linear Mappings
Let U and V be two linear spaces with a field K.

A mapping (or transformation) I
F : U > V

is said a linear map if it preserves the vector space
structure, 1.€. 1f:

o Vu,vel
% Vuel, Vaek F(oau) = o F(u)

... to summarize, in practice, the linearity rule holds:

Vu,velU, Va,peK F(autBv)=cF(u)+pF(v)

F(u+v) = F(u)+F(v)
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Example 1

»The mapping

X

Y

dx +y
y—X

()

ER2—>(

is linear.

cR

Proof

Let us consider: Va,feR and Vu,veR? : ¢ =

By the definition of @, we get: Y

ox, +pBx, B

O (ou+pov)= >0

A oy, +By, | | (oy, +By,)—(ox, +Bx,) |
dox, + o 4Bx, + 4x, +

_ " yu+BvByv: uyu]+B
oy, —Oox, By, —Bx, Vu — X,

4(ax, +Bx,)+(oy, +By,))

4x, + v,

y'v_x'v

= _>=OLCD<’U/>‘|‘B(D<'U> I:> ®d is a linear mapping
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Example 2

»The mapping

1
o : |7 ER2—>[X+ cR”
. . y y—Xx
is not linear.
Proof
xu x’U
Let us consider: Vo,feR and Yu,veR? : ©u= y | V= y
( 1
@(au_l_Bu) a’xu+va]: (axu_I_va)_'_ _
T oy, +By, ] \(ay, +By,)—(ox, +Px,)
¢ o ox, +1 [43x +1
‘1' ay, —ox,) By, —Bx,
xu+1 x, +1
@ (u)+BD(v) = (. ]+B v — ] —> ®is not linear
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Example 3

» The following transformation is linear
F : a,+ax+a,x’cll,—(a,,a,,a,) €R’

2"d degree polynomial

The linearity rule follows from the polynomial addition and the
polynomial multiplication by a scalar.

P(x)=a,+ax+a,x*

Q(x)=b,+bx+b,x’ N

F( (x) BQ(x)):(ocaO+[3b + (aa, +Bb, ) x +(aa, + b, ) x )
T = (aa, +Bb,, 0a, +Bb, oca2—|—[3b2)
‘l: a by
aF (P(x))+BF(Q(x))=a|a, |+B|b, —> ®is alinear mapping
a, b,
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Properties

» Any transformation that comes from a matrix, A(mxn),
is a linear transformation ¢,.

> t,is said Transformation induced by the A matrix
t, : xeER"——>y=1,(x)=AxeR"

The linearity rule follows from the matrix multiplication.

> Conversely, any linear transformation such as

F : R” . R” o
can always be written as a transformation induced
by a suitable A matrix of size (mxn)

Example: F
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To detect the matrix which induces the map F

( ( \
X dx. +x
F @ x=|'"leR?——| ' 77

A2 X Xy

(

V1

\y2

]=y€R2

we think to the image vector y=Ax as a linear

combination of the columns in A

(v, [ 4x, +1x, ) 4
y p— p— :xl
V2 ) \—1x1 -|—1x2} \_1/

+X, .

4
-1 1
T
A
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Some definitions

Let F' be alinear transformation

F . U -
def
<}:> \endomorphlsm

The same space T ———

SC2_06.8

F U N 4

Fis bijective

Linear Mappings

def \ 4
<}:{>'»_ lsomo r'phlsm

rF . U > U

def
| | <}£{> au’romor'phlsm

the same space
Fis bijective
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Examples

% The following linear transformation is an automorphism
F : () eRP——@x+yy-x) eR’
% The following linear transformation is an endomorphism
t, : XER"——y=t,(x)=4Ax e R"
% The following linear transformation is an automorphism
t, : XER"—— y=1¢,(x)=AxcR"

if, and only if, A is invertible.

% The following linear transformation is an isomorphism

s 2 T 3
F : a,tax+a,x €ll,——(a,,a,,a,) €R
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Kernel o/ and Range 22 of a linear mapping

let F - U s}/ be a linear transformation.

The Kernel (or Null Space) of the transformation is:
'DEF N (F)={ucU: F(u)=0cV}

If Fis at, i.e. the mapping induced by a matrix, A, then the Kernel of F
equals the Null Space of the matrix:

MF) = cN(A)

The Range (or Image Space) of the transformation is:
DEF| R(F)={veV:3ucU: F(u)=v} = F(U)

If Fis at,, i.e.the mapping induced by a matrix, A, then the Range of F
equals the Column Space of the matrix:

A(F) = R(A)
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_ Theorem _ _
oMF)cU -and R(F)cV are Linear Subspaces

Proof
(by the Theor. “a linear subspace contains all the linear combinations of its vectors”)

Since the transformation F'is linear, we have:
Vu,veeh (F) = F(u)=F(v)=0
= Vo, € K, Flau+pv)=aF(u)+BFv)=0

and this means that au+pvec/t (F)

Since the transformation F'is linear, we have:
VuvyeR(F) = Ix,yeU:F(x)=uAF(y)=v
= Vo,B € K, om~+Pv=oF(x)+BF(y) = F(ox+py)
and this means that ou+pve R(F)
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F correspondsto ¢, :

Example 1: Kernel and Range of F

U,

(1)
T > 3
S ER"—— |u, |€R
U,
L0
1 O
U, 2 U 3
cEeR°—— Au=|0 1 ceR
142 0 0 llz
rank(A)=2
() ]
U
cR:F(u)=|u | =00 <> o (F)={0}
0 M F) =M A
N\ dim eA{A)=0
cR’l ¢ QR(F)is the horizontal plane of R’
R(F) = R(A)

dim R(A)=2

SC2_06.12

Linear Mappings

| ‘ (prof. M. Rizzardi)



Example 2: Kernel and Range of F

F A:|I e M, (R)— F(A)= A- AT € M, | (R)

oA (F)={A: F(A)=A-A"=0} <=

cN(F) is the subspace of symmetric matrices of size (3x3)

( 0 Ay, —ay iz — a31\
@<F):<A_AT: _<a12_a21> 0 d); — A, <:>
\_(a13 _a31) _<a23 _a32) 0 )

R(F) is the subspace oflantisymmetric matrices|of size (3x3)
(or skew-symmetric matrices)

M=-M

SC2_06.13

Linear Mappings

Exercise: Whyis F a linear mapping?

| ‘ (pré¥. M. Rizzardi)



Exercise

By continuing the MATLAB code below, compute by
means of Symbolic Math Toolbox the Kernel and the
Range of F, where F is the linear mapping of the
Example 2 (previous page).

@M) M - M.*;
3; A=sym('a',N, 'real')

F
N
A

[a1 1, al 2, al 3]
[a2_1, a2 2, a2 3]
[a3_1, a3 2, a3 3]

assumptions

ans =

in(al_1, 'real'), in(al_2, 'real'), ... =

LXSE(A) real’), in(ai 2, freal’) isAlways(FA == FA.')

FA = oo . |

[ @, al 2 - a2. 1, al 3 - a3 1] [ all(all(isAlways(FA == FA.")))
[a2_1 - al_2, @, a2_.3 - a3_2] | ...

[a3_1 - al_3, a3_2 - a2_3, °] — > @(FA)

S=solve(tril(FA), 'ReturnConditions’',true) j‘> O/KFA)—
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Example

» The following transformation
F : f(x) [differentiable] —— f'(x)
is linear

The linearity rule follows from the properties of derivatives:

J The derivative of the sum of two differentiable functions is
the sum of their derivatives.

1 The derivative of the product of a scalar by a differentiable
function is the product of the scalar and the derivative of the
function.

Exercise
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Contents

> Injective.and surjective linear maps.

> Theor.: ZA") and X(A4) are isomor-
phic.

> Automorphism as a change of basis.

> Example: advantage in using an
orthonormal basis.
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domain

F U

codomain

>V F is alinear map between vector spaces.

and

F-injective (injection) <{—> oA (F)={0}

F surjective (surjectionX—> R(F) =V

Theorem

F bijective (bijection)if F is both injective and surjective.

In particular, if it is induced by a matrix:

{

A(mxn)

: xecR” > Ax ¢ R™

t, injective <> rank(4)=n oA(t,)=eMA)

and

t,surjective (> rank(A) =m  R(t,)=R(A)
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Example
& F: (u,u) eR’— (u,u,,0) €R’
is an injective linear map.

It is linear since

FEtA:xERZ >y=tA(x)=Ax€R3 1 0)

where 4 =
and it is injective because

Uq

0

1= ()=l el

eMF)={0} and R(F) = the horizontal plane

in the 3D space, whose cartesian eq. is z=0.

0 1

OOJ
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F

- uc R’

M’: Given a non-zero vector, velR3, the mapping

> = <u,v> cR
is a surjective linear map, but it is not injective.

Fis linear because ...

for istance,v=(321)'

FEtA:xE]R3—>y=tA(x)=AxE]R

Where A= (vl v, V3>

Fis surjective because ... Vo e R——J2ue R’ :{uv)=0 <m)
Au=o0 < vu, +v,u, +viu, =a A:[321] ‘

syms a b real; v=[3 2 1]'; N=numel(v);| underdetermined linear system

syms X y [N 1] real
F=@(u) dot(v,u);

F1=F(a*x + b*y); F2=a*F(x) + b*F(y);

isAlways(F1 == F2) % Linearity

) Fis not injective

Given v=[3;2;1], by means of MATLAB Symbolic Math

Toolbox:

* verify that F'is a surjective map, but it is non-injective;
« compute (and display) the subspaces o/ [ F) and R(A").

Exercise

ans =
logical
1

A=[3 2 1]; isAlways(F(x) == A*x) H
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Graphical representation of the linear transformation ¢,
associated with a matrix A(mxn)

t, : xeR" »y=t,(x)=AxcR"

X=X+X,
Ax=A(x+x,)
X'=x+x'

Ax'=A(x+x',)
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Case of an injective map £

t, : xeR" »y=t,(x)=Ax e R"

R k>
'\\\/
gﬁ* veay, Y,
MA)=0_ .0
AN\
§Z
Rm

R'=R(A7) R"=R(A) P (AT)

A (A)={0} RA)=c(4A")
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Case of a surjective map 7,

t, : xeR” »y=t,(x)=Ax e R"

X=X+X,
Ax=A(x+x,)
xX'=x+x',
Ax'=A(x+x'))

R"=cA (A)PR(A") R™ = R(A)
N (A)=R(AT) on (A7) ={0}
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t,: XxeR" ——> Ax=yeR™
D 157 X, € R(AT) — Ax, =y e R(A)

2

® is the restriction of 7, to R(A)

Theorem

The restriction . ® (of the map )
between the Row Space, AR(A'), and
the Column Space, ZR(A), is bijective.

This means that:
R(A") and R(A) are isomorphic.

In practice, Z(4") and Z&(A) have the same geometric “shape”
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Proof
Th.: A(imxn) Vye R(A) Alx e R(AT) : Ax =y

D : x.€ RAHCR"—— Ax =ye R(A)cR™
By definition of Column Space, Vye R(A), IxeR" : Ax=y.

Since R"=c/ " (A)®R(AT), in general VxeR" can be written as:
X=X +X_ : where x.€ R(A") and x_ ecc/t(A)

Vye R(A) > Ax. :y=Ax=Ax +Ax_=Ax, x. € R(AT)

This proved that @ is surjective, that is Vy, y is the image, by @,
of a vector X, @(AT).

To prove that @ is injective, we assume that two vectors have the
same image: Ax,x € R(AT) : Ax = AX’ =

:>A(xr—x’r)=g :> (x. — x’ )e@(AT)ﬂ@/V( )

But this is possible if, and only if, X’ =x_ since R"=c/ " (A)®R(AT).
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Attention!

1| @: x.€ RAT)cR"— D(x ) = Ax. = ye R(A)cR™

2| D71 ye RA)cR™ —— Dl(y) = x € R(AT)cR"

3| @pr:ye R(A)cR™ —— Al(y) = ATAxe R(AT)cR"

The first mapping is an isomorphism between Z(AT) and R(A);
the other twos are isomorphisms between ZZ(A) and ZR(AT).

The second mapping is the inverse isomorphism of the first.

The last two mappings are generally different; they are the same
only if A is an orthogonal matrix.

SC2_06.25

Linear Mappings

| ‘ (prof. M. Rizzardi)



Example 1:

(, 1 xeR? y=1,(x)=AxeR’

1 3
A=[2 6|—<—=[0 0
0 O 0
RAT = colspace(A');

NA

null(A);

R(A")=span{(1,3)"}

eM(4)=span{(-3,1)'}

3

pivot rank(A)=1 @

_ g |A=sym([..]) | I is neither injective nor

s=rref(A) | surjective
RA = colspace(A);
NAT = null(A');

R(A)=span{(1,2,0)"}

2

oMAT)=GR(4)* = span{(~2,1,0)",(0.0,1)"}

1

oMA)

SN

0

v

-1

-2

/
\7L
/

Rl

AT

<

line

@(AT) and @(A) isomorphic | which isomorphism between R(A") and R(A4)?
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1 3] Isomorphism between R(A4") and R(A)
A=|2 6 R(AT)=span{(1,3)T} R(A)=span{(1,2,0)"}
o o] citaspan((S)T elanspan (2,107 00.))

D : x.€ R(AT)cR?—— D(x)=Ax. =ye R(A)cR?

If O is bijective, we want to find a single x, (3! x.) such that

O 1:ye R(A)cCR3—— D (y) =¥,|e R(AT)cR?
R(A)=span{(1,2,0)"}

X;+ 3%, =
Vye R(A) < JaeR:y=a(1,2,0)T,and IxeRY: Axzy < <{2x +6x=
ye R(A) eR :y=a(1,2,0) = y {ygz/om
< x;+3x,=a  undetermined linear system oo solutions

The general solution x of the indeterminate syistem
@ X canh be writtenas < X = X, + X wherg: x. is any vector in e/ (A)

X, = 2L = 0 < ] and X, is a particular solution of Ax=y.
=

syms a real; y=a*RA; xp=A\y;
In general x €R?, but x,& R(AT). Since R2=R(AT)@c/ (A) ——) x, Ix

P r T X’n
B=[RAT NA]; % basis of RA2 and this decomposition is unique.

coef=B\xp; xr=RAT*coef(1)
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Example2: i/, : xcR’ y=1,(x)=Ax € R’

2 0 -/
h A= — S . surjective
where O@ ) » A

—

Ivots
in R3 P

M(A)=Span{(29_1 91)T}

R(AN=span{(1,2,0)",(0,1,1)"} |ra
\

\

0.8

—
—
—
0.6 4 —
—

0.4 -

0.2 4

\

in R?

NA

NAT

A = wl);
RAT Sy?ﬁsg;cew ); eMAT)={0}

null(A);

colspace(A); @(A)=R2

s

nUIl(Al); /
planes

— R(A") and R(A) isomorphic

1

Which isomorphism between ZR(A") and R(A4)?
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”1 2| O
A =
0 1] 1

M(A)=Span{(2a_191)-r} Q/V(AT):{Q}

Isomorphism between (A7) and R(A)
R(Ay=span{(1,2,0)7,(0,1,1)"}  R(A)=span{(1,0)",(2,1)"}

D : x e R(A"CR3—— D(x.)=Ax =y R(A)cR?

Exercise: Compute the isomorphism as seen before.

We can proceed as before, but now we can exploit the fact that A

is @ maximum rank matrix where rank(A) = number of rows.

Vx.e R(AT) x =Al(a,B)— D(x,) =y =Ax =|AAT|(a,B)" e R(A)

invertible

T

Vx.e R(A") < x.=Al(a,p)

ty : (o,B) eR2—>y = AAT(0,B)" e R(A)=RR?
ty L yeER=R(A)— (o,B)" = [AAT] lyeR?
D ly)=x.=AT(o,B) e R(AT)

Exercise: Implement this algorithm and check the result.
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® . 2
Example3:/, : xR
/1 O\ O
whereA=|2 1| ¢-/|o

rank(A)=2 \O 1) 0O O
ivots
in R? in R3 P

AMA)={0}  eMAT)=span{(2,-1,1)"}

RAT=R?2  R(A)=span{(1,0,-2)",(0,1,1)"}

planes
R(A") and R(A) isomorphic

b
y

"y

» t 4 Injective

-2

=t,(x)=Ax eR’

A = sym([..]);

RAT = colspace(A');
NA = null(A);

RA = colspace(A);
NAT = null(A');

R(A)

oMA")

0 0

Which isomorphism between ZR(A") and R(A)?
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1 0
A=|2 1
0 1

oMA)={0} eMA)=span{(2,~1,1)}
R(AT=R2 R(A)=span{(1,0,-2)",(0,1,1)T}

D : x.€ R(A)cR?—— D(x,)=Ax =ye R(A)cR3

If O is bijective, we want to find a single x, (3! x,) such that

Ol ye R(A) R —— D (y) =[xJe R(AT)cR?

A

Now we can exploit the fact that A is a maximui rank matrix where
rank(A) = number of columns.

Vye R(A) < AxeR?: Ax=y < |ATA|x=ATy | |[invertible
1

< | x=(ATA) ATy

MaxeR?= R(AT) C—) x]= (ATA) ATy

Exercise: Implement this algorithm and check the result.

Isomorphism between R(A7) and R(A) |
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Change of basis

[,:x€eR"

If A(nxn) is a non-singular matrix, then the automorphism

ry=t,(x)=AxeR"

given by 7, can be considered as a change of basis in R”

The columnsin U are abasis of R”
U=(u u u,)

VxeR"——x=Ua

OL: components of X
w.r.t. U

The columns in V' are another basis of R”
V= v = v

VxeR"——x=Vp

[3: components of X
w.rt. V

[, 10

the vector x is the same, but

it is written w.r.t. different bases

Uo=Vp < P=

e PV
VU ‘oc A change-of-basis matrix

SC2_06.32
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Example 3

2
In a previous example, we computed the components of x=|-1|c R’
w.r.t. the basis given by the columns of V- 1
111
V=012
003
2 1 0 0
x =Ua = |-1| € R? with respect to the standard basis U = [0 1 OJ
1 0 01
I
1 1 1 1
x = VP € IR’ with respect to the basis V = [0 1 2] |:> B — |V Ul o
_ 003 LI —
U=eye(3); V=[1 1 1;0 1 2;0 0 3]; /

alpha=[2;-1;1
beta =
10/3
-5/3
1/3

A=V\U; % < inv(V)*U change-of-basis matrix
; format rat;

beta=A*alpha

disp(V*beta)
2
-1
1

OK!

A: change-of-basis matrix

We got the same result as before,
when we solved a linear system

Advantage: if we know the change-of-basis matrix, then
we have not to solve a linear system for each vector x.
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Example 4
Advantage in using an orthonormal basis

U old basis

E :/ ViU o V new basis

change-of-basis matrix

V' orthonormal basis |]|]:'> B=|V'U|a
- 7

change-of-basis matrix

()

V7 faster and more accurate, because we have not
to compute the inverse matrix!

V-

-0.7071 -0.0000 -0.7071 -0.7071 %) -0.7071

-0.4082 -0.8165 0.4082
-0.5774 0.5774 0.5774
—

-0.4082 -0.8165 0.4082
-0.5774 0.5774 0.5774
k

U=[10 1;1 1 0;1 2 3]'; NQ,R]= r(u); disp([inv(Q) Qllf

0 orthogonal matrix
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Example 3 (contd.)

Y ol (o 1 1 1 B,
O,[l],[OH ::> V=1 2 0| x=|B ERS’:@(V
o) lo) [1 Y 2 g 5.

U=eye(3);
X1l =

2

-1

1

x2=V*beta

x3=Q*gamma
X3 =

V=[1 31 2 0;0 3 9]; beta=(V\U)*alfa;

[Q,R]=gr(V); gamma=(Q'*U)*alfa;

alfa=[2;-1;1]; x1=U*alfa “

o : x w.r.t. the standard basis
(1<t basis)

B :x w.rt. the columns of V'
(22d basis: change-of-basis matrix)

v : x w.r.t. the columns of Q
(34 basis: orthonormal basis)
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Contents

> Examples of 2D Linear Maps:

 uniform scaling, non-uniform scaling,
reflections;rotations; particular
shears.

J translation in"lhomogeneous-coordina-
tes, roto-translation, orthogonal pro-
jection onto.a line.

> Factorization of a 2D t, into
elementary linear maps.
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2D Elementary Linear Maps

(, : xER*——y=t,(x)=AxcR?
Radial homothety centered at O by a factor p

A — p 0 (or uniform scaling or isotropic scaling)
10 0 O<p<l contraction
1 <p dilation

(¢, automorphism)

Example: Homothety by factor p=2

0 2/ |[x=[21]'; y=A*x;
h=compass(y(1),y(2),'b");
set(h, 'LineWidth',3)

hold on; axis('tight')
h=compass(x(1),x(2),'r");
set(h, 'LineWidth',3)

2 0
_/4_:: rho=2; A=rho*eye(2);
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2D Elementary Linear Maps

2 o - 2
t xeR"——y=1t,(x)=AxeR
p 0 : :
A — n e R Non-uniform Scaling centered at O
0 m/ en=o0 (oranisotropic scaling)
(¢, automorphism)
Examples: Non-uniform scaling =~ = .
transforme
A=diag([1 2]); 150 vector 30
1 0 x=[2 1]"; y=A*x; “
A= h=compass(y(1),y(2),'b"); original
0o 2 set(h, 'LineWidth',3); hold on 180 vector®
h=compass(x(1),x(2),'r");
set(h, 'LineWidth',3)
- g A=diag([1 -21); R
original vettor X=[; 1 vk
h=compass(y(1),y(2),'b"); 1 0
e 9 set(h, 'LineWidth',3); hold on A= =
h=compass(x(1),x(2),"'r"); 0 —2
" . set(h, 'LineWidth',3) 1 oW1 O
Lransfor'mego vector What does this matrix do? 0O —1]0 2
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Particular reflections are described by a non-uniform scaling_
(or flippings)

Ly

Reflection over the y-axis

~1 0
A=
(01

disp(det(A))
-1

disp(eig(A))
-1
1

A=diag([-1 1]);

x=[2 1]"'; y=A*x;
h=compass(y(1),y(2),'b"
set(h, 'LineWidth',3)
hold on; axis('tight")
h=compass(x(1),x(2),'r");
set(h, 'LineWidth',3)

180

xeR?——y=t,(x)=Ax cR?

Reflection over the x-axis

0
—1

b

disp(det(A))
-1

disp(eig(A))
-1
1

A=diag([1 -11);

x=[2 1]"; y=A*x;
h=compass(y(1),y(2),'b");
set(h, 'LineWidth',3)

hold on; axis('tight"')
h=compass(x(1),x(2),'r");

set(h, 'LineWidth',3)

150

180

30

210

reflection over the origin (previous reflections combined together)

¥

disp(det(A))
1

disp(eig(A))
-1
-1

A=diag([-1 -1]);

x=[2 1]"; y=A*x;
h=compass(y(1),y(2),'b");
set(h, 'LineWidth',3)

hold on; axis('tight")
h=compass(x(1),x(2),'r");
set(h, 'LineWidth',3)

150

180

330

210

330
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Example: Find* the automorphism in R2 corresponding to the |

Orthogonal Reflection over the x-axis:
r=span{a}=span{(1,0)"}.

1 O
* We have already identified it as a non unif. scaling ¢, where A is A = [O ]

N Find F : xR’ -y e R? 1
such that
X+yer
v~ Propertiesix—y_Lr
el =1y

SC2_06.40

Linear Mappings

| ‘ (prof. M. Rizzardi)



Y, = =X,

-
|
=
—
N
~—
|

(x,x)=(y, )

a=[1 0]'; syms lambda real
syms X y [2 1] real
Pl=x+y-lambda*a; P2=a'*(x-y);
Y=solve(P2,P1(2),yl,y2);

y [Y.y1;Y.y2]
% y=A*x=x1*A(;,1) + x2*A(:,2)
x1 % y=A*x= x1*[1] + x2*[ 0]
-x2 % [0] +  [-1]
A=zeros(2); find the transformation matrix
for k=1:2
if simplify(symvar(y(k)) == x1)
A(k,1)=y(k)/x1;
end
if simplify(symvar(y(k)) == x2)

A(k,2)=y(k)/x2;

X1 =V =

(x,0) = (¥, )

\)5)
orthogonal reflectlonT 4
over x-axis

more general algorithm

SC2_06.41

end
end
A
1 0
(%) -1

A=zeros(2);

for k=1:2
[c,t]=coeffs(y(k));
for j=1l:numel(t)

find the transformation matrix

if string(t(j)) == string(x(1))
end A(k,1)=c(J);
if string(t(j)) == string(x(2))

A(k,2)=c(]);
end
end

Linear Mappings
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Orthogonal reflection over any line r=span{a}, acR": |

how can we detect its transformation matrix?
t, txeRP——y=t,(x)eR’ A(2x2)

’x+yer Xt y=a
such that yx—y . Lr »L(x—y a)=0
L Wy T
Nny-y y

* lz)Zjiw;;,;:O “ [;;,7;6;:;6\@,@:0 “ }L_Zéz:Z;

* y=12a <a,);> —Xx= 22 aa K=
o] Jal,

2

2
Jal,

5 Exercise
A= Hauz aa” — 1, |[ | what are cMA), R(AT), cATAT) and R(A)?
7112

)| |'Is t,an automophism?

an' —1, |x

( )
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MATLAB Lab: reflection over the line
a=(2,1)"
What are the properties of a 2D reflection matrix?

For this example

r =span{a}

a=[2 1]'; syms t real; r=t*a;
fplot(r(1),r(2),[-2 2]); hold on

compass(a(l),a(2))

x=[3 -1]"'; compass(x(1),x(2),'r")
2/norm(a)”~2*a*a'-eye(size(a,1))

A
A

0.6
0.8

0.8
-0.6

>

symmetric

SC2_06.43

y = A*x; compass(y(1),y(2),'b")

disp(det(A))
-1 the determinant of A equals -1 |
4 -3 2 1 0 1 2
disp(eig(A)) disp(A*A) . .
-1 1 -3.8858e-16 the matrix equals its
1 -3.8858e-16 1 || inverse
its eigenvalues are -1, 1
disp(A'*A) disp(A*A")
1 -3.8858e-16 1 -3.8858e-16 | orthogonal matrix
-3.8858e-16 1 -3.8858e-16 1
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Properties of 2D reflection matrices

matrix for the reflection

over a line span{a}

A=~
Jal]

1. The reflection matrix is symmetric.

.
aa —1,

over a line

2. The inverse of a reflection is the reflection itself.

Proof:

A-A=

2 T 2
a —1,
[all [l
_ 4 M T 4
— algala —
ol |4

L|=—%
| el

4

2

aWaT _

4

2
o]

T

a +1, =

a'a=||al?

3. The reflection matrix is orthogonal.

4. Its determinant is -1 and eigenvalues are -1 and/or +1.
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Remark

The matrix for a reflection over the line r = span{a}

S (@) = 22 aa’ —]2
lal

is different from the following matrix:

H(a) u ]2 22 aaT (HOUS€h9|d€I"
|| reflection)

. H(a)=— S(a)

>y=S,x H(a) represents an orthogo-
hal reflection over the line:
t = span{a=t}
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The Householder reflector

The QR factorization algorithm makes use of a sequence of Householder

reflectors to produce the upper triangular matrix R (in A=QR) starting from a
matrix A.

For example, if we want to zero out all the components of a vector x except the
k% to form the Householder reflector, we choose

a=x+llxlle
where e, is the versor of the k" axis, i.e. e, = (0....,0,1,0....,0)".

Then we form the matrix H  H () = ]2 - | 2”2 aa'
da
Thus the vector Hx is zero everywhere except possibly the k" component.

pH=@(a) sym(eye(numel(a)))-2/norm(a)”2*a*a'; x=sym([2 1 3 -2]');
e=sym([1 @ © 0]'); a=x+norm(x)*e; H=pH(a); yl=simplify(H*x)
yl = :
-3%27(1/2) only the 15t component is non-zero

(%]

(%]

9
e=sym([@ @0 1 0]'); a=x+norm(x)*e; H=pH(a); y3=simplify(H*x)
y3 =

(%]

9
-3%27(1/2) only the 3rd component is non-zero

(%]
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2D Elementary Linear Maps

t, : xER*——y=t,(x)=Ax € R?

cosO —sinb

sin® cosH

(¢, automorphism)

Rotation around O by an angle 0

Example: Rotation in R? by +7t/3

T Z T
COS; —SlIl;

< T T
SlIl?; C()S'g

0>0: counterclockwise

0<0: clockwise

theta=pi/3; c=cos(theta);
A=[c -s;s c];

x=[2 1]"; y=A*x;
h=compass(y(1),y(2),'b");
hold on; axis('tight')
h=compass(x(1),x(2),'r"');

s=sin(theta);

set(h,

set(h,

'LineWidth',3)

"LineWidth',3)
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rotation .

oﬂhogonal

Properties of 2D rotation matrices

cosO —sin6

sind  cosO |
det(A) = cos?+ sin? = 1
A-1=A"  A:orthogonal matrix

B [—sin@ cos 0

A1=AT  A:orthogonal matrix
det(A) = -

cosO® sinH
It is not only a 2D rotation

— A-l="AT
= < > det(A) =41 &= - WhY?
prove It,
det(A)=+1 | D> proper rotation
improper rotation
det(A)=-1 | > (ro?atllgn + reflection)
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A

A

2D Elementary Linear Maps
xCR ——y=1,(x)=Ax c R?

[y

1

“lo 1)’

c R

Horizontal shear (or x-shear map or

shear parallel to the x-axis)

r shear factor

(¢, automorphism)

1
:[O

Example: Horizontal shear in R?

x=[-2 1]";

A=[1 2;0 1]; x=[2 1]°';
h=compass(y(1),y(2),'b"); set(h, ..
h=compass(x(1),x(2),'r"'); set(h, ..
y=A*x; ..

y=A*X; 150

180

y:

5 a horizontal vector
®@ remains the same

A=[1 250 1]; x=[5 @]"; y=A*x 210

A=[1 2;0 1];
y

2 thearr
1 vector

x=[0 1]'; y=A*x

whead of a vertical
displaced horizontally

origial

- =2

transformed

30
0

330

240 300
270

180

th=acos(dot

2

y)/ (norm(x)*norm(y))); disp(tan(th))
geometric interpretation of r: r = tan(0)

210

330
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2D Elementary Linear Maps
t, : xER? ——y=1,(x)=Ax R’

1 0
A=

, reR

Vertical shear (or y-shear map or

1 r shear factor

(¢, automorphism)

Example: Vertical sh

10 A=[1 0;2 1]; x=[1 2]'; y=A*x;

. h=compass(y(1),y(2),'b"); set(h, ..
T 7 1 h=compass(x(1),x(2),'r"'); set(h, ..
x=[1 -2]"'; y=A*x; ..

A=[1 0;2 1]; x=[0© 5]"; yfFA*x

y:
%)
5 re

a vertical vector
mains the same

A=[1 0;2 1]; x=[1 0]"'; y=A*x
y

the arrowhead of a horizontal
dector is displaced vertically

A: ‘1)]

th=acos(dot(x,y)/(norm(x)*nor

m(y))); disp(tan(th))

2 geometric interpretation of r: r = tan(0)

shear parallel to the y axis)

lear in IR2

90 5

120 60
4

skiransformed t 30

original

180 t 0

210 330

120 60

150 30

180
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A translation (or shift) is not a linear map

Example
X, —2

x, —1

2

T : xERZ——>y:[ cR

There is no matrix A(2x2) such that =7 (x)= Ax
= Ix+
x, —1 —1

y=Ax+v

But 7' can be written as: y =7 (x) =

F : xeR" »y=Ax+veR"

Matrix form of an Affine Map (see later)

A translation is an affine map
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Homogeneous coordinates

A Translation in R" becomes a linear map (in R"*1) if we
use the homogeneous coordinates.

Example: homogeneous coordinates in R?

X, , (X,
P= . c R , % P=|x,|eR
2 W Naial}
: \ | X3 / \X3)
Cartesian 4 ¥ y )
coordinates y. =22 omogeneou
2 X, coordinates

The point at « is represented as «=

o
P
0
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Example: translation in homogeneous coordinates
: 2 X[ 21 2
translation 7 : xeR"——y= ER
puts the new Origin at Py(x,,yo)=(2,1) Xo| = 1 J
and the old Origin is transformed into (—2,-1)
1'becomes in homogeneous coordinates:
( Y (v
X, [X=2X, X, —2X,
X3 X3
y:T(x): = — Xz—X3 =Y
X XX Ty
\X3 \ X3 ’
= (1 0 —-2)(X,)
I ) 0]( displacemenT <: Yy=(0 1 —1llx
Then [I'= Yo - 2
0 1 0 0 14X,
11 0] [-2(X,] displacement
T=t, : XeRP——y=Ax=|o 1 |-1|| X, |eR’
identity matrix ~—t6— 0 1J{ X5,
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Example: roto-translation of N points

Rotation of a angle 6=30° around the barycenter and then
translation in Q=(2,3)

. | Incartesian coordinates
g ne 8 | 1) rotation around barycenter e
1.1) compute the barycenter B O(N)
1.2) translate the origin in B O(N)
1.3) rotate around the new origin (B) O(N)
1.4) apply inverse translation to reset the
origin O(N)
2) translation in Q O(N)

total computational complexity: O(5N)
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Example: (contd.)

Rotation of a angle 6=30° around the barycenter and then

translation in Q=(2,3)

1.3) compute the rotation matrix R R=
1 0 +B(1)

0 1 +B(2)}e_1.4) compute the translation matrix 7!

T is not really computed)

T-1=

3) Compute matrix M=T, xT-"xRxT
and the images of the points P: M*P

total computational complexity:

2) Matrix T, of translation in Q T, =

cosd —sinf O

sinf cosf O

0 0 1

1 0 QO
0 1 QQ)
00 1

O(N)
O(2N)

e in homogeneous coordinates
g\wm&mg; & 1) Rotation around barycenter o
Mg ;\\ 1.1) compute the barycenter B, O(N) T:; ? _:((21;]
1.2) the matrix of translation T 0 0 1

}
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2D Elementary Linear Maps

t, 1 xER? ——y=1,(x)=Ax R’

A (2x2)

Orthogonal projection onto a line r=span{a}, acR"

A

A (endomorphism)

r
such that -

( ,) standard dot product

aa O»

a is a vector, then a'a = ||a||? is a scalar

2 1

Ehabt il o i
a a

yer

x—y_Lr

A=

CZLZ

aa

T

Exercise: Compute o/{A) and /(I — A): what do they represent?
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Example

Orthogonal projection onto the line

r=spa n{@T}
a

xR ——— y=

a=[2 1]'; syms b real; r=b*a; A=[a*a'/norm(a)~2]; |

x=[1 3]"'; y=A*x; n=null(a'); % normal
fplot(r(1),r(2),[-2 2], 'Color','b'); hold on

h=compass([x(1) y(1)],[x(2) y(2)] ,'r"); set(h, ..

axis equal; grid on; fplot(a(1)+n(1),a(2)+n(2),[-1 2.5],

=)

What are the Null Space and Image
Space of this transformation?

05T

H 1H2 aa'x € R?
a
— ||a1|2aaT X =
N 9 3
(3 1)x:().1[ X
3 1
e
r
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Application: distance between a point and a line

In the Euclidean Space R?, the distance between a point P

and a line ris defined as

d(P,r)=|x—yl|,=min {d(PQ) VQer}

where x is the vector given by P and y is the orthogonal

projection of x onto r = span{a}

L a” lx A

lal
7

y:

A P

a=[2 1]"; x=[1 3]';
A=[a*a' / norm(a)”"2]; y=A*x;

[norm(x-y) sqgrt(sum((x-y).”2))]
ans =
2.5298 2.5298

two

Exercise

Compute the distance between

parallel lines
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MATLAB Lab: factorize ¢, into elementary linear maps
xCR?——y=t,(x)= Ax € R?

[
[l 4-0r °

9 0.81472 0.12699
A=rand§2); disp(rank(A)) - 10.90579 0.91338
t.8] = qr(A) Q is orthogonal
-0.66874 -0.74349 _ ?(cosa —sina) | disp(det(Q))
— -9.74349 0.66874 Is Q a rotation? R _[sinoc Y o no!
-1.2183 -0.76401 _ 1
Z 0.5164 »We need to permute its rows P:[? 0]
‘ what is P from a geometrical point of view?
0 1 —0.74349  0.66874
Q=11 ol L WU pecgra —074349|c05(@)<0, sin(@)<0 = ae3rd quadrant
disp(det(Q1)) \ J atan(sine/cosine) atan2(sine,cosine)

Y .
» rotation

by angle a=—138.03°

what is P?
what isR?

P=[0 1;1 0]; Q1=P*Q;
dlsp(atanz(Ql(z 1) Q1(1 1))*180/pi R
-138.03 d quadrant (5’K
atan(Ql(Z 1)/Q1(1 1))* /Pl
ran’r (NO!)
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MATLAB Lab: factorize ¢, into elementary linear maps

A_[O.81472 012699 ) (contd.)

_ (0
0.90579 0.91338] A=PO\R whatis P= {0 o

P is a particular permutation matrix

An elementary permutation matrix P is a square matrix obtained from the same size
identity matrix by a permutation of 2 rows (or of 2 cols). A general permutation matrix is
obtained by multiplying two or more elementary permutation matrices.

or (9 0 0 10 a.b c P=[0 1 0;1 0 0;0 0 1];
I=l0 1 0O |=>P:100 B=\|d e f symsabcdefgh.ir*eal
00 1 0 0 1 : O B=[a b c;de f; g h i];

d e f) disp(P*B) F X
R %g . H left mult. < permute rows b a c ?SSZ(B:P
¢ h i (g, h, i] right mult. & permute c09 BP=|e d f| | 1) 4 ]
h g I [hJ g, 1]
P=P": symmetric PP=I: idempotent
all(all(P==P")) || all(all(P*P==eye(3))) | [get(p) all elementary permutations
ans = ans = —
logical logical T = P are reflections
0 1 ) : . .
P:[1 OJ Pisa reflection — Axis? |  Which vectors : Pv=v7?

N=null(sym(P - eye(2)))
Pv—v=0 | n - span [1] _TP: reflection across the bisector of
= 1 (P-1)v=0 1 1stand 3 q.
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MATLAB Lab: factorize ¢, into elementary linear maps| =
contd.)| $
0.81472 0.12699 ( ?
_[0.90579 0.91338] A _(\P Ql R
&"\0 '00
e;\\e(* (0‘6‘\
—1.2183 —0.76401
3 P R = . I i
... and R: [ ) 0.5164] R: upper triangular matrix
. . 9 1 tan® .
Can R contain a horiz. shear? n=| 3
We need to extract pivots s
S=diag(diag(R)) SH §
S = £
L2183 0. 160 R 712183 0.62712
H=S\R the same as H=inv(S)*RR =SH 0 ()5164 1
H )
shear' 1 0.62712| Tan(®) \ ;{ tan(0) || =~
theta= atan(H(1,2))*1*86/pi S horiz. shear g
theta = : . . N
32.093  degrees reflection + non-uniform scaling ;
§=S5,5, Sl=diag(sign(diag(S))) || S2=S1\S A PQIS S H qﬁ%
S1 = s2 = non-uniform scal| 0% (o® 6,000 \\efa‘ =
'é ? y-reflection 1. 2188 9.5162 e‘\\e (0’@ e‘\\e \é\o‘\t |




Exercise

Given as input a square matrix A, computed as

A=rand(2);

explain which elementary linear maps come from the following
factorizations of A:

> [L,U,P]=1u(A);

> [U,S,V]=svd(A);
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Contents

> Examples of 3D Linear Maps:
uniform and non-tuniformscaling,
(proper and improper) rotations,
reflections:and their'properties,
orthogonal\projection onto a plane
and onto a lines

> Summary of properties for an
orthogonal matrix.
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3D Elementary Linear Maps
, 3 o . 3
A=[0 p 0 Radial homothety centered at O of factor p
00 p (or uniform scaling or isotropic scaling)
O<p<l contraction
5 0 0 l<p dilation
A=[0 n 0 Non-uniform scaling (or anisotropic scaling)
00 p centered at O
Particular reflections
3D elementary reflections
10 0 10 0 o ~1 0 0
isp(eig(A))

A=|0 1 0| |disp(det(A)} A=10 -1 0 1 A=[0 1 0
0,0 -1 — o 0 1 s |0 0 1
Reerc&n across XY- planes, ectlon across XZ- pIane across YZ-plane
product €= — product 4= “~ product
1 0 0 —100\.. -1 0 0
A=[0 —1 o [dse@etan] a=|0 1 o |[®PCEEM ] 4=l0 -1 0

-1
0 0 -1 0 0 —1 1 0 0 1

Reflection across X-axis

Reflection across Y-axis
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||||||

roll =<
pitch |

permutation
matrix

P=[0 0 1;
10
01

J

]

==, 3D Elementary Linear Maps

Rotation centered at O around a cartesian axis

yaw

[y

syms a real
A=[1 0 0;

xCR ——y=1,(x)=Ax R’

2 @ B=P*A*pP'; disp(B)

[ cos(a), @, sin(a)]
[ 0, 1, 0]
[-sin(a), @, cos(a)]

@ cos(a) -sin(a);
@ sin(a) cos(a)];

roll (it rollio)

%)
(%]
R (o)=rotation around X-axis by an 3angle oLR—éaéé 0 cosa

R, (B)=rotation around Y-axis by an angleBRA(p}= 0 1 0
pitch (it beccheggio)

R.(0)=rotation around Z-axis by an angle 0 r_(6)=

yaw (it imbardata)

Generic 3D Rotation = R (a) R (B) R,(0)

(9]
No!
3
N
(V)
3P C=P*B*P'; disp(C)
[cos(a), -sin(a), O] d
[sin(a), cos(a), 9]
[ 0, 0, 1]
A
aandﬂderive fronﬂ: why? 8
1 0 0 &
. =
—sina ||| s
e
0 sino coso 3
cosp 0 sinf
—sinp 0 cosp)|| 2
N
cos® —sin® 0\l | &
sin®@ cos6 O f}
0 0 1|| £

T



[y

Properties of rotations

rotation

IX

A1=AT
det(A) =1

<

orthogonal
matr

Cdet(A) =+1

A orthogonal<

_det(A) =-1

. xCR ——y=1,(x)= Ax R’

A: orthogonal matrix

> Al= AT
det(A)=+1 €— Prove it

remember that: det(A) = det(AT)

> proper rotation

improper rotation

(rotation + reflection)
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3D Rotation around an axis a by an angle 6 |

Theor.: In the Linear Space R3, the matrix R
axis r=span{a} and by an angle O is
c+(l-c)a;

+

(1-c)a,a,—sa, (1-c)a,a,+sa,

,(0) of a 3D rotation around an

= (1-c) a,a,—sa,

Ra (6)= (1—c)axay +sa, —c+(1—c)a;

(1-c)a,a, — sa, (1- c)ayazZ
where ¢ =cos(0), s =sin(0), a =(a,, a,, a,)’ su

+sa, L —c+(1—c)a’ls

SC2_06.67

ch that ||a||,= 1.

Theor.: Given the matrix R of a proper rotation, then
» Its rotation axis a can be found as the following Null Space*:

R,a=a {—> oV (R,—I)=span{a}

» and its rotation angle 6 can be found by the following formulas:
Tr(R)=1+2c = c:cos(G):[Tr(R)—l]/Z

f a,=0, R,, =(1—c)a,a,+sa, = s=sin(0)

(6)=|R,,
i g Or RIS = clsa, heyd = =S
(6

if a, =0, R, =(1-c)aa, +sa, = s=sin(0)=|R

¥ :R1,3 > (1_ C)axaz:/a

BRY; —(1—c)ayaz-/a

GBIt |
( c)axay_/aZ = |0=atan2(s,c)

X

where Tr() denotes the trace of a matrix.

JLrace =sum of elements of main diagonal

Linear Mappings

* Alternatively, the rotation axis a is given by: R, a=a, that is the
(unitary) eigenvector of R, related to the eigenvalue 1.

(prof. M. Rizzardi)
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3D rotation: example 1

R=[-1 0 0;0 @ -1;0 1 0]
R =

-1 0 0
%) (%] -1
(%] 1 (%]
disp([R"*R R*R']
1 0 0
0 1 0
%) (%] 1
disp(det(R))

-1

) orthogonal matrix

1 5
) 1
;) ;)

|

improper rotation

N ~

5

Rotation R1

Syl

y 5 5

view([a(1),a(2),a(3)])

>

1 (%] (%]
(%] (%] 1
(%] 1 (%]
R1=R*P
R1 =
cos(0) -1 (4] (%]
sin(0) © -1 (%]
0 E@ . 1

1 @] |P: elementary permutation matr
disp([R1'*R1__R1*R1'])
1 %) (%] 1 %)
%) 1 %) %) 1
%) %) 1 (%] %)
disp(det(R1))
1 R1: proper rotation

%)
%)
1

Sascam

. 0=180°, axis = span{(0,0,1)"}

R=R1*P

What kind of linear transformation does the permutation matrix P

Exercise

induce? And P~!? Display their effects.
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3D rotation: example 2

rng('default'); A=rand(3); [Q,R]=qr(A);

dlsp([Q'*Q Q*Q'1) orthogonal matrix
0 0 1 0 0
e 1 0 0 1 0
0 0 1 0 0 1
disp(det :
151p( et(@) proper rotation

a: rotation axis

xeat =) y=QOxea'

a=null(Q-eye(3)) rotation axis
ad =
-0.038844
-0.05243 normalized vector
0.99787
cosTh=(trace(Q)-1)/2
cosTh =
-0.66766 < ©
sinTh=(Q(1,3)-(1-cosTh *a(1)*a(3))/a( )
-0.74447 < © s_sm&))— R ;—(1-c)a,a ]/a
Th=rad2deg(atan2(sinTh, cosTh))
Th =

_131.89 rotation angle
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Orthogonal reflection across a line r=span{a}:
how can we get the transformation matrix?

t, : xER ——y=t,(x)= AxeR’

x—y Lr

v

RO e

X+y=>\a
tA:suchthat{ijyGr »kx—yy a)=0

0

“ k—2§?—z;:2<a’—)§>»y2a<a’)§>x 22 aa' x —x = 22aaTl3]x
’ |all |al, |al, |al,
( \
» A= 22 aa' —1
Exercise \H“Hz /

What are o/ (A), R(AT), V(A7) and R(A)?
And e/{A —I)? Is ¢, an automophism?
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MATLAB Lab: 3D reflection across a generic line

r=span{a}: a=(3,2,1)T

What are the properties of a 3D ref

a=[3 2 1]'; syms t real
ezplot3(t*a(1),t*a(2),t*a(3),[-2 2]) r
axis equal; hold on; box on
h=quiver3(0,0,0,a(1),a(2),a(3),1); set(..
A = 2/norm(a)”2*a*a’'-eye(size(a,l1))
A =
0.28571 ©0.85714 0.42857

0.85714 -0.42857 0.28571 Symmetric
©.42857 ©.28571 -0.85714

x=[1 3 -1]"; y=A*x;
h=quiver3(0,0,0,x(1),x(2),x(3),1); set(..
h=quiver3(0,0,0,y(1),y(2),y(3),1); set(..

giSP(det(A)) the determinant of A equals 1*

* a reflection with det(A)=1 is a rotation
around its axis by an angle =%n

ection matrix?

ax=null(A-eye(3)); % rotation axis

disp(rank([a ax]))
1

cosTH=(trace(A)-1)/2;
sinTH=(A(1,3) - ...

(1-cosTH)*ax(1)*ax(3))/ax(2);
TH=atan2(sinTH, cosTH)*180/pi

TH =
-180

disp(eig(A)) disp(A*A)
-1 1 -4.4409e-16
-1 -4.4409¢-16 1
1 0 0

%)
%)
1

its eigenvalues are -1, 1

the matrix equals
inverse

disp(A'*A)
1 -1.5266e-16 -1.1102e-16
-1.5266e-16 1 -2.7756e-17
-1.1102e-16 -2.7756e-17 1

disp(A*A")
1

-1.5266e-16
-1.1102e-16

-1.5266e-16 -1.1102e-16

-2.7756e-17 1

1 -2.7756e-17

orthogonal matrix

its
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Reflections acrossaline ,_

3D

2
o

4D

—él—aaTI]

N=3; syms a [N 1] real
A=simplify(2/norm(a)”~2*a*a’'-eye(N));
disp(det(A))

1
disp(eig(A))
-1

1 eigenvalues
all(all(A == A."))

ans =
logical

proper rotation

symmetric matrix
alf(all(simplify(A*A) == eye(N)))
anZSLo;ical A=Al
alf(all(simplify(A'*A) == eye(N)))

ans =
logical A=AT=A"1
1
all(all(simplify(A*A' == eye(N))))
ans =
logical
1
ax=null(A-eye(N))
ax =
al/a3
a2/a3

orthogonal matrix

a is the 3D rotation axis

1
cosTH=simplify((trace(A)-1)/2)le——

COoSTH = ] ]
-1 the rotation angle is 180°

N=4; syms a [N 1] real
A=simplify(2/norm(a)”~2*a*a’'-eye(N));
disp(det(A))
-1

disp(eig(A))
-1

improper rotation

1 eigenvalues

1

all(all(A == A."))

ans =
logical

1
all(all(simplify(A*A) == eye(N)))
ans =

logical A=A

1
all(all(simplify(A'*A) == eye(N)))

ans =
logical

symmetric matrix

0 A=AT=A"l
all(all(simplify(A*A' == eye(N))))

ans =
logical
1
ax=null(A-eye(N))
ax =
al/a4 ) i )
a2/ad a is reflection axis
a3/a4
1

orthogonal matrix

only for 3D rotation
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Elementary 3D reflection across a plane n=span{u,v}:|

how can we get the transformation matrix?
(, : xER ——y=t,(x)= Ax €R’

’ U=[’U,,’U]
X+Yyem e @(U)

x—ylmn |x-yemn
rx—I—ye@(U) x+y=U\r
ix—yEQ/V(UT) ~ iUT(x—y):O
7\“1 7\‘1

-

2 —U'x & [il]—Z(UTU)lUTx y=Ul—x =

= y= U[Z(UTU>_1 UTdc?j%c): LZU(UTU)1 U’ —Qgc)

J

f 4 such that -

y=U|. |-x = U'|2x—U

2

7\‘1

& U

reflection across

F=t,:xeR’ y=AxeR’

T matrix of an orthogonal
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Properties of 3D reflection matrices
A= ZU(UTU)—l UT B 13 across aline :U=[u] (vector)

across a plane: U=|u,v| (matrix)

1. The matrix of a reflection is symmetric.

2. The inverse of a reflection is the reflection itself.
Proof:

A-A=U(UU) U L] 20 (UTU) U - 1=

_ 4U<UTU)_1 WUT —4U(UTU)‘1 U'+1, =
_ MJr L=1I,

3. The matrix of a reflection is orthogonal.

4. U=|u,v|=) its eigenvalues are -1, +1, +1 and its determinant is —1.
U=|u| = itseigenvalues are -1, -1, +1 and its determinant is +1.

Orthonormal basis

SC2_06.74
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. _ T the inverse matrix is
across aline : U=[u] | u||=1 A=2uu T—I3 26 e feeds:
across a plane: U=[u,v] U'U=I A=20U -1, simpler formula
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Example: 3D reflection across n=span{u,v}

u=[2 3 1]'; v=[3 1 0]"'; U=[u v];

syms a b real; p=U*[a b]
A=2*U*inv(U'*U)*U' - eye(3); A =2U
all(all(A == A"))
ans = ) )

logical symmetric matrix

1
all(all(abs(A*A - eye(3)) < 1le-10))
ans =

logical A=Al

1
x=10*rand(3,1); y=A*x;

disp(rank([U x+y])) x+ye R(U)
dlsp((x y)'*U)

(

10

10 -

U'U) U A,

U

Yy

T

-5.3291e-15  4.4409e-16 (X-y).Lm symbolic
dlsp(dEt(A_)l) syms ulvf[3 1]*r\ea1; *U=£u v]; )
) ) A=simplify(2*U*inv(U'*U)*U' -eye(3));
dlSP(elg(A)l) di:;l)?girtplllgfy(dé?(,f\))) JEEEE)
’ 1

1 disp(simplify(eig(A)))
-1
1 1
1
all(all(A == A'))
ans = ) .
logical symmetric matrix

ans =
loglcal

dlsp(51mp11fy((x y)'*U))
[0,

ali?all(simplify(A*A) == eye(3)))
A=Al
dlsp(rank([U x+y])) x+ye R(U)

(x-v) L7

. 0
_ ormal bas
u=[2 3 11'; v=[3 1 0]";
U=orth([u v]);
disp(U'*U)
1 2.0817e-17
2.0817e-17

o X T X T

A=2*U*U' -eye(3);
x=10*rand(3,1); y=A*x;
di k([U

1sp(2r'an ([U x+y])) x+y e (V)

disp((x-y)'*U)
_5.32916-15  4.4409e-16 (X-Y)Lm
all(all(A == A"))
ans =
logical
1
disp(det(A))
-1

disp(eig(A))
-lthe product of eigenvalues gives
1the value of determinant
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Orthogonal projection onto a plane n=

t, : xER ——y=t1,(x)= Ax e R’

YET
f , such that 4

ix—yE@/V(UT)

fye@(U) y=U\
{UT (x—y)=0

span{wu,v}

U=|u,v|
t=R(U)

\x—yj_rc x—yeni

¢ Gram matrix

L=U"x

SUx-Uy=Ux-U"U)=0 < UTU

Sa=(UU) Ux  y=UrL = y=U({U"U) U'x
A: matrix for the orthogonal projection onto R(U)

—
y=|lu(uT) U

X A:U(

U'U)'UT

U has orthonormal columns IEE)> U = [ )

simpler

A=UU'
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Example: 3D orthogonal projection onto n=span{u,v} |
A= U(U'U)

u=[2 3 1]'; v=[3 1 0]"'; U=[u v];
syms a b real; p=U*[a b]"';
A=U*inv(U'*U)*U";
all(all(abs(A - A') < 1le-10))
ans =
logical
1
all(all(abs(A*A - A) < 1le-10))
ans =
logical
1
x=10*rand(3,1); y=A*x;

symmetric matrix

A*A=A idempotent

=20

—lUT

~) Y

H_I

U

20
0 10

20 =10

orthonormal basis

u=[2 3 11'; v=[3 1 0]"';

disp(y'*(x-y)) yL(x-y) symbolic
. 6.728e-14 syms u v [3 1] real; U=[u v];
disp(rank([U y])) Azsimplify(u*inv(U'*U)*U')3
. 2 all(all(A == A"))
dlsp(r‘aznk(A)) anio;:;ical symmetric matrix
) 1
disp(det(A)) syms X [3 1] real; y=A*x;
-2.3051e-17 disp(simplify(y'*(x-y)))
disp(eig(A 0 -
-4p.(197§§-1)7) disp(rank([u y1)) VTV
1 dis - k ye@?(U)
- p(rz‘an (A))
disp(simplify(det(A)))
0
disp(simplify(eig(A)))
.
1

U=orth([u v]);
disp(U'*U)
1 2.0817e-17
2.0817e-17 1

A=U*U'; x=10*rand(3,1); y=A*x; T
dispgrank([u v])) A=UU

disply oy o)
2.4869e-14 yL(x-y)
all(all(A == A"))
ans =
logical
1
disp(det(A))
0

disp(eig(A))
8.3267e-17the product of eigenvalues gives
1the value of determinant
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Exercise on a solid of revolution

Display the shadow parallel to XZ-plane (or to YZ-plane) of a solid
of revolution. This shadow can be computed as the orthogonal
projection of the solid onto that plane, then moved to a side of
the graphic figure by means of a translation.

t=(-pi/3:pi/10:2*pi-pi/2)"'; 8
y=2+cos(t);
[X,Y,Z]=cylinder(y); Z=8*Z;

<— XZ-plane

8

YZ-plane =

XZ-plane

displacement YZ-plane

displacement

figure(1l); surf(X,Y,Z); axis equal RE

box on; hold on 2

set(gca, 'FontSize',12) n

AX=[-4 4 -4 4 0 8]; axis(AX) 5 -
xlabel('x"'); ylabel('y'); zlabel('z") 0 2
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[y

Exercises

Find the matrix form of the y
endomorphism for the orthogo- r
nal projection onto a line 7— -
_ ' 3 i
r = span{a}, assigned acR’. a_.~~
,
; ; yer
. xeR ——y=1,(x)=Ax€R" suchthat -
x—ylr

v er v =\a ’
[yer [y

x—yLlr = |(x-y,a)=0

'

Compute the distance between a point and
» aliner
» aplane .
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Contents

> Generalized inverse, ABCD Theor.,
pseudoinverse and one sided inver-
se.

> Solutions of an underdetermined
linear system.

> Least-norm solution of underdeter-
mined linear systems.
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Generalized inverses of a matrix

Let A be a matrix (mxn) of rank r:

G (nxm) is called a generalized inverse of A {@e—> AGA=A

G always exists, but might not be unique in general.

A: square and invertible |:> G=IGI=A"'AGAAI=A"1A A-1=A"!

this leads to the name generalized inverse

1 2
Example 4-|2 4
3 6 :
?
A=[1 2;2 4;3 6]; G=[1 0 0;0 0 0]; AGA=A*G*A Is G unique:
AGA = NA=null(sym(A));
1 2 . . syms a b ¢ real
2 4 G is a generalized inverse of A G1=G + NA*[a b c]
> ° Gl = ] )
[1 - 2*a, -2*b, -2*c]
infinitely many matrices G1 ||[ a, b, c
AG=A™G AGIA=A*GI*A 1 pc
AG = GA=G*A AG1A = g
1 % (%) GA = 1 5 .
2 0 0 1 2 5 p G1 generalized
3 0 %) 5 0 3 g inverse

SC2_06.81

Linear Mappings

(prof. M. Rizzardi)

T



Generalized inverses of a matrix
(g-inverses)

ABCD Theorem

Let A be an mxn matrix with rank(A)=r<min{m,n}. One can show that,
after a suitable reordering of its rows and columns, A can be written
in partitioned form as:

A is rxr and invertible,
A B v
permuted A A= where B isrx(n-r),
_C D C is(m-r)xr,

Then D=C A 'B, so that D is (m=r)x(n-r)

A B
Al -
[ C CA B]

Construction of a generalized inverse

Let A be.as in ABCD Theor., then a generalized inverse of A is G-(nxm):
A 0
0 0

rX(m-—r)

G L)

nxm

(n—r)xr (n—r)x(m—r) )

SC2_06.82

Linear Mappings

| ‘ (prof. M. Rizzardi)



Generdlized inverses of a matrix: example 1

The submatrix A, does not
need any rearrangement of
rows and columnsin A

ABCD Theor.

2]

(1:2,3) ﬂ

7, 8]

A=sym([1 2 3;4 5 6;7 8 9]); 1 Ar=A(1:2,1:2)
[my,n]=size(A); L Ar =
r=rank(A) A 3 %i, g%
T 1 21 B rahk(Ar)
S= rref(A) ans =

A=4 3 6 2
Do ]

- C D
G: g-inverse

G=[inv(Ar) zeros(r,m-r); zeros(n-r,m)]

G =

[-5/3, 2/3, @]
[ 4/3, -1/3, 0]
[ o, 0, 0]

all(all(isAlways(A*G*A == A))) check

ans =
logical
1

B=
B =
3
6
C=A(3,1:2)
C
[7
D=C*inv(Ar)*B
D =
9

uniqueness of G?

ans =
logical
1

NA=null(A); syms a b ¢ real
G1l=G + NA*[a b c];
all(all(isAlways(A*G1*A == A)))

infinitely many g-inverses
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Generdlized inverses of a matrix: example 2

symbolic or numeric matrix

A=sym([1 2;1 2;1 1]);

[myn]=size(A);

r=rank(A) 12

r= A=|1 2
2 r=n

S=rref(A) 1 1

S =
@ 0 Columns 1 and 2 in A are lin.

%8’ 5] ind., but not rows 1 and 2
J

[~,~,Prow]=1u(A)

Prow =
1 (5] (5] .
0 0 1 permutation
0 1 0 matrix
PA=Prow*A
PA =

[1, 2] Now, rows 1 and 2 in PA are

[1, 1] linearly independent
[1, 2]

PA

G is a generalized inverse of PA

PﬁJwAGProwA = P%wA

@

A(GP. A=A

... “suitable rearrangement
Teor. ABCD of rows and columns in A” ...
A, Ar=PA(1:r,1:r)
1 2 Ar =
[1, 2]
=L 1§ |11, 1]
T 7 rank (Ar)
ans =
C 2
G=[inv(Ar) zeros(r,m-r); zeros(n-r,m)]
G =
[-1, 2, @]
[ 1) '1: @]

all(all(isAlways(A*G*A == A)))

ans =
logical G is not a generalized inverse of A
0
all(all(isAlways(PA*G*PA == PA)))
ans =
logical G is a generalized inverse of PA
1
:H»ll GP:G*Pr-owl permute columnsin G
GP =
[-1J @J 2]
[ 1: @: '1]
all(all(isAlways(A*GP*A == A)))
ans =
logical GP is a generalized inverse of A
1

row
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Generalized inverses of a matrix: example 2 (cont)

Algorithm 1

symbolic or numeric matrix

ABCD Theor.

A=sym([1 2;1 2;1 1]);

[my,n]=size(A); r=rank(A)

r =
2
[~,~,Prow]=1u(A)
Prow =
1 (%]
(%] (%]
(%] 1 (%]
[~,~,Pcol]=1u(A")
Pcol

9 row-permutation
1 matrix

0 col-permutation
1 matrix

S i

actually, , it's not needed here

G: g-inverse

11(a11(1sA1ways(A*G*A == A)))

ans =
logical Gisnota g-inverse of A

%)

all(all(isAlways(PrAPc*G*PrAPc

ans =
logical
1

inv(Ar) zeros(r,m-r); zeros(n-r,m)]
check

== PraPc)))

G is a g-inverse of permuted matrix |:>

. “suitable rearrangement
of rows and columns in A” ...

2]

permuted matrix

PrAPc=Prow*A*Pcol
PrAPc =

1, 2

1, 1

[1, 2]
Ar=PrAPc(1:r,1:r)
Ar =

[1, 2]
[1, 1]
rank (Ar)
ans =

2

sottomatrice Ar
di rango r=2

g-inverse of A matrix

i

A*(P

*A=A

*G E Prow)

col

G is a generalized inverse of P,

P?ow*A* PcoI*G*

)
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Generdlized inverses of a matrix: example 3

Theor. ABCD
Algorithm 1
A=sym([4 8 4 -2;4 8 4 -2;-2 -4 -2 10]);
[m,n]=size(A) 4 8 4 -9
o A=| 4 8 4 -2
4 2 —4 -2 10
r=rank(A)

r =
2

[~,~,Prow]=1u(A)

Prow =
1 0 0
0 1 0 €— jctually, it's not needed h
0 0 1
[~,~,Pcol]=1u(A")
Pcol =
1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

ere

... “suitable rearrangement
of rows and columns in A” ...

permuted matrix

PrAPc=Prow*A*Pcol
PrAPc =

[‘8) 4: '2: 4]
[ 3 4: '2) 4]
[ 4: -ZJ 16: '2]
Ar=PrAPc(1:r,1:r)

2]

Ar =

[8, 4

8, 4 .
rank(Ar) tche rank of Ar submatrix
T is not r=2

1

Algorithm 1 doesn’t always work
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Generalized inverses of a matrix: example 3 (cont)

... “suitable rearrangement
Theor. ABCD of rows and columns in A” ...

A=[4 8 4 -2;4 8 4 -2;-2 -4 -2 10];
[m,n]=size(A)

Algorithm 2

SC2_06.87
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m = 4 8 4 -2 [myn]=size(A); r=rank(A);
3 [~,pCOL]=rref(A) only valid for numeric matrices
n = A= 4 8 4 -2 pCOL =
A 1 4
r=rank(A) —2 —4 =2 10] | Pcol=eye(n); ‘
- Pcol=[Pcol(:,pCOL) Pcol(:,setdiff((1:n),pCOL))]
) ool P col-permutation matrix
I_[~,pCOL]=r'r‘e-F(A) - ]'EhIS syntax only holds 5010
SCOC = or numeric arrays 0001
1 4 0100
AA=[A(:,pCOL) A(:,setdiff((1:n),pCOL))] [~,pROW]=rref(A") only valid for numeric matrices
AA = pROW =
4 -2 8 4 the first r=2 columns are 1 3
4 -2 8 4 linearly independent, but Prow=eye(m) ;
L2 10| -4 -2 thefirstr=2rows are not | Prow=[Prow(pROW, :);Prow(setdiff((1:m),pROW),:)]
[~,pROW]=rref(AA") Prow z 0o row-permutation matrix
pROW : ; 001
. 010
AAA=[ AA(pROW, : ) ;AA(setdiff((1:m),pROW),:)] PAP=Prow*A*Pcol; Ar=PAP(1:r,1:r)
AAA = Ar = .
i -2 8 4 the submatrix Ar, of 4 -2 the submatrix Ar, of
-2 10 -4 -2 size rxr, has rank=2 -2 10 size rxr, has rank=2
4 -2 8 4 G=[inv(Ar) zeros(r,m-r); zeros(n-r,m)];
all(all(A* |(Pcol*G*Prow) | *A == A))
ans = g-inverse of A
logical
1
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Exercise

Compute a generalized inverse of

(4 4 -2
A=| 4 4 -2
—2 -2 10,

and of diag(diag(A))
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Other kinds of generalized inverses:

Pseudoinverse matrix
(Moore-Penrose inverse)

A real™ matrix (an) of rank r: * for complex matrices, replace T with H

B matrix (nxm) is called the pseudoinverse of A, and denoted by
B=A"| if B satisfies all four conditions below:

(1) ABA=A (B is a generalized inverse of A)  Bis a reflexive generalized

(2) BAB=B (A is a generalized inverse of B) inverse of A

(3) (AB)T=AB (AB is symmetric)
(4) (BA)"=BA (BA is symmetric)
def > B=A* and A=B*

Theorem of the Penrose inverse

For each matrix AcR™*", the pseudoinverse AT of A always exists and
is unique. ' ' | |

the inverse matrix is

MATLAB pinv () uses SVD to form the pseudoin

verse A" of A: not really computed
S 0
AZUZVTZUO OVT |:> >t = 0 8 |:> AT =VItU'
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Pseudoinverse: example 1

1 2 0
A:[O ) 1] Is A,,, the Moore-Penrose inverse of A,
A=[120; 011]; computed by means of SVD?
‘U,S,V]=svd(A);
: 1=svd(A) of ¥|g[u,s,V]=svd(A,e); S
U,S,V]=svd(A, "econ'); | or =
2.4495 (%] %)
[U,S,V]=svd(A,0); %) 1 0
Sp=[linv(S(:,1:2));zeros(1,2)] .
e pinv(A)
2§=y Sp™U T ans =
0.33333 -0.33333
9.33333 -p-33333 | pseudo- 0.33333 0.16667
0.33333 2.16667 | inverse -9.33333 0.83333
-0.33333 2.83333 7 3
equal

[U, S:V1=5Vd(A)3 \ 2
Sp=[ldiag(diag(S(:,1:2)).~(-1)); zeros(1,2)]

Ap=V*Sp*U' : :

AE _ P { ho inverse is computed ‘
©.33333 -0.33333
©.33333 0.16667 €

-0.33333 ©.83333
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Pseudoinverse: example 2

SC2_06.91

Ps is the Moore-Penrose inverse of A A=s>|£m([1 2 3;4 5 6;7 89]); 123
Ps=pinv(A); rank(A) A=l4 5 6
all(all(isAlways(A*Ps*A == A))) 2 7 8 0
ans =
logical . .
(1) OK G is a generalized inverse of A
i * p\ —
gi}£?11<15A1”ays(Ps A =S PEDD) S=rref(A)... Ar=A(1:2,1:2);
. G=[1 A sN-=-r); L
lc1>g1cal 2) oK : =[1nv( r) zeros(r,n-r); zeros(m-r,n)]
. . -5/3, 2/3, @
gri]lsl(zall(lsAlways((A*Ps) A*Ps))) % 4/3, _1/3) 8%
1c1>g1cal (3) OK [ s » 0] .
all(all(isAlways((Ps*A)' == Ps*A))) Is G the pS@UdOlnverse of A?
ans =, all(all(isAlways(A*G*A == A
1c1>g1cal (4) OK - (= ( ys( )))

l(l)gical (1) OK
all(all(isAlways(G*A*G == G)))

uniqueness of Ps: P1 is not the Moore-Penrose inverse

NA=null(A); syms a b c real of A || 2 et

assumeAlso(a>0 & b>0 & ¢>0) logical

P1=Ps + NA*[a b c]; Va,b,c 0% (2) OK

2332?1%éiiﬁlways(A*Pl*A == A))) all(all(isAlways((A*G)' == A*G)))
1 (1)1 (3) OK anio;ical

eig(P1*A*P1-P1)" o (3) NO

a[‘gf ;’ 2b - a - ] (2) NO all(all(isAlways((G*A)' == G*A)))

all(all(isAlways((P1*A)' == P1*A))) a”iogical

ans = lgglcal (4) NO 0 (4) NO

Linear Mappings
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Other kinds of generalized inverses:
left and right (one-sided) inverses

Let A be a matrix (mxn) of rank r:

The C matrix (nxm) is called a right inverseof A {def_> AC=1,

The B matrix (nxm) is called a left inverse of A BA=1
If A has both a right inverse and a left inverse, then A is square and invertible.

for maximum rank matrices

Theor. (existence < surjectivity)
The system Ax=b admits at least.one solution x for each b if, and
only if, R(A)=R™, that is if r=m. This is only possible when m<n.
In this case there exists a right inverse matrix C: C'= AT(AAT )—1

Theor. (uniqueness < injectivity)

If the system Ax=b is compatible, it admits at most one solution
x for each b if, and only if, R(AT)=R", that is if r=n. This is only

possible if n<m. In‘this case there is a smgle left i inverse matrix B:
B = (ATA) AT

When m=n=r, the two theorems ensure the existence and uniqueness of the inverse A~!.
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Right inverses of a maximum rank matrix

rank(A)=2=m<n |:> d aright inverse C:

Wl

AC=1, <:>multiple underdetermined linear systems (A 12) —

2 underdetermined linear systems

C

L,

2 linear systems

1 2 0
0 1 1

coefficients

1 0
0 1

iconstant
terms

X, +2x, = 1 {x1+2x2 = A=[120; 0 1 1];
‘ [m,n]=size(A);
X, T X3 0 format rational
= ( =A\eye(2
<2x2 = @ free variable j ;(E - \eye(2) xp: particular solutions
X, = —X, %) %)
> 1/2 %)
|2 A /@ xn=null(A,"rational")
Xy = —%—Fy@ particular Xn = Solzutlon of homogeneous system
- solutions -1
ﬂ / x,=0 \ﬂ 1 eN(A)=span{(2,-1,1)T}
syms a b real
X1 2 X, @ 2 C =Xp + xn*[a b]
C: general right inverse
X, |=| 3|+ol-1 x, |=|0|+pfl-1 2¥a,  2*b]° ©
1 1 1/2 - a, -b]
X3 — 73 X5 1 1 [a - 1/2, b + 1][disp(A*xp)
P4 dlSp(A*C) |d 1 0
/ 1, 0] -1.1102e-16 1
general solutions _0, 1] Xp: particular right inverse
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How are the pseudoinverses of full-rank matrices? |3
o
0 O 0 2] (0 2 o
1 2 0 _ I _ By
— AXP_IZ Xp: 5 O AC—IZ C: 2—|—a_—1 O_|_B_
0 1 1 -1 1 - 1 (1 1
X, particular right inverse C: general right inverse
Decompose columns of X, along R(AT) and along le/{A);]mantain only those in
R(AT)
R(AT)D cAH1A) Xp — ‘;(r + X, Xp=sym(xp) ; or equivalently by orthogonal “
NA=sym(xn); rojection onto R(AT) <
1 011 21~r 0 0 coef=[A' NAJ\Xp RAT=orth(A'); | ortho- | &
' coef - PO=RAT*RAT'; | normalll 2
2 1| K1 L= ) 0 RYETERYED )IXr:Po*XpI basis L
- Ar_=
o || 1flv) [l=¢ 1 L-1/3, 5/6] [ 173, -1/3] £
"y > [ 1/3, 1/6] -
)IXr‘-A *coef(1:2,:)l [-173 5/6]
If r=m<n a right pseudomverse Cis: X3
T T [ 1/3, 1/6] all(all(isAlways(A*Xr*A == A)))
C A AA [-1/3, 5/6] ans = logical
NAAT*inv(A*A') |1 (1) OK
since  AA'" isinvertibl 1l ans_= all(all(isAlways(Xr*A*Xr == Xr)))
& [ 1/3, -1/3] ans = logical (2) OK
N L 1/3,  1/6] a111(a11(isA1wa s((A*Xr)' == A*Xr)))
If r=n<m a left pseudoinverse B iISNRE/EEER ans < Togical y(3) oK
1 . 1
T T ans_= all(all(isAlways((Xr*A)' == Xr*A)))
—_ 1/3, -1/3 _ <
B T (A A) A %1/3, 1/6% e togical (4) OK
since A A isinvertible. /3, 28 XHW@HW




Left inverses of a maximum rank matrix

,| underdetermined multiple system (A

if r=n<m a left pseudomverse B is:
T T
B=(A A) A

since A" A is invertible.

(D 1 — . . . —
rank=2=n<m i |left inverse matrix B:

2 (0) ‘

0 1) BA=1,{=>(BA) = A"B =1, . =[T,

L,)=

- T

2 linear systems

1 0
0 1

known
terms
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Underdetermined linear systems

A system Ax=b of linear equations is considered under-
determined if there are fewer equations than unknowns, in
contrast to an overdetermined system, where there are
more equations than unknowns.

An underdetermined linear system has either no solution
or infinitely many solutions.

Examples: 3 unknowns, 2 equations

x4y+z=1 ,
X+y+z=0 —> nosolution

X+y+z = L .
I:,'> infinitely many solutions
X +y+2z=3 Y Y

For system compatibility check the Rouché—Capelli Theorem:

coefficient matrix ran k(ﬂ = ran k( [A b] ) augmented matrix
1
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Least-norm solution of underdetermined linear systems
Mx — y, M(I’XC) r: num of rows

c: num of cols

RMD) ® ANM) =R R(M") = NM)-  MM) = BRM)-

The general solution of a compatible underdetermined system Mx=y is given by:
X:{x:Mx:y}:{x:xp+z:Mxp =y A zE@V(M)}

X, any particular squtionT TNU” Space of M
Theorem it is unique
i Least-norm solution: ||xLN ||2 — x$12y||x”2<;>xw c %(MT>HX
If rank(M) = c < r (max rank): I:> AN M) ={0} I:> dx=x;y: Mx =y
determined system Xy = [(MTM>1 M | y left pseudoinverse of M

If rank(M) =r < ¢ (max rank): |:> dim[ef/(M)]=c—r>0
underdetermined system Xy = [MT (1\4]\/[T )1]y right pseudoinverse of M

If rank(M) = k < min{r,c} (non-max rank): |:> underdetermined system
X,y is the orthogonal projection of x, onto R(M") = A M)+
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Examples: solve underdetermined systems
X:{XJ%v;ﬂzﬂx:xﬂ+zhhp:y/\zEQVM@}

M

<

least-norm solution HXLNH2 —

1 2 3
1 2 3

A N W N -
W N =

I

rank(M)=1
<c=2<r=3

|

general solution

min
x:Mx=y

M=[1 1;2 2;3 3]'; y=[4;4];

xp=M\y; % particular solution

N=null(M) % basis for the Null Space

syms a b real; n=N*[a;b]; X=xp + n;

RMT=orth(M"'); % orthonormal basis of R(MT)

P=RMT*RMT"'; % orthogonal projection matrix

Pxp=P*xp; % projection of xp onto R(MT)

XLN=pinv(M)*y;

disp([norm(xLN) norm(Pxp) norm(xp)])
1.069 = 1.069 < 1.3333

M=[1 1;2 2;3 3]; y=[2;4;6];

xp=M\y; % particular solution

N=null(M) % basis for the Null Space

syms a real; n=N*a; X=xp + n;

RMT=orth(M'); % orthonormal basis of R(MT)

P=RMT*RMT"'; % orthogonal projection matrix

Pxp=P*xp; % projection of xp onto R(MT)

XLN=pinv(M)*y;

disp([norm(xLN) norm(Pxp) norm(xp)])
1.4142 = 1.4142 < 2

o, < x.v € (M)

-1.5

R(MT)

7 it is uniqu

1974
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Examples: solve underdetermined systems
X:{XJ%v;ﬂzﬂx:xﬂ+zhhp:y/\zEQVM@}

rank(M)=2 < r=c=3

M is a square and
singular matrix

to solve the system the factorization P*M=L*U is used

general'solution

: T
Least Norm solution HXLNHZ £ mln ‘XHZ <~ Xy € @(M )
x:Mx=y
M=[1 4 7;2 3 9;2 2 8]; y=[6;7;6]; [myn]=size(M)
xp=M\y % particular solution m =
Warning: Matrix is singular to working precision. 3
Xp = n =
NaN 3
NaN ??? rank (M)
NaN ans =
2 rank([M y])
ans =
compatible and under- 2

[L,U,P]=1u(M)
L =

1) s

lve L*w=P*y

determined system

general solution of the system

1 0 o 2)solve U(1:r)*xp=w(1l:r
9.5 1 0 ) ! (L) xpmw(1:r) N=null(A)
1 -0.4 1|f w=L\(P*y) |[| xp=U(1:r,:)\w(1l:r) N = 0. 90453
0T 2 3 ol ™7 5 s [Pl -0.30151
0 2.5 2.5 5.5 033333 Solution 8.30151
0 2] 2] 1) ) 2) 0.66667 syms a [n-r 1] real
P = . ) . Xg=xp + N*a general
1 ) ) —-—-—gemlaralsulutin!'l Xg = SOIut'On
0 0 1 ® Lo rormaditin -(3*117(1/2)*al)/11
1/3 - (117(1/2)*a1)/11
/ (11~(1/2)*al1)/11 + 2/3

Least Norm solution

RMT=orth(M'); P=RMT*RMT'; Pxp=P*xp; ||

XLN=pinv(M)*y;
disp([norm(xLN) norm(Pxp) norm(xp)])
©.73855 = 0.73855 < 0.74536

Xp =

Q.
Q.

[L,U,P]=1u([M y1);
xp=U(1:r,1:n)\U(1:r,n+l)

%)
33333

66667 1) +2)
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