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Color legend

New formulas, important considerations,
important formulas, important concepts

Very important for the discussion
Memo

Mathematical tools to be exploited
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Broadside Arrays
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Endfire Arrays

L]

—

— y

+}J‘

(@) B = 0° (b 8y = 180°

Stefano Perna — Universita Parthenope — Ingegneria Informatica, Biomedica e delle TLC — Corso di “Antenne”



Linear Arrays

P is located in the Fraunhofer Region relevant to the each antenna of the considered array
P is located in the Fraunhofer Region relevant to the overall array antenna

The antennas of the considered array are equal

The antennas of the considered array are deployed along one axis (Linear Arrays)

— A e T
r'=di =7t -i=di-i=d,cosd

A F.i=di -i=d si i | =sin | +sin3singi + I
r=di, =¥ i =di- i=d,ssindsing [, =sindcos @i, +sinJsin i +cosIi,
r__ 0 VAN ror .

"=di —=r i =di i =d sinJcose
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Periodic Linear Arrays (z-axis)

. ¢ exp(—jpr)- F(8)=F(u)

E_‘]Z/”t » 1(9,0)F(9) u =—Ld cos 9
For the periodic linear arrays the input excitations of F(u) — f[ exp(—jnu)
the antennas of the array are related to the array factor s !

through the Fourier Transformation rule

~ N-1
f.l,é"r F(9)=>_1,exp(jBnd cos9)

n=0

X
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Periodic Linear Arrays (y-axis)

= :J'zi exp(;jﬂr)i(9’¢)F(9’(p) F(3,0)=F(u)

u =—Ld sin s @

N-1
For the periodic linear arrays the input excitations of F(u) — Z] exp(—jnu)
the antennas of the array are related to the array factor —

through the Fourier Transformation rule
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Periodic Linear Arrays (x-axis)

= :J'zi exp(;jﬂr)i(9’¢)F(9’(p) F(3,0)=F(u)

u=—/Ldsindcosp

N-1
For the periodic linear arrays the input excitations of F(u) — Z] exp(—jnu)
the antennas of the array are related to the array factor —

through the Fourier Transformation rule

Lo

~ N-1
l%“"r F(3,9)=) 1, exp(jpndsin9cosp)
: n=0

. Y : O/ . . . . i ”
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Planar Arrays
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Planar Arrays
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Arrays

P is located in the Fraunhofer Region relevant to the each antenna of the considered array
P is located in the Fraunhofer Region relevant to the overall array antenna

The antennas of the considered array are equal

E=) 2{1 exp(;jﬂr) 1(8,9) F(3.9)

NxM )—

(Nxb )1 A
F(‘gagp): ; ]keXp<]ﬂi:l;lr)

Principle of pattern multiplication

The antennas are deployed on the xy plane (planar array)

The antennas are equispaced along both the x and y directions (periodic array)
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MEMO

g, & (i)
r

= 1(%.0)F (%.9)

For the periodic linear arrays the input excitations of
the antennas of the array are related to the array factor
through the Fourier Transformation rule

Periodic Linear Arrays (x-axis)

Planar Arrays

F(8,0)=F(u)
u=—fdsinYcosp

N-1
Fu)= Z!“ exp(—jnu)
n=0

The antennas are equispaced along the x direction

N-1
F(9.9)=3"I,exp(jfndsindcosp)
n0

000000¢
0.00.04

U

<
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MEMO  periodic Linear Arrays (x-axis)
Planar Arrays

B= 7= (9.0 (5.9)

u=—pdsin%cosp

N-1
For the periodic linear arrays the input excitations of }.'(,,): Z[ exp(—jnu)
the antennas of the array are related to the array factor =

through the Fourier Transformation rule _ 2 N-1
E, = ¢ exp(-/BR) 1(8,9)> 1, exp(—jnu)
Y £

. N-l
f,%u F(8,¢)=3"1,cxp(jfndsin §cosp)
-t =

- .y

M
—N—

> Y

00 Ol Om

10 11 Im

20 21 2m

n0 nl nm
¥ x
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MEMO  periodic Linear Arrays (x-axis)

£ exp(—jpr) i F(%,9)= F(u)’

=f§f (%.0)F (9.9) u=—pdsindcose
N-1
For the periodic linear arrays the input excitations of F(u)= Z[ exp(—jmu)
the antennas of the array are related to the array factor T

through the Fourier Transformation rule

g ,P-%' F(9.9)= :E:;IH exp(jfndsinJcosp)
.- ;:{:,S,q}) :
00 01 Oom .
10 11 Im ;
@
20 21 2m X
o . B4 P :
-4 r
- 1
n0 nl nm - E

Planar Arrays

. ¢ eXp(_j:BRo)

)

R,

M

_ N-1
1(3,0)> 1, exp(—jnu)
n=0

f_M

00
10
20

n0

01
11
21

nl

Om
Im

2m

nm

> Y
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MEMO  periodic Linear Arrays (x-axis)
Planar Arrays

B= 7= (9.0 (5.9)

u=—pdsin%cosp

N-1
For the periodic linear arrays the input excitations of }.'(”): Z[ exp(fjnu)
the antennas of the array are related to the array factor =

through the Fourier Transformation rule _ exp(—7 R . N-1
‘ E,=j ¢ exp(-/p O)I(S,go)Zlnoexp(—jnu)
n=0

- ’P'%" F(9.9)= \Z:l exp( j fndsin9cosg) 22’ RO
o0
Py Al
00 01 Om
10 11 Im ;
Y
20 21 2m X
o . ! P4 P ;
o r

- 1

n0 nl nm - i

VX
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MEMO  periodic Linear Array§ (x-axis) P I anar Ar I'a yS

5 F(&%,0)=F(u)
. ¢ exp(=jpr); .
E=j o ————1(%0)F (%) u=~-pdsinJcosp
N-1
For the periodic linear arrays the input excitations of }.'(,,): Z[ exp(—jnu)
the antennas of the array are related to the array factor =

through the Fourier Transformation rule _ 2 N-1
: E, = ¢ exp( LBRO)T(S,({))Z]”O exp(—jnu)
| Y £

R N-1
f,%'r F(9.9)=>"1,exp(jfindsincosp)
H "0

>y —— . _
00 01 Om _ L exp(— jPR )# N-1 .
10 11 1m i‘ E1 =] 21 Rl 1 l(g,qﬂ)glnl exp(—]nu)

%
20 21 2m n
‘ : ) 4 Z P i
: . -
no  nl nm - = = E
Y x
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MEMO  periodic Linear Arrays (x-axis) P | A
R anar Arrays

o 9,0)F(9.9)

u=—pdsin%cosp

N-1
For the periodic linear arrays the input excitations of }.'(,,): Z[ exp(—jnu)
the antennas of the array are related to the array factor =

through the Fourier Transformation rule _ 2 N-1
: E, = ¢ exp( LBRO)T(S,({))Z]”O exp(—jnu)
Y £

iy .
f,%', F(8.9)= Zl»« exp( j fBnd sin9cosp)
- w0

-

m = . exp(—J R )~ HE .
~a B B LR )5 exp(- )
n=0

I 24 R

20 21 2m A P :

no0 nl

J
24 R

m

m
—~~
N
S
S
~~—
=
I

_ N-1
) 1(3,0)> 1, exp(—jnu)
n=0

PG R Bty
~
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MEMO  periodic Linear Arrays (x-axis) P | anar Ar I'a yS

F(3,0)=F(u)

. ¢ oexp(—jpfr); .
E =J—f|(5“v’)l‘ (%.9) u=—fdsin9cosp

22

For the periodic linear arrays the input excitations of }-‘(,,): Elu exp(—jnu)
the antennas of the array are related to the array factor =0 é’ S ﬂ R N_l
~ exp (— JPR, ) -
E =j 1(3,0)> 1, exp(—jnu)
n0
n=0

through the Fourier Transformation rule

YR

iy ; N-1
P 6', F(8.9)= Zl»« exp( j fnd sin9cosp)
w0

~ exp(—70R, ) - -
6= = S IBR)j9.0) St exp(- )
1 n=0

=

exp(—7fBR. )- e
z jzi p(RJﬁ m)l(9»¢)zfnmexp(—1”u)
m n=0

>y
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MEMO

iodic Li .
E=j£$r_l(o ic Linear /?\(rgrfys fx -axis) P | a n a r Arrays

1(.0)F(9.9)

24 =—pdsin¥cos¢
For the periodic line; rays input excitations of }.'(”): Z[ c‘xp(—jnu)
the antennas of the ay are relat d t the array factor = "

through the Fourier Translurrnal[o

— exp(—76R.)- -
| e (T YRS
,P%'? F(8.9)= }:f (B sin 9cos 9) 0 n=0

?(()) ?11 2’}’: ——————————— E = ¢ exp(~/AR )T 3,0 Z Lexp(—jnu)

21 R
20 21 2m A P

1

n0

— 7 N-1
E = ¢ exp( J’BR”’)T(S,(D)ZIM exp(—jnu)
24 R —

® : M-l M-1 R
0 A — E, =Y |/ ¢ exp(=/p 1(4%,9) Z n €Xp(—jnu)

Zlnm exp ]nu)
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MEMO  periodic Linear Arrays (x-axis)
. Planar Arrays

B= 7= (9.0 (5.9)

u=—pdsin%cosp

N-1
For the periodic linear arrays the input excitations of F(u)= Z[ f)(p(*ﬂm)
the antennas of the array are related to the array factor "

through the Fourier Transformation rule " eX - 4 R - N_l
]23 p(R]ﬂ 0)1(‘99(0)21110 exp(—jnu)
0 n=0

F(3.9)= Z I, exp(jfndsin9cosp)
w0

e exp(—j,BRl)
24 R

i .9q0 Z exp jnu)

. ¢ exp(—jBR,)
'91 R

_ N-1
1(3,0)> 1, exp(—jnu)
n=0

- Mlex R
l(9,go)z p ]'B Zl exp jnu)

Stefano Perna — Universita Parthenope - Ingegneria VI IduULg, DIVIIIEUILD € UEIIE ILL — LUIdU Ul ALILELNITIE



MEMO  periodic Linear Arrays (x-axis)
Planar Arrays

E=j ¢ exP( ],(!‘) )1"(3.90)

Y u=—pdsin%cosp

N-1
For the periodic linear arrays the input excitations of F(u)= Z[ exp(—jmu)
the antennas of the array are related to the array factor " :

through the Fourier Transformation rule " _ 2 N-1
E, = ¢ exp(-/BR) 1(8,9)> 1, exp(—jnu)
Y £

F(3,9)= Z I, exp(j fndsinIcose)

e exp(—j,BR i.9g0 Z

eX nu
Y R

. ¢ exp(—jBR,)
'91 R

_ N-1
1(3,0)> 1, exp(—jnu)
n=0

- Mlex R
1(%.0)> p( ]'B Z[ exp(—jnu)
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MEMO

Periodic Linear Arrays (x-axis)
odic Lnear Arrays(x Planar Arrays

-_Agexp( n!r) .
E_JQA 9,0)F(9.9) u=—fidsin$cosep
N-1
For the periodic linear arrays the input excitations of F(u)= Z[ exp(—jmi)

the antennas of the array are related to the array factor

through the Fourier Transformation rule " ~ . é, eXp (—j ﬂ RO )

_ N-1
E, = ¥ R I(S,go)nzz(;lno exp(—jnu)

F(3,9)= Z I, exp(j fndsindcos)

e exp(—j,BR i.9g0 Z

eX nu
Y R
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MEMO: Fraunhofer Region

P is located in the Fraunhofer Region relevant to the overall array antenna [ = sin 9 cos Qi+ sin 9sin (Diy 1 COoS 191'2

M- 1

wl R,=r—r, i, =r—md sinJsing
u=—Ld_singcosp

7 The antennas of the considered array are
t P deployed along the y axis (Linear Arrays)

=1 o =y S & 5 . .
=d,i, =7V, i =d,i i=d,singsing

also, they are equispaced

- A = N 2o . .
>y T, =mdi =¥, 1 =mdi, i=md ssindsing

X

:exp( JjBR, ) exp(— jﬂr)exp(jﬂmdysin&‘sinqﬁ) :eXp(—j,Br)exp(—jmv) IV:_IdeSin‘QSin(D
R r r

m
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MEMO: Fraunhofer Region

P is located in the Fraunhofer Region relevant to the overall array antenna

SE -5 0(9
m_]g ( ’¢)

m=0

u=—Ld_sindcosp

_ exp(—/jfR,) N exp(—j,b’r)exp(jﬂmdy sinSSin(D) _ exp(—jBr)exp(—jmv) IV =—f3d,, sin 9sin ¢

R r r

m
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u=—Ld_sindcosp

Planar Arrays

|v =-pd, sinSsingol

exp(—jBR,,) ~ exp(—jBr)exp(—jmv)

~

R, r
>y
M-l M-1 :
~ c = exp(—],BRm)
E =;=—1(8
s m .] 21 ( 9(”) r;) Rm
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u=—Ld_sindcosp

Planar Arrays

|v =—pd, sinSsingol

exp(—jBR,,) ~ exp(—jBr)exp(—jmv)

~

R, r
>y
M-l M-1 :
~ c = exp(—],BRm)
E =;=—1(8
s m .] 21 ( 9(”) r;) Rm
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Planar Arrays

v=—[d sinJsing

exp(—jBR,,) ~ exp(—jBr)exp(—jmv)

~

R r

m

u=—Ld_sindcosp
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Planar Arrays

v=—[d sinJsing

exp(—jBR,,) ~ exp(—jBr)exp(—jmv)

~

R r

m

u=—Ld_sindcosp

I, exp(—jnu)exp(—jmv)
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Periodic Planar Arrays

|v =—pd  sinJsin gol

u=—Ld_sindcosp

u=-Ld_sindcose

|
T
%
o
D
~
i
N
N——"
=
o
S
N
Agh
=

24 r — L exp(=nu)exp(=jmv) v=—Ld, sinJsingp
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Periodic Planar Arrays

P is located in the Fraunhofer Region relevant to the each antenna of the considered array

P is located in the Fraunhofer Region relevant to the overall array antenna

The antennas of the considered array are equal

The antennas are deployed on the xy plane (planar array)
The antennas are equispaced along both the x and y directions (periodic array)

. ¢ exp(—jpr) -
E = 1(94 F(9
. (%,0) F(%0)
(NxM)-1

F(Q,gp): kz_(; IkeXp(jﬂfé'li)

u=-Ld_sindcose

_,_.é/eXp( ]ﬂr M-1N-1 . I
E_]Zl ; ‘99(0 n;nzz(;]nm eXp ]I’ll/l)eXp( ]I’i’lV) V:—ﬁdySiHIQSin(D
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Periodic Planar Arrays

P is located in the Fraunhofer Region relevant to the each antenna of the considered array

P is located in the Fraunhofer Region relevant to the overall array antenna

The antennas of the considered array are equal

The antennas are deployed on the xy plane (planar array)
The antennas are equispaced along both the x and y directions (periodic array)

£ ;L op(/hr) 1(3,0) F(3.0)

24 v
F(8.0)= Flu. | M1 N-1
(8.0)=F(u V)u:_lgdxsmgcosgo F(u,v)= I, exp(—jnu)exp(—jmv)
v=—pd sin3sing =0 =0
¢ exp(- J,BI” SENE . . 4= B e
E_]Zl ; ‘99(0 n;nzz(;]nm eXp ]I’ll/l)eXp( ]I’i’lV) V:_ﬁdy SiHQSin(D
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Periodic Planar Arrays

P is located in the Fraunhofer Region relevant to the each antenna of the considered array

P is located in the Fraunhofer Region relevant to the overall array antenna

The antennas of the considered array are equal

The antennas are deployed on the xy plane (planar array)
The antennas are equispaced along both the x and y directions (periodic array)

I 2i exp(;jﬂr) 1(3,9) F(%.9)

B
=

F(9,0)=F(u, . -
(8.0)=F (u V)u:_ﬁdxsmSCOS(p F(u,v)= I, exp(—jnu)exp(—jmv)
v=—pd sinJsing

For the periodic planar arrays the input excitations of the antennas of the array are related to the array factor
through the Two Dimensional (2D) Fourier Transformation rule
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Periodic Planar Arrays

P is located in the Fraunhofer Region relevant to the each antenna of the considered array

P is located in the Fraunhofer Region relevant to the overall array antenna
The properties of the Fourier

The antennas of the considered array are equal Transformation suggest some
interesting considerations

The antennas are deployed on the xy plane (planar array)
The antennas are equispaced along both the x and y directions (periodic array) .| Arrays’s size and beamwidth

I.J Scanning of the pattern

. expl—70r) -
- 5 o ]ﬂ)l(éw)) F(%,9)
24 r .| Synthesis of the pattern

1

F(9,0)=F(u, . -
(8.0)=F (u V)u:_ﬁdxsmSCOS(p F(u,v)= I, exp(—jnu)exp(—jmv)
v=—pd sinJsing

B
=

For the periodic planar arrays the input excitations of the antennas of the array are related to the array factor
through the Two Dimensional (2D) Fourier Transformation rule
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Periodic Planar Arrays

Grating lobes

Visible region
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Periodic Planar Arrays: Grating Lobes

F(Q,gp) = F(u,v)

u=-Ld_sincose

v=—Ld sindsing
©O OO0 00O 0 0 o M-1N-1
©000000O0 0 F(u,v)= L, exp(—jnu)exp(—jmv)
000000000 S
©OO0OO00Q O 0 0 o0 F(u,v) is the 2D Fourier Transform of a discrete sequence: it is
O 00000 00 o thus periodic in both directions (v and v) with period equal to 2x
O—O—0—0 >
© 00 R v
© O O Q
© 00 O Grating Lobes: undesired
O O O O
o O O @)
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Periodic Planar Arrays: Grating Lobes

E- ;5 2P0 §(5.0) F(9.0) FEP)=Fr)y, __pa singcose
24 r 3 o
v=—Ld sindsing
M-1N-1
F(u,v)= I, exp(—jnu)exp(—jmv)
m=0 n=0

(u,v) is the 2D Fourier Transform of a discrete sequence: it is
thls periodic in both directions (v and v) with period equal to 2x

>
74

Grating Lobes: undesired
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Periodic Planar Arrays: Grating Lobes

_ expl—70r) - F(%,0)=F(u,v :
S PO S LTS W
24 r 3 o
v=—Ld sindsing
M-1N-1
6 o o4r o o Fu,v)= > _Olnm exp(—jnu )exp(—jmv)
O O @27 O O F(u,v) is the 2D Fourier Transform of a discrete sequence: it is
thus periodic in both directions (v and v) with period equal to 2x
O O @ O O >
~47 2z 0 27 4r vV
@, @ O2r O O
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Periodic Planar Arrays: Visible Region

® ® O-4r O @,
Visible region of
O O Q-2z O O the spectrum
‘%
O O O O
_Arx = 0 2r 4
O @ O2r O O
O @) O 4r O @
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Periodic Planar Arrays: Visible Region

¢ exp(—jpr)
J22, r

1(19,(0) F(9,¢) u=—Ld_sindcos

v=—0d sindsing

<
=

-1

O0tr © ® Fu,v)= I, exp(—jnu)exp(—jmv)

[l
S

0n

3
I

Visible region of

O O Q-2z O O the spectrum

Can we circumvent the presence of the

Bd grating lobes? | 'm
o—0 0—0 > |
—4r 2 2 4n 74 N
O O Q2r O © Let’s reduce the width of the visible .
region! =
O O O 4r O O JV
v u
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Periodic Planar Arrays: Visible Region

jzi exp(;]ﬁr) 1(3,9) F(3,9)

@) @) O-4r O @,

O @ O27 O @
Visible region of

u=-Ld_singcose

v=—0d sindsing

1

|
Fu,v)= I, exp(—jnu)exp(—jmv)

0n

<
=

3
I
I
S

Can we circumvent the presence of the
grating lobes? .
>

.ﬂ} the spectrum
O S O O

27 4

O O O2r O @,

@) @) O 4r O @)

v U

4

Let’s reduce the width of the visible
region!
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Periodic Planar Arrays: Visible Region

~ expl—jpbr) - = .
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guarantees (with a safety margin) absence of grating

O O Q2 O O lobes.

O O O 4r O @) To avoid the presence of grating lobes the inter-element
distance must be thus subject to an upper limit, on the
order of half wavelength
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Periodic Planar Arrays: Visible Region
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