


Phasors and vector functions

, Phasor domain

F(x,y,z) =F (x,), z)fx +F, (x,y,z)fy +F.(x,y, Z)fz

Time domain

f(x,y,z,t)zfx(x,y,z,t)fx +fy(x,y,z,t)fy + f.(x,y,2,t) fz

— I (x,y,z) =4, (X,y’z)ejax(x,y,z)

fo(ep,z,t) = A, (x,y,z)cos(@y t + o (x,,2)) ————> T-to-P

fy(X,y,Z,t):Ay (x,y,z)cos(a)ot+ay ()C,y,Z)) —_— T_to_P S Fy(x,y,z):Ay (x,y,z)ejay(x,y,z)

> F (x,y,z) =A. (x’y,z)ejaz(x,y,z)

fo(xp,z,0) = A (x,y,z)cos(ayt + @, (x,9,2)) ——s T-to-P

Tto-P —— F(x,y,2)

f(x, V,Z,t) ——

F(x,y,z) _— P-to-T —— f(x,y, zZ,t) = Re{F(x,y, z)e’™ }
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Phasors and vector functions

Time domain

f(t)=f.()i, + f,(0)i, + f.(0)i,

>

Phasor domain
F=Fi+Fi+F]i

fo(t)= A, cos(apt+a,) —

T-to-P

- L F=A¢™ =R +I,

S =4, cos(a)ot+ ay) _—

T-to-P

———+ F,=A¢’ =R, +jI,

fot)y=A,cos(wyt+a,) ———

T-to-P

- F;:Azejaz :RZ +j[Z

f(t) ——

F——

T-to-P

—F

P-to-T

. f())=Re{Fe™ |
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Complex vectors: graphical representation

Real numbers Real vectors (3 components)

f f:fxix+fyiy+fziz

Complex numbers Complex vectors (3 components)

F=Ae = X+ jY F=Fi+Fi +Fi

'm ?

(04
X Re
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Mathematical tools that we will exploit today
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Phasors and vector functions

fo()= A cos(ayt+ay) F.=Ae* =R + ]I,

f(t)=1.(0)i. + f, (@), + [.(D)i, P .
~ A A A o - o fy(t):Aycos(a)ot+ay) — F,=4¢" =R, + ]I,
F=Fi +Fi+Fi =Ae™i +Ae"i +A4e"i 5
7T 7= 7 f.(t)=A4,cos(awyt+a,) ——> F.=4e“=R + I,
- o Polarization plane F-Fi+FV
F:Fpp+]F;1q ("1 u v

=>

>

Corso di Campi Elettromagnetici
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Polarization plane

P o A 2 fx(t)zAxCOS(a)ot+ax) —_— F;:Axejax =R _+jl,
f(@0)=/f.@)i + [, + f.(i

fy(O=4, cos(a)ot+ay) ————— F,=A4" =R, +/l,

F=Fi +Fi+Fi =A% +Ae™i + Ae'*i |
XX Yy z°z X X y y z Z fz(t)IAZCOS(a)Ot+aZ) — F;:Azejazsz-l_jIz

£(t) =|F,|cos(wyt + @, )i +|F,|cos(wyt +9,)¥

F || Polarization plane The vector f(¢) lies in the polarization plane (ﬁ,if)
F” F” o and it changes in general both its amplitude and its
v =II€ n direction as the time elapses.
‘f;‘ —JIFf+|F| Two cases are of particular interest:
- Linear polarization
u-v=0 o - Circular polarization
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Linear Polarization

fo()= A cos(ayt+ay)

fy(t) =4, cos(a)ot+ay) — F = Ayejay =R, +Jl,

Ec = Axejax = Rx +]]x

f(t)=f.(0i + [, ()i, + f.(t)i.

F=Fi +Fi+Fi =A% +Ae™i + Ae'*i |
XX Yy z°z X X y y z Z fz(t)IAZCOS(a)Ot+aZ) — F;:Azejazsz-l_jIz

F=Fiu+F¥

£(t) =|F,|cos(wyt + @, )i +|F,|cos(wyt +9,)¥

F_|F oo Polarization plane The vector f(z) does not change its direction and its tip moves
{ et along a straight line:
F =|F |e’” .
tY i W F,#0 and F,=0 === f(r)=|F |cos(ay+p,)l

‘F‘=\/W W F =0 and F, #0 ™= f(l‘):|Fv|005(6"o’f*'(Dv){’

L @, — @, =N w—) f(t):|Fu|cos(a)0t+g0u)ﬁir|Fv|cos(a)0t+(pu)€7
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Linear Polarization

=>

F=Fu+Fyv Polarization plane

f(1)= |F, |cos(ayt + @, )i +|F |cos (et +¢,)V

A

A\

Linear polarization: the vector f(¢)does not change its direction and its tip moves along a straight line.
To obtain linear polarization, one (just one) of the following three conditions must be enforced:

(F;io and F,=0) or (F,=0 and F,#0) or (LF,— £F, =nrx)
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Polarization plane

P o A 2 fx(t)zAxCOS(a)ot+ax) —_— F;:Axejax =R _+jl,
f(@0)=/f.@)i + [, + f.(i

fy(O=4, cos(a)ot+ay) ————— F,=A4" =R, +/l,

F=Fi +Fi+Fi =A% +Ae™i + Ae'*i |
XX Yy z°z X X y y z Z fz(t)IAZCOS(a)Ot+aZ) — F;:Azejazsz-l_jIz

£(t) =|F,|cos(wyt + @, )i +|F,|cos(wyt +9,)¥

F =|F | e/ Polarization plane The vector f(¢) lies in the polarization plane (ﬁ,%)
F”: F" e and it changes in general both its amplitude and its
v n direction as the time elapses.
¥ :\/W Two cases are of particular interest:
- Linear polarization
u-v=0 o - Circular polarization
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Circular Polarization

f(t)=f.(0i + [, ()i, + f.(t)i.

= 5 2 2 ja, » ja, ja, ?
F=Fi+Fi+Fi=Ae"i +Ae i +Ae™"i

F=Fiu+F¥

£(t) =|F,|cos(wyt + @, )i +|F,|cos(wyt +9,)¥

Polarization plane

F;:F;ej%
F;ZE,QWV A
U
Fl=lEl 1]
i 9=0 ;

Stefano Perna — Universita Parthenope — Ingegneria Informatica, Biomedica e delle TLC

fo()= A cos(ayt+ay) F.=Ae* =R + ]I,

fy(O=4, cos(a)ot+ay) ————— F,=A4" =R, +/l,

f.()=A4.cos(ayt+a,) —> F=A4e" =R + I

Fl=F

1%

F

—p =2 +nrx
gov (Du 2
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Circular Polarization

. . . . fo(0)= A, cos(ayt+ar,)
f()=f,(0)i, + f,@0)i, + [ ()i o .
fy(t):Aycos(a)Ot+ay) — F,=4¢" =R, + ]I,

F;C = Axejax = Rx + jIx

F=Fi +Fi+Fi =A% + 4% +Ae'*i .
xx yy tzz x 23 Y yoooz g fz(t)ZAZCOS(a)Ol+(ZZ) — F.=4e" =R +jI,

f(t) =|F,|cos(ayt + @, )i +|F|cos(ayt +¢,) ¥
o Polarization plane T : T :
F =|F e CoS a+5 =—sina ; cos a—a =sina
F"’) = E) e]¢v A
= \|E[ +|F[
u-v=0 o

Corso di Campi Elettromagnetici
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Circular Polarization

(|£|=|F|=F) and (qov—qou:—%j (F|=|F|=F) and (qov—(pu:%j
£(1)=Fcos(ayf+g,)i+Fsin(of+g¢,)¥ f(t) = Fcos(myt + ¢, )i — Fsin(apt+¢,)V
= 2 5 2 o[ - 2 ) i; ; 2 —F2 ¢ 2 F2 ] y 2 _F2
‘f(t)‘ =F*|cos(ayt+¢,) | +F*[sin(ayt+9,)| =F ‘ ()‘ =F?|cos(@+¢,) | +F[sin(af+9,)| =

The vector f(#) maintains a constant modulus
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Circular Polarization

Dy -

F

u

F

1%

(

f(1)= Fcos(myt +o,)a+ Fsin(apt+¢,)V

‘f(t)r =F [cos(a)ot +o, )]2 + F? [sin(a)ot +o, )]2 = F?

The vector f(#) maintains a constant modulus
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Circular Polarization

F :F) and (%_%:_zj

u

F

1%

(

2

f(1)= Fcos(myt +o,)a+ Fsin(apt+¢,)V

‘f(t)r =F [cos(a)ot +o, )]2 + F? [sin(a)ot +o, )]2 = F?
AV
f(?)

The vector f(#) maintains a constant modulus

Stefano Perna — Universita Parthenope — Ingegneria Informatica, Biomedica e delle TLC Corso di Campi Elettromagnetici



Circular Polarization

F :F) and (%_%:_zj

u

F

1%

(

2

f(1)= Fcos(myt +o,)a+ Fsin(apt+¢,)V

‘f(t)r =F [cos(a)ot +o, )]2 + F? [sin(a)ot +o, )]2 = F?

A YV
f(z)

The vector f(#) maintains a constant modulus
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Circular Polarization

F :F) and (%_%:_zj

u

F

1%

(

2

f(1)= Fcos(myt +o,)a+ Fsin(apt+¢,)V

‘f(t)r =F [cos(a)ot +o, )]2 + F? [sin(a)ot +o, )]2 = F?

Y
() o\

The vector f(#) maintains a constant modulus

Its tip moves along a circle with angular velocity o,
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Circular Polarization

Dy -

F

u

F

1%

(

f(1)= Fcos(myt +o,)a+ Fsin(apt+¢,)V

‘f(t)r =F [cos(a)ot +o, )]2 + F? [sin(a)ot +o, )]2 = F?

A YV

f(¢)

The vector f(#) maintains a constant
modulus and its tip moves along a
circle with angular velocity @,
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Circular Polarization

(Fu:FV:F) and (gpv—gou:—%j (Fu:Fv:F) and (gpv—gou:%j
£(1)=Fcos(ayf+g,)i+Fsin(of+g¢,)¥ f(t) = F cos(ayt + ¢, )OOF sin(wyt + ¢, ) ¥
= 2 5 2 o[ - 2 ) i; ; 2 —F2 ¢ 2 F2 ] y 2 _F2
‘f(t)‘ =F [cos(a)otJrgou)] +F [sm(a)otJr(pu)J —F ‘ ()‘ = [COS(% +¢u)] + [sm(a)o +%)] =

A

AV

»

/I ﬁ
}a)Ot + @u
F

f(?)

The vector f(#) maintains a constant
modulus and its tip moves along a
circle with angular velocity @,

-
o ——
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Circular Polarization

(|£|=|F|=F) and (qov—qou:—%j (F|=|F|=F) and (qov—(pu:%j
f(t)=Fcos(wyt+o, )i+ Fsin(at+9,)V f(t) = F cos(wyt + ¢, JAOF sin(w,t + ¢, ) ¥
L2 5 2 ar 2 f 2—F2 2 F2[si 2_F2
‘f(t)‘ =F [cos(a)otJrgou)] +F [sm(a)otJr(pu)J — F? ‘ (f)‘ = [Cos(a’o“f%)] i [Sm(wo““ﬁuﬂ =

A

AV

»

’ o u
2001, + @)
F

f(z)

The vector f(#) maintains a constant
modulus and its tip moves along a
circle with angular velocity @,

-
o ——
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Circular Polarization

(£|=|F|=F) and (qov—qou:—%j (F|=|F|=F) and (qov—(pu:%j
f(t)=Fcos(wyt+o, )i+ Fsin(at+9,)V f(t) = F cos(wyt + @, JAOF sin(w,t + ¢, ) ¥

‘f(t)r =F’ [cos(a)OtJrgou )]2 +F? [sin(a)otJr(pu )T _ 7 ‘f(f)r =F [Cos(a’o“f% )]2 +F [Sin(wo““ﬁu )T =F"

4

The vector f(#) maintains a constant
modulus and its tip moves along a
circle with angular velocity @,

o —————

-
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Circular Polarization

f(t)=f.(0i + [, ()i, + f.(t)i.

= 5 2 2 ja, » ja, ja, ?
F=Fi+Fi+Fi=Ae"i +Ae i +Ae™"i

F=Fiu+F¥

£(t) =|F,|cos(wyt + @, )i +|F,|cos(wyt +9,)¥

F =|F |/ Polarization plane

u u

F =F

v v

Fl=+|F| +|F[
F=IE[ +|F,

u-v=_0 5

e](”v

=>
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Ec = Axejax = Rx +]]x

fo()= A cos(ayt+ay)

fy(O=4, cos(a)ot+ay) ————— F,=A4" =R, +/l,

f.()=A4.cos(ayt+a,) —> F=A4e" =R + I

The vector f(¢)maintains a constant modulus and its tip moves
along a circle with angular velocity o,

F

1%

F

u

(

=F) and (LFV—LFu =§+n7rj
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Linear Polarization

fo()= A cos(ayt+ay)

fy(O=4, cos(a)ot+ay) ————— F,=A4" =R, +/l,

Ec = Axejax = Rx +]]x

f(t)=f.(0i + [, ()i, + f.(t)i.

F=Fi +Fi+Fi =A% +Ae™i + Ae'*i |
XX Yy z°z X X y y z Z fz(t)IAZCOS(a)Ot+aZ) — F;:Azejazsz-l_jIz

F=Fiu+F¥

£(t) =|F,|cos(wyt + @, )i +|F,|cos(wyt +9,)¥

F_|F oo Polarization plane The vector f(z) does not change its direction and its tip moves
C " along a straight line:
E} — E} e] v
U
H 2 > (F,#0 and F,=0) or (F,=0 and F,#0) OF (LF,—ZF,=nr)
F|=|E[ +|F
u-v=_0 S
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Polarization plane

Field Polarization

=>

Linear polarization: the vector f(¢)does not change its direction and its tip moves along a straight line.
To obtain linear polarization, one (just one) of the following three conditions must be enforced:

(F;¢O and Fv=0) or (F,=0and F,#0) or (LF,— £F, =nrx)

Circular polarization: the vector f() maintains a constant modulus and its tip moves with angular velocity

@, along a circle in the polarization plane.
To obtain circular polarization, the following two conditions must be simultaneously enforced:

-|F|=F and LFV—LFungrmz

F,

In the more general case, the tip of the vector f() moves along an ellipse in the polarization plane. This case is
referred to as elliptical polarization.

Stefano Perna — Universita Parthenope — Ingegneria Informatica, Biomedica e delle TLC Corso di Campi Elettromagnetici



Color legend

New formulas, important considerations,
important formulas, important concepts

Very important for the discussion

Memo

Mathematical tools to be exploited
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Memo: non-dispersive linear systems

M(t) —_— — y(l‘)
Time-variant y(t)=a(t)u(r)
Time-invariant y(t)=au(r)
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Memo: dispersive linear systems

u(t) —|  h() = @)

Time-variant y(O)= Idfh(faf)“(f)

Time-invariant y(t):jdrh(t—z')u(z')

Stefano Perna — Universita Parthenope — Ingegneria Informatica, Biomedica e delle TLC Corso di Campi Elettromagnetici



Time-variant

Time-invariant

Time-variant

Time-invariant

Memo: linear systems

y(0)=|

y(0)=|

u(t) —|  h() = @)

.drh(t,r)u(r)

.drh(t—r)u(r)

y(t)=ca(t)u(z) h(t,7)=a(t)5(t-7)

y(t)=cau(r) hit-1)=ad(t—1)
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Dispersive

Non-dispersive
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Memo: linear systems

h(-) is referred to as impulse response

How can we calculate the impulse response h(:)?

5(t) —

h()

— ()

h()

— ()
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Memo: linear systems & Fourier domain

u(t)
u(t) —| ()  F— »(®) n
Y

h(?) H(w)

— FT

Time-variant y(t)zjdrh(t,r)u(r)
Dispersive

Time-invariant ()= Idfh(f—f)”(f)

Time-variant ()= a(t)u(t)
Non-dispersive
Time-invariant y(O)=oau(t)
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U(w)
FT

Y(w)
FT N

Y(w)=H(0)U (o)

Y(w)=aU(w)
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Memo: linear systems & Fourier domain

u(r)
u(t) —|  h()  |— y(@)
y(t)
h
(?) ET H(w)
Dispersive

Time-invariant ()= Idfh(f—f)”(f)

Non-dispersive
Time-invariant y(6)=cu(t)
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U(w)
FT

Y(w)
FT N

Y(w)=H(0)U (o)

Y(w)=aU(w)
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Memo: linear systems & Phasor domain

u(r)
u(t) —|  h()  |— y(@)
y(t)
h
(?) ET H(w)
Dispersive

Time-invariant ()= Idfh(f—f)”(f)

Non-dispersive
Time-invariant y(6)=cu(t)
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T-to-P U
T-to-P ——7V
Y =H(w,)U
Y=aU
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