


Maxwell equations
Time domain & Phasors
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Phasors

Time domain Phasor domain

f(t)=Acos(ayt+a) F=Ae™

Signals usually adopted in ICT applications

——— f(t)=Acos(2zfyt+a)
+“—>

A AN ,
\/ v \ ime f05ﬁ”€6]uency=%

@y : angular frequency =2 f,

Stefano Perna — Universita Parthenope — Ingegneria Informatica, Biomedica e delle TLC — Corso di Campi Elettromagnetici — 18 Marzo 2024



Phasors

- Phasors and functions of n variables
- Phasors and vector functions

- Phasors and vector functions of n variables

1) How to jump back from the Phasor domain to the Time domain

2) Time domain derivative and Phasors

Stefano Perna — Universita Parthenope — Ingegneria Informatica, Biomedica e delle TLC — Corso di Campi Elettromagnetici — 18 Marzo 2024



Phasors and vector functions of n variables

Time domain
f(t,x,y,z) = fx(t,x,y,z)fx +fy(t,x,y,z)fy + f.(¢,x,,2) fz s y

Phasor domain

F(x,y,z) =F (x,y,z)fx +F, (x,y,z)fy + Fz(x,y,z)lz

Fx (x9y92) = Ax (X,y,Z)ejax(x’y’Z)

fo(t,x,y,2) = A, (x,y,z)cos( @yt + o, (x,y,z))

. T-to-P >
_ 'ay(x, ,z)
fy(tpxayaz)=Ay(x,y,Z)COS(a)Ot+ay(X,y,Z)) Fy(x7yaz)_Ay(x?yaz)e] g
> T-to-P -
fo(t,x,y,2) = A, (x,y,z)cos(wy 1 + . (x,y,z)) o F. (x,y,%) = A (x’y,Z)ejaz(X,y,z)
: to- ,
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Phasors and vector functions of n variables

Time domain

f(t,x,y,z)zfx(t,x,y,z)fx +fy(t,x,y,z)fy + f.(¢,x,,2) fz

‘ Phasor domain
F(x,y,z) =F (x,y,z)fx +F, (x,y,z)fy + Fz(x,y,z)lz

1) How to jump back from the Phasor domain to the Time domain

/e (x,y,Z) = A, (xay,Z)ejax(x,y,Z) f. (t,x,y,z) = RC{F; (x,y,z)efa’of }
> P-to-T >

F,(x,.2) = 4, (x,3,2)e""" £, (t:x,3,2) =Re{F, (x,y,2)e™ |
> P-to-T >

F.(x,y,z)=4, (xa%z)ej%(x’y’z) f(tx,p,2)= Re{FZ (x,p,z)e’™ }
> P-to-T >
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Phasors and vector functions of n variables

Time domain
f(t,x,y,z) = fx(t,x,y,z)fx +fy(t,x,y,z)fy + f.(¢,x,,2) fz s y

Phasor domain

F(x,y,z) =F (x,y,z)fx +F, (x,y,z)fy + Fz(x,y,z)lz

2) Time domain derivative and Phasors

i:(taxayaz)_b T-tO-P -_— F(x,y,z)

of i
E — T-to-P e .]a)OF(xayaz)

Vf E— T'tO'P e V‘F(X,y,Z)

73 V x F(x,y,z)

Vxf—  Tto-p |—
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Phasors and vector functions of n variables

Time domain
f(x,y,2,0) = f.(x,y,2,0)i_+ [y, 2,00 + f.(x,3,2,t) 0. S y

Phasor domain

F(x,y,z) =F (x,y,z)fx +F, (x,y,z)fy + Fz(x,y,z)lz

2) Time domain derivative and Phasors

f(x,y,z,t) s T-to-P |[— F(x,,z)

of i
E — T-to-P e .]a)OF(xayaz)

Vf E— T'tO'P e V‘F(X,y,Z)

73 V x F(x,y,z)

Vxf—  Tto-p |—
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Maxwell equations
Time domain & Phasor domain

Time domain
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Maxwell equations
Time domain & Phasor domain

Time domain Phasor domain
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Maxwell equations
Time domain & Phasor domain

Time domain Phasor domain

V(7 ) = 22!)
ot

<fo1(?,t):adg’t)+](r,t) :
V-d(F,t)=p(F,1)
\V-B(F,t)zo
fx.y.2)— | Tto-P |—— Fx1.2)

g Tto-P |[—— JoF(xy.2)

Vi —— TtoP |— V-F(xy2)

fo'_> T-to-P el VXF(X:%Z)
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Maxwell equations

Time domain

ot

i:(xayszat) S T-tO-P

of

. T-to-P

V.f —— T-to-P

Vxf——  T-to-P

__aB(f,t)

—_— F(x,y,z)
T ja)oi‘(xayaz)
—— V-F(x,y,2)

V x f‘(x, ¥,2)

—_—

Time domain & Phasor domain

Phasor domain
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Maxwell equations

Time domain

__aB(f,t)

ot

i:(xbyazat) S

T'tO'P T I_“;(x’y’ Z)

of
ot

Time domain & Phasor domain

Phasor domain

T-to-P S ja)oi‘(xa e Z)

Vf —

T-to-P

T-to-P

—_—

—_—

V-F(x,,2)

V x i':‘(x, ¥,2)
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Maxwell equations
Time domain & Phasor domain

Time domain Phasor domain
Vxé(i‘,t):—ab(r’t) vV xE(F)
ot
4Vxﬁ(f,t)=adg:’t)+](r,t) J
V-d(¥.0)=p(F.1)
V-b(F,1)=0

i:(xaya Zat) e T-tO-P TEETETE F(xsys Z)

of

E T-to-P S ja)oi‘(xa e Z)

V'f ———— T-to-P L V'F(xayaz)

Vxf . T-to-P VxFE(x,y,z)
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Maxwell equations

Time domain

ot

i:(xayszat) S T-tO-P

of

. T-to-P

V.f —— T-to-P

Vxf——  T-to-P

__aB(f,t)

—_— F(x,y,z)
T ja)oi‘(xayaz)
—— V-F(x,y,2)

V x f‘(x, ¥,2)

—_—

e

Time domain & Phasor domain

Phasor domain

Vxﬁ(f)

Stefano Perna — Universita Parthenope — Ingegneria Informatica, Biomedica e delle TLC — Corso di Campi Elettromagnetici — 18 Marzo 2024



Maxwell equations
Time domain & Phasor domain

Time domain Phasor domain
Vxé(i‘,t):—ab(r’t) vV xE(F)
ot
4Vxﬁ(f,t)=adg:’t)+](r,t) J
V-d(¥.0)=p(F.1)
V-b(F,1)=0

i:(xaya Zat) e T-tO-P TEETETE F(xsys Z)

of

E T-to-P S ja)oi‘(xa e Z)

V'f ———— T-to-P L V'F(xayaz)

Vxf . T-to-P VxFE(x,y,z)
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Maxwell equations
Time domain & Phasor domain

Time domain Phasor domain
Vxé(?,t):—abg’t) VxE(F) =jo, B(F)
. od(Ft) -
{Vxh(F,t)= ~ +j(F.1) ]
V-d(¥.0)=p(F.1)
V-b(F,1)=0

i:(xaya Zat) e T-tO-P TEETETE F(xsys Z)

of

E T-to-P S ja)oi‘(xa e Z)

V'f ———— T-to-P L V'F(xayaz)

Vxf . T-to-P VxFE(x,y,z)
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Maxwell equations
Time domain & Phasor domain

Time domain Phasor domain
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Maxwell equations
Time domain & Phasor domain

Time domain Phasor domain
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Maxwell equations
Time domain & Phasor domain

Time domain Phasor domain
Vxé(?,t):—abg’t) VxE(F) =jo, B(F)
d(+ ~ VxH(F
4Vxﬁ(f,t)=adg:’t)+j(it) J (F)
V-d(¥.0)=p(F.1)
V-b(F,1)=0

i:(xaya Zat) e T-tO-P TEETETE F(xsys Z)

of

E T-to-P S ja)oi‘(xa e Z)
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Maxwell equations
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Maxwell equations
Time domain & Phasor domain

Time domain Phasor domain
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Maxwell equations
Time domain & Phasor domain

Time domain Phasor domain
Vxé(f,t)z—abg’t) Vxﬁ(f) =—ja)0]_§(f)
h d(r,r) - VxH(F) = jo,D(¥
JVXh(f,t)zadg:,t)‘Fj(i:,t) J ( ) 0 ( )
V-d(F.r)= p(F.1)
V-b(F,1)=0

i:(xaya Zat) e T-tO-P TEETETE F(xsys Z)

of

E T-to-P S ja)oi‘(xa e Z)

V'f ———— T-to-P L V'F(xayaz)

Vxf . T-to-P VxFE(x,y,z)
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Maxwell equations
Time domain & Phasor domain

Time domain Phasor domain
Vxé(?,t)z—abg’t) Vxﬁ(f) =—jm0§(f)
h d(r,r) - VxH(F) = jo,D(¥
JVXh(f,t)zadg:,t)*‘j(i:,f) J ( ) 0 ( )
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i:(xaya Zat) e T-tO-P TEETETE F(xsys Z)
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Maxwell equations
Time domain & Phasor domain

Time domain Phasor domain
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Maxwell equations
Time domain & Phasor domain
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Maxwell equations
Time domain & Phasor domain
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Maxwell equations
Time domain & Phasor domain

Time domain Phasor domain
Vxé(fat)=—abg’t) VxE(F) = jo,B(F)
- d(F.0) - VxH(F) = jo,D(F) +J (F
Jh(e.) =200 56 < (F) = jeo, D(F) +J(F)
o v.D(F)
V-d(7.0)= p(F.)
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Time domain

f(t,x,y,z)—> T'tO'P _— F(x,y,z)
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Maxwell equations
Time domain & Phasor domain

Phasor domain
V x E(F) = —jwoﬁ(f)

Vxﬁ(i‘) =jwoﬁ(f) +j(i")

V-D(F)




Time domain

f(t,x,y,z)—> T'tO'P _— F(x,y,z)
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Maxwell equations
Time domain & Phasor domain

Phasor domain
VXE(F) =—jw0§(f)
Vxﬁ(i‘) =jwoﬁ(f) +j(i")

—

v-B(F) =p(¥)




Maxwell equations
Time domain & Phasor domain

Time domain Phasor domain
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Maxwell equations
Time domain & Phasor domain

Time domain Phasor domain
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Maxwell equations
Time domain & Phasor domain

Time domain Phasor domain
Vxé(?,t):—abg’t) VxE(F) =jo, B(F)
~ d(¥ . VxH(¥) = jo,D(F) +J (¥
Nxh(it)zadg,t)ﬂ(r,t) ﬁ() »D(F) +J(F)
- v B(F) = ()
V-d(F,t)=p(F.7) o (e
VB(F,1)=0 ‘B(F)

i:(xaya Zat) e T-tO-P TEETETE F(xsys Z)

of

E T-to-P S ja)oi‘(xa e Z)

V'f ———— T-to-P L V'F(xayaz)
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Maxwell equations
Time domain & Phasor domain

Time domain Phasor domain
Vxé(?,t)——abg’t) VxE(F) =—ja,B(F)
B} d(f.0) - VxH(T) = jo,D(F) +J (¥
<V><h(F,t):adg’t)+J(l‘,l‘) J _}( ) 0 ( ) ( )
d(%,6)= p(F V-D(F) = p(F)
V-d(F,t)=p(F,t) o
Vb (F1)=0 B(F) =0
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Maxwell equations
Time domain & Phasor domain

Time domain Phasor domain
Vxé(?,t):—abg’t) VxE(r) =—ja)0B(F)
. d(r,r) - VxH(F) = jo,D(F) +J (¥
<V><h(F,t):8dg’t)+j(f,t) ) _}( ) 0 ( ) ( )
d(%,6)= p(F V-D(F) = p(F)
V-d(F,t)=p(F,t) N
V-b(F,)=0 -B(F) =0
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Maxwell equations
Time domain & Phasor domain

Time domain Phasor domain
VXé(I;,f):—abg:,t) VXE(?) :—jwoﬁ(f)
d(r . VxH(T) = jo.D(r) +J(F
J VXH(I;J): 6dér,t) +j(l' f) ) ( ) J @y ( ) ( )
§(5.0)= ol v B(r) = ()
v-d(E)=p(e) ’
V-b(F.1)=0 V-B(r) =0
é(F,t)  Volt/m
a(f,t) Coulomb/m?
h(F,r)  Ampere/m
b(F,t)  Weber/m?
j(F,1)  Ampere/m?
p(F,t)  Coulomb/m?
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Maxwell equations
Time domain & Phasor domain

Time domain Phasor domain
() =L VxE(F) =-ja, B(F)
d(r . VxH(T) = jo.D(r) +J(F
JVXﬁ(rjt)zadg:,t)‘l‘j(r,t) J ( ) J 0 ( ) ( )
it v B(E) = o(F)
RO i
é(F,t)  Volt/m E(F)
a(f,t) Coulomb/m? D (f)
h(F,r)  Ampere/m i (F)
b(F,t)  Weber/m? B(F)
j(F,1)  Ampere/m? i(F)

Q
—~~
=
~
~

Coulomb/m3 p(f)
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Maxwell equations
Time domain & Phasor domain

Time domain Phasor domain
Vxé(l‘,t) :_ﬁbg:,t) Vxﬁ(i‘) =—ja)0§(i")
d(r . VxH(T) = jo.D(r) +J(F
JVXﬁ(rjt):adg:’t)+j(l' f) J ( ) J 0 ( ) ( )
(e V-B(F) = (F)
V-d(F0)= p(.1) ’
V-b(F.1)=0 V-B(r) =0
é(F,r)  Volt/m E(F)
a(f,t) Coulomb/m?
- .. memo
h(F,r)  Ampere/m
B(f,f) Weber/m? Time domain ﬂ Phasor domain
j]:(i:,t) Ampere/m2 f(f)=Acos(a)0f+a) F= Ae®
p(F,t)  Coulomb/m?
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Maxwell equations
Time domain & Phasor domain

Time domain Phasor domain
VXé(I;jf):—abg:,[) Vxﬁ(f) :—ja)oﬁ(f)
d(r . VxH(T) = jo.D(r) +J(F
JVXﬁ(rjt):adg:’t)+j(l' f) J ( ) J 0 ( ) ( )
i vB(¥) =(F)
V-d(50)= p(5) >
V-b(F.1)=0 V-B(r) =0
é(F,r)  Volt/m E(f') Volt/m
a(f,t) Coulomb/m?
— .. memo
h(F,r)  Ampere/m
b (Fa t) Weber/m? Time domain Phasor domain
j(f,t) Ampere/m? S (@)= Acos(wyt +a) F=de®
p(F,t)  Coulomb/m?
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Maxwell equations
Time domain & Phasor domain

Time domain Phasor domain
Vxé(l;jt):_abg:’[) VXE(?) :—ja)oﬁ(i‘)
A(+ N VxH(F) = jo,D(¥) +J(F
B AL LR URL
- v B(F) - (7

V-d(r.r)=p(F.1) B
V'B(f,f)zo \% B(l‘) =0

é(F,t)  Volt/m E(F) Volt/m

d(¥,t)  Coulomb/m? D(T) Coulomb/m?

ﬁ(f,t) Ampere/m 3 (F) Ampere/m

B(F,t) Weber/m? f;(f) Weber/m?

j(f,t) Ampere/m? j(f') Ampere/m?

p(F,t)  Coulomb/m3 p(F) Coulomb/m3
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Maxwell equations
requency domain & Phasor domain

Frequency domain Phasor domain

VxE(F,0) =—joB(F,0) VxE(F) = —jo,B(F)

< Vxﬁ(f,a)) =]Cz)ﬁ(f,&)) +j(F,a)) < VXH(f) zja)OD(f) -I-J(f)
V-D(F,0) = p(F,0) V-B(i") = p(F)
V-B(F,®) =0 V-B(F)=0

The Maxwell equations in the Fourier domain and Phasor domain are formally equivalent.
However, they exhibit noticeable differences:

i) The dimensions of the involved quantities (f.i., E ) are different in the two domains.

ii) In the Frequency domain o is an independent variable, whereas in the Phasor domain o, is fixed.
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Color legend

New formulas, important considerations,
important formulas, important concepts

Very important for the discussion

Memo

Mathematical tools to be exploited
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Maxwell equations
Time domain & Phasor domain

Time domain Frequency domain Phasor domain
Vxé(f-,t)——abg’t) VxE(F.0) =~ joB(F.0) VxE(F) =~ jo,B(F)
o) - B0 5ey | V¥HE0) =joDEa)d(Ra) VR =/ RO
V-d(£.0) = p(F.1) V-D(F,0) = p(F.0) V-D(F)=p(r)
V-b(F.1)=0 V-B(f,0) =0 V-B(F)=0
0001 (e ) Jop(F.0)+9-3(5.0) =0 Joup(F)+9-3(7) =0
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Phasors

V(1) = Acos(27 fot + o) . V=A™

" Phasor (complex number)
S ) f;) .
’ A /\
>
0 t
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Phasors

k-v(t) > k-V=k- Ae*
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Phasors

k-v(t) > k-V=k- Ae*

W) = R-i(1) o) =1

V V(t) -V

V=R-1
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Phasors

Qi)
di

> joV = jao,Ae’”
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Phasors

dv(t)
dt

> joV = jao,Ae’”

A l
oy — L 4O i(6)— I
v dt W)=V
V = jo, Ll
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Phasors

dv(t)
dt

> joV = jao,Ae’”

4 ii l,(t):Cdv(t) i(t)—>1
dt W)=V

‘ I=jw,CV
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Phasors

V(1) = Acos(myt + ) . = 4o

i(t) = Bcos(awyt+ p) . [ — B/

w(t)-i(t) dt =%R6{V~I*}

(1)) = L
(W(0)-i(1)) = =

=
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Phasors

V(1) = Acos(myt + ) . = 4o

i(t) = Bcos(awyt+ p) . [ — B/

(w(t)-i(r)) == | w(t)-i(¢) dt :%Re{lﬁl*}

=

L
T

P:%V-I*:Pl+jPz
R .
P:%V'I*:%(ZR"FZL"'ZC)I'I*:%ER"_J.G)OL_ ] )|1|2

,C
2 le I 1 It
el
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Phasors and vector functions of n variables

f,(x,7,2,1) > F(x,7,2)

f,(x,,2,7) > F,(x,7.2)
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Phasors and vector functions of n variables

f (F,7) > F(F)
f,(F.7) » F,(F)

f(,0)-f,(F,0)dt =%Re{il(f)i;(f)}

O'—o’ﬂ

(f.E0- 0 )= [

f(r t)xfz(r ) dt =%Re{i‘l(¥)xf’;(?)}

<f1(F,t)xf2(F,t)>—%

O'—oﬂ
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Memo: complex numbers
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Complex numbers

Ae’®

Re
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Complex numbers

Ae’* =X +jY
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Complex numbers

Ae’* =X +jY

Stefano Perna — Universita Parthenope — Ingegneria Informatica, Biomedica e delle TLC — Corso di Campi Elettromagnetici — 18 Marzo 2024



Complex numbers: some examples

3e 4

Im

Re
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Complex numbers: some examples
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Complex numbers: some examples

Re
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Complex numbers: some examples

i
—j=e 2

—1 4 Re
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Complex numbers: conversion formulas

Ae’* =X +jY

X Re
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Complex numbers: conversion formulas

Ae’* =X +jY

Ae’"— X + jY
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Complex numbers: conversion formulas

Ae’* =X +jY

Im

(.

X Re

Ae’"— X + jY
X =Acoso

Y =Asina
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Complex numbers: conversion formulas

e’ =cosa+ jsina

Eulero’s formulas
ja 4 oie

04 COSO(Ze—
X Re

. e/ —e
sing =

Ae’*— X +jY Y

X =Acosa

Y =Asina
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Complex numbers: conversion formulas

Ae’* =X +jY

Im

(.

X Re

Ae’"— X + jY
X =Acoso

Y =Asina
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Complex numbers: conversion formulas

Ae’* =X +jY

Im

X+ jY— 4e’”
Y
a »

X Re

Ae’"— X + jY
X =Acoso

Y =Asina
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Complex numbers: conversion formulas

Ae’* =X +jY
Im
X + jY— Ae’”
Y
¢ : A=AX>+Y>
X Re
( X
. = Z | seY>
Ao "— X + Y o acos(Aj se 0
< X
X =Acoso az—acos(gj se Y <0
Y =Asina \
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Complex numbers: conversion formulas

Some examples

Ja X+ 7Y S
Ae’"— J S =—\/§+j\/§
X =Acoso

Y=Asina
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Complex numbers: conversion formulas

Some examples

X + jY— Ae 3+ j=2e'

T

A=JX?+7 S3—j=2e"6

g

101 :acos(éj se Y >0
A

a = —acos(zj se Y <0
A

\
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Complex numbers: summation

Z =A™ =X, + Y,
Z, = A,e = X, + jY,

Z,+Z,=(X,+X,)+j(¥,+1,)
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Complex numbers: product

Z =A™ =X, + Y,
Z, = A,e = X, + jY,

Z,- 2, :(Xl'Xz_Yl'Yz)+j(X1'Yz+Yl'X2)

7 -Z,=4 - A"
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Complex numbers: product
Some examples

Z =A™ =X, + Y,
Z, = A,e = X, + jY,

Z,-Z, = 4 - A,/ )

z, =3¢ 6 (524 lzej(%ﬂj
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Complex numbers: product
Some examples

Z =A™ =X, + Y,
Z, = A,e = X, + jY,

Z,-Z, = 4 - A,/ )

le\/§+j zze]g

3
zZ, =2+ 42 =2¢'*
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Complex numbers: product
Some examples

Z =A™ =X, + Y,
Z, = A,e = X, + jY,

Z,-Z, = 4 - A,/ )

3
~
N
||
SEES

Re
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Complex numbers: product
Some examples

Z =A™ =X, + Y,
Z, = A,e = X, + jY,

Z,-Z, = 4 - A,/ )

_ Jjoy |
z, = Ae . J(al j 4 9z
—J 4 = Ale

Re
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Complex numbers: product
Some examples

Z =A™ =X, + Y,
Z, = A,e = X, + jY,

Z,-Z, = 4 - A,/ )

z, = Ae’™ - A
1 1 . ](al—i—ﬂ) 1 Z

Jr

z,=—1 =e¢

Re
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