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and lossless at infinity
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Consider a source distribution            with its associated electromagnetic field ,tj r
   ,e h



Consider a (smooth) surface A with an everywhere defined unit normal

Consider the values of the tangential component of the electric (or magnetic) field upon the surface A at any time after 
the initial one; that is, consider          ( or ) on the boundary at any timeˆ n e


ˆ n h



The Uniqueness Theorem states that the electromagnetic field produced by the source in (I) within the infinite volume V outside 
the surface A in (II), enforcing the initial condition in (III) and the boundary condition in (IV) is unique. 

 ˆ ˆor n e n h
   0 0, , ,t te r h r

  

I

II

IV

n̂

Consider the values of the electromagnetic field everywhere in the infinite volume outside the surface A at the initial 
time; that is, consider    0 0, , ,t te r h r

  III

 ,tj r
 

A

n̂

Uniqueness (TD-Exterior Problem)

   , , ,t te r h r
  
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 ,tj r
 

A

n̂
   , , ,t te r h r

  

Uniqueness (TD-Interior Problem)
   0 0, , ,t te r h r

  

Uniqueness (PD-Interior Problem)

 J r
 

   ,E r H r
    ˆ ˆor n E n H


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 ˆ ˆor n e n h


   1 1,E r H r
      2 2,E r H r

  

   1 2
ˆ ˆ on theboundary  n E r n E r

  

     1 2 E r E r E r
          1 2 H r H r H r

    

     1 2
ˆ ˆ ˆ on theboundary    n E r n E r n E r

    

 J r
 

Source distribution:

0

Field difference

A

n̂

Uniqueness (PD-Interior Problem)

 J r
 

   ,E r H r
    ˆ ˆor n E n H



: source distribution          = 0 0J r
 
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 ˆ on theboundary n E r 0
 
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Uniqueness (PD-Interior Problem)
A

n̂

Let’s apply the Poynting theorem (PD) 0 J r 0
 

   ,E r H r
  

Source distribution          = 0 0J r
      1 2 E r E r E r

    

     1 2 H r H r H r
    

Medium

-Time-Dispersive

- Linear

- Time-invariant

- Isotropic

- Space-Nondispersive

   *1
ˆRe

2A

dA
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   0

            2 2 2 *
01 0 2 0 2

1 1 1 1
ˆ Re

2 2 2 2A V V

dA dV dV                     S r n H r E r E r E r J r
         

          2 2 *
02 0 1 1

1 1 1
ˆ 2 Im

4 4 2A V V

dA dV dV                  S r n H r E r E r J r
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Consider a source distribution            with its associated electromagnetic field

Consider a (smooth) surface A with an everywhere defined unit normal

Consider the values of the tangential component of the electric (or magnetic) field upon the surface A; that is,                
consider                                 on the boundary

The Uniqueness Theorem states that the electromagnetic field produced by the source in (I) within the finite volume V bounded 
by the surface A in (II), enforcing the boundary condition in (IV) is unique provided that the considered medium is lossy.
In a lossless medium, instead, the solution is unique but for a set of resonant solutions. 
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IV
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
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     ,E r H r

  

 ˆ ˆor n E n H

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Consider a source distribution            with its associated electromagnetic field

Consider a (smooth) surface A with an everywhere defined unit normal

Consider the values of the tangential component of the electric (or magnetic) field upon the surface A; that is,                                      
consider                                  on the boundary   

The Uniqueness Theorem states that ……. 
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Uniqueness (PD-Exterior Problem)
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Source distribution:

0

Field difference: source distribution          = 0 0J r
 

Uniqueness (PD-Exterior Problem)
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Field difference: source distribution          = 0 0J r
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Uniqueness (PD-Exterior Problem)
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 ˆ on theboundary n E r 0
 

Source distribution          = 0 0J r
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    
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Uniqueness (PD-Exterior Problem)
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Medium

-Time-dispersive

- Linear

- Time-invariant

- Isotropic

- Space-Nondispersive
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Uniqueness (PD-Exterior Problem)
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- Space-Nondispersive
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Uniqueness (PD-Exterior Problem)
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Medium
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The radiation condition
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Note that in the PD, the quantity , called intrinsic impedance, can be, in general, complex. At infinity, 
we assume that  is a real quantity.




 is the intrinsic resistance of the medium, which is assumed homogeneous, isotropic, nondispersive 
and lossless at infinity
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The radiation condition
1

O
r

 
 
 

e
  1

O
r

 
 
 

h

 1

r̂i o
r

     
 

e h
  as r  TD1

r̂and i o
r

        
h e
  

*1

2
 S E H

      * *1 ˆ ˆ
2 r ri i

    
 
E E E E
    2

ˆ
2 ri


E


 *1 ˆ
2 ri

  E E
   *1 ˆ

2 ri
  E E

 

          A B C A C B A B C
       

ˆ ˆ 0r ri i   e h


as r 1
r̂i o

r
     

 
E H
 

1
O

r
 
 
 

E

 1

O
r

 
 
 

H

 PD1

r̂and i o
r

        
H E
 



ˆ ˆ 0r ri i   E H
 

2 2
1

2

1 ˆ ˆ
2 2r ri i




  

 

S E H

S 0

  


*1

2
 S E H

      * *ˆ ˆ
r ri i      

 
H H H H
    2 ˆ

2 ri


 H


  *
r̂i  H H

   *
r̂i   H H

 

Note that in the PD, the quantity , called intrinsic impedance, can be, in general, complex. At infinity, we 
assume that  is a real quantity.
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The radiation condition
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and centered in the origin of the reference 
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- Space-Nondispersive

A

n̂    ,E r H r
  

Uniqueness (PD-Exterior Problem)

              2 2 2 *
01 1 0 2 0 2

1 1 1 1ˆˆ Re
2 2 2 2r

A A V V

dA dA i dV dV    



                    S r n S r H r E r E r E r J r

            

 ˆ  n E r 0
 

 0 J r 0
 

 ˆ on theboundary n E r 0
 

Source distribution          = 0 0J r
      1 2 E r E r E r

    

     1 2 H r H r H r
    

       
2 2 2 2

0 2 0 2

1 1 1 1
0

2 2 2 2A V

dA dV     





       E r H r E r E r

      

Radiation condition at infinity
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Medium
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- Linear

- Time-invariant
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- Space-Nondispersive
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Uniqueness (PD-Exterior Problem)
 ˆ  n E r 0

 
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    

     1 2 H r H r H r
    
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 

  H r 0
  cvd       

2 2 2 2

0 2 0 2

1 1 1 1
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dA dV     

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
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Medium

-Time-Dispersive

- Linear

- Time-invariant

- Isotropic

- Space-Nondispersive

A

n̂    ,E r H r
  

Uniqueness (PD-Exterior Problem)
 ˆ  n E r 0

 

 0 J r 0
 

 ˆ on theboundary n E r 0
 

Source distribution          = 0 0J r
      1 2 E r E r E r

    

     1 2 H r H r H r
    

       
2 2 2 2

0 2 0 2

1 1 1 1
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dA dV     





       E r H r E r E r

      

Radiation condition at infinity
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Medium

-Time-Nondispersive

- Linear

- Time-invariant

- Isotropic

- Space-Nondispersive

A

n̂    ,E r H r
  

Uniqueness (PD-Exterior Problem)
 ˆ  n E r 0

 

 0 J r 0
 

 ˆ on theboundary n E r 0
 

Source distribution          = 0 0J r
      1 2 E r E r E r

    

     1 2 H r H r H r
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 E r 0
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  cvd       
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1 1 1 1
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dA dV     





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      

Radiation condition at infinity

2

2

0

0





 
No Homic losses 0 + Uniqueness is still ensured!
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Consider a source distribution            with its associated electromagnetic field

Consider a (smooth) surface A with an everywhere defined unit normal

Consider the values of the tangential component of the electric (or magnetic) field upon the surface A; that is,                                      
consider                                  on the boundary   

The Uniqueness Theorem states that the electromagnetic field produced by the source in (I) within the infinite volume V outside 
the surface A in (II), enforcing the boundary condition in (IV) as well as the radiation condition at infinity is unique. 

I

II

IV

n̂

A

n̂

Uniqueness (PD-Exterior Problem)

 ˆ ˆor n E n H


 J r
     ,E r H r

  

 J r
     ,E r H r

  

 ˆ ˆor n E n H



