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Lesson 1: Basic scientific computing tools

1. Vectors (arrays)
2. Matrices
3. Linear systems
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Vectors: preliminaries

Diflerent perspective:
e Physics: length, direction (pointing [rom A to B) v
e Mathematician: couple (ordered pairs, tuples) of coordinates between commas
v = (v,v9) couple, lwo-dimensional veclor
w = (wy,wa,...,w) Luple, l-dimensional veclor

e Computer science: list of numbers. Row and column vectors

w=[5 3,6, 4, 7] wv=1|2

U1, Vo, ... are called components
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Vectors: preliminaries (2)

Let be v = ['n,, V2, ..., 'v,,] w = [u ...... w,,] vectors and k£ € R a real number (scalar)

e norm (length) lv|| = /v + v + -+ 02

® SuIm v+w= [vl +wy, v +wo,..., v, + -m,,]
e inner (standard, scalar) product Vew =0 W V2w A Uy - Wy

(please note: the result is a number).

o kv =k-v=[kvy,kvs,... kv,]| is the scalar multiplication.
The resulting vector is k times as long as v (k times the original

(please note: the result is a vector).
length

e Pointwise (Hadamard) product v ow = [zr. CUWY Vo - Wy e Uy - w,,]
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Vectors: preliminaries (3)

e il ||v|| =1 then v is called Unit vector

e vector 0 = [0,0,,...,0] is called Zero vector. Is the neutral element for the additive operation.

It is the unique vector of norm zero.

¢ 2=—V= [ U1y = U2y ..., U,,] is the opposite vector of v. Indeed v + z =v + (~v) = 0.

‘

v-w
[l - [Jw]]

e note that if v - w = 0 vectors are called orthogonal (perpendicular, normal)

e the angle between vectors v, w # 0 is given by O,, ,, = arccos

e il v # 0 the vector w = v/||v]| is a unit vector
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Vectors: preliminaries (4)

o V=V,={[vi,v2,...,v,] | vi € R} is the (real) linear space of dimension n.

e a linear combination of &k elements of V' is of the form
a1v) + av2 + - - - + ARV

where a,,...,a; are scalar and v,...., v, are vectors of V

Scalars are also called the coefficients of the linear combination.

e Vectors S = {wy.va, ..., vx} are said linearly independent, il no element of S can be written as
a linear combination of the other elements of S.

e a basis I3 of V,, is a linearly independent set BB of size n
e standard basis is

er =[1,0,0,...,0,0, ex=1[0,1,0,...,0,0], ... en=1[0,0,0,...,0,1]
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Vectors: preliminaries (5)

(m) v-(w+z2)=v-w+v-z;

(iv) v (aw) = (av) - w = a(v - w):

Cauchy-Schwartz
(V) [v-w| < |vf|w|; < inequality
vi) v +w| < |v| + |wl; . Triangle

inequality
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Lesson 1: Basic scientific computing tools

1. Vectors (arrays)
2. Matrices
3. Linear systems
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Matrices: main concepts

e A matrix A € R™*" is a two-dimensional table in two big (round or square) brackets with m
rows and n columns

i Uy 1 Ayp 2 .. Ui n

— A is a rectangular /square array of numbers, arranged in rows and columns.

—m %X n is the order of the matrix

— row vectors are matrices with m = 1 of order 1 X n
e Please note:
— column vectors are matrices with n = 1 of order m x 1
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Matrices: main concepts

e Maitrices are usually denoted by capital letters

1 2 <

example) Matrix C' = | |, ) is a 2 X 3 matrix.
34 0

e A is also denoted as

A= ((l;_.,‘ )

where real number a; ; is called entry or element with row index ¢ and column index j

e A matrix with m = n is called square matrix ol order n

A matrix with m # n is called rectangular matrix
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Matrices: main concepts

A matrix A of order m x n contains

e m rows usually denoted by - | | -
Ay, As, |"l.2 cer Qlp
(1 2 | a2 n
e n columns usually denoted by
A A2
T ke Uyn,2 ”Hl.n‘
e main diagonal is given by S

:Ln
I
t

A= (Al

A2|...|A")
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Matrices: main concepts

The set R™™ = M,,, »(R) ol all matrices of order m x n is a linear space with two binary operations:
sum and scalar multiplication.

e The sum C' = A + B of two matrices is allowed only if they share the order (same number of
rows and columns). It holds

Cij = i+ b ;, Vi=1,....m, j=1,...,n

That is

(-' - ."1 -+ B pu ((l,'..,') + (I),,) = ((I.,'-,' + 1),‘_,‘) .

e Il Ais a matrix and o € R is a scalar scalar multiplication, matrix ' = a - A is a matrix of
the same order of A with entries

C" — ."l = (X - ((1,,'"') p— ((I'(I.l",') .
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Matrices: main concepts

Example
1 2 0 2
Given A = 3 1 B = 2 compute C=A+B, D=6-A
4 1 2
e Sum
1 2 () 2 14+0 242 1 4
C=A+B = 3 1 1 -2 = 3+1 1—-2 — 4 —1
4 1 3 -2 443 1-2 7
e scalar multiplication
1 2 6-1 6-2 6 12
D=6-A=6 3 1 = 6-3 6-1 = I8 6
4 1 6-4 6-1 24 6




— MASTER IN ENTREPRENEURSHIP aventrTA D0 STUE 8 MR
N (= lw INNOVATION MANAGEMENT o S

i coLLaoraTion witk MIT SLOAN : - P A RTH ENO P E

Matrices: main concepts

,’ 0 0 ... 0

0 0 ... 0
e malrix 0 = L , is called zero matrix or null matrix.

\ 0 0 ... 0
It is the neutral element for the additive operation. It holds 0+ A=A+0=A, vVAec™",
e Matrix B = (—a;;) is the opposite matrix of A

e Dillerence of two matrices A — B is just sum of A and the the opposite of B
1 1
| . T 1 2 3
A—B=A+(—-B) = (aij — bij). A= 2 0 )| A" = -
: - 3 I 0 5

e matrix A" = (a;;) where rows and columns swap roles is called transpose of A



— MASTER IN ENTREPRENEURSHIP AEVEREITA DL STUE B NARG
N = lw INNOVATION MANAGEMENT o S

m coLasoranion wirh MIT SLOAN : - P A RTH ENOP E

Matrices: main concebnts

Structured matrices whose elements values depend od row and column indices

1 3 4
e Ais symmetric il a;; = aj; A=1| 3 1 5
1 5 2
0 -3 -1
e A is anti-symmetric or skew-symmetric il a;; = —a;; A= 3 0 5
I =5 0

((11 0 ... 0 \

0 dy ... 0

e Aisdiagonal ifa;; =0, Vi#j A=
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Matrices: main concepts

e A =1 is the identity matrix il it is a diagonal matrix with a;; =1 Yi=j

~
|

( Uy o Uin \

) 0 Ugso ... Ugp
e A =U is upper triangular if a;; =0 Vi>j U= : . e s

L0 0 . e

Iy 0 ... 0
( \

]2] 122 .. 0

\1,;, b .. ),,,,)

e A= L islower triangular if a;; =0 Vi<j L=
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. R TP : : order n X p
Matrices: multiplication bay :|baj | boy o !

( ) a2 ... 4pg, \
;) ;2 ... Qin Ci;
\ L Ay 2 .o Ay n )

A order m xn

matrix multiplication (matrix-matrix product) is a matrix C' ol order m x p whose entries are
obtained as the dot product of A; and 37, that is

(f-':((*.,",-):(./l,--l_)’j), Vi=1,....m. j=1,...,p
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1 ooy & by, bl_,,\ b

° ° ° ° . . or l(‘l’ nxmy
Matrices: multiplication ol ©obay e, | !

(. adyo ... Ay y ’ )
(| \ I (lAl./;llAl.[;‘l ... A -Br \
;. ;9 o i q C 1. B — Az - B ‘,42 ) BQ o Az . BP

\ Am,1 Ap2 .. Opmn ) , . | , . 2 . .,
\ An-B' A, B ... A, B )

A order m xn

matrix multiplication (matrix-matrix product) is a matrix C' ol order m x p whose entries are
obtained as the dot product of A; and 37, that is

C-':((*.ij):(./l.i-]_)’j), Vi=1,....m. j=1,...,p
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(] (] ] (] J
Matrices: multiplication B
(li.lbl.j < b]__)' \
r> + (1,'.-2[)2.‘)' < b‘Z.j
A
.+_ »

+ @4, nbn_) 44_ bl?] )

_ B! B2 _
1 2 *1, a; a; o co i n ‘
0 1 |=B 4. B
1 4

Ol QO ==

I
= O BN

_—O N

A 1 Bl
A2 B!

A 3 B I

A 1 Bz
Az B?

/‘3 32
'




1
NEiw mﬁggfx'.ﬁﬁw:&zggagg‘;sm" c1q1— A - B! = [ 1 2 2 J 0 =1-14+2-04+2-1= 3, ,,
i coLLasoramion witk MIT SLOAN Ay 1 E
B!
e
Matrices: multiplication ca=4;-B*=[1 2 2 J-lt]=1-2+2-142-4=12
A 4
B2
F
o1 =A-B'=[3 4 0]-]0[=3-1+4-0+0-1=3,
A, 1
B!
B! B2 2]
- . c2=Ay-B*=[3 4 0]-[1|=3-244-140-4=10.
2 Az 1

1
1 cs1=A3-B'=[5 =6 1]-[0|=5-1-6-0+1-1=6,
- - - As 1

3 12 ] B
3 10 (2]

c320=A3-B*=[5 -6 1]-[1]|=5-2-6-1+1-4=8.

ey
v QO =

Lo A
- N

N

C)

vo

%

(&)

vy

0

I
=2

| C C B2
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Matrices: multiplication (properties)
(i) Associativity Ac™" Bec™P, C e then (AB)C = A(BC).

(ii) Left distributivity A ™" B,C €™P then A(B + (') = AB + AC.

(iii) Right distributivity Ac™?, B,C ™", then (B + C)A = BA + CA.

(iv) Ae™" Be™P «c then a(AB) = (aA)B = A(aB).

(v) Neutral element [, and [, identity matrices (of order n and m), A €™ then [,,A = Al,, = A

(vi) Transpose multiplication Ae™" and Be™ =— (AB)T = BT A",
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Matrices: matrix-vector multiplication as a linear combination

Matrix A by column vector x produces a column Ax that is the linear combination of columns of A with

components of x as coefficients

‘ (14 V3 - f
(A\ “=\31 19 )0 7
0
-

) (1)

1 .
3 1 19

All A2]...|AF oo | = 21 Al + zo| A2 |+ + 2% Ak (
o 4"1.1‘ -

€7y
() () ()

‘4 M — ;171.'4] + ;1'2/42 + *« o + lk,"‘k

Il
o
+
9=
SV
oo
B
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Matrices: vector — matrix multiplication as a linear combination

Row vector x by matrix A produces a row xA that is the linear combination of rows of A with components
of x as coefficients

T A
) 1 0 5 2
(A = 4 rA=(120)-[1440]| =
. , D 5 2 3
(;I']l.l‘g““‘.’l'k) A2 — -+-lIV2( A2 ]
" — (3 8 13 2)

e .
4 /“ — ;1’1441 + .'I"_)AQ + -0 ."I'kflk — 2- (1 4 4 ()) = x9A2
+ -
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Matrices: inverse matrix

e A square matrix of order n. B = / Lis called inverse of A if BA = AB = 1,,.
e inverse is denoted by inv(A)  Alert: not all matrices have an inverse

e maltrix

A = (a;;) of order 2 is invertible ifl @y azs — aj2a9, # 0. In this case it is
| 129 —(1]2
/1 1 — 22 2
(111099 — A1209) —az) a|

9 —4
AZ[' ] anaz — apazn =9-2 — (—4) -3 = 30 # 0.

A-1 = 1 2 4]_1[2 4]_| 5 ©
T 9.2-(-4)-3| -3 9] 3|-3 9| |-+ i




- . MASTER IN ENTREPRENEURSHIP . e ITA DEGLE ST . NAN
N = I w INNOVATION MANAGEMENT A Sl UNIVERSITA DEGLI STUDI DY NAPOLI

w coLLasorATIoN witk MIT SLOAN : . PARTHENOPE

Matrices: inverse matrix (properties)

(i) if A ' is the inverse of A, then A is the inverse of A 1.

(ii) If A and B are invertible AB is also invertible and (AB) ' =B 1'A"!

(iii) If A is invertible then also A” is invertible and (A7) ' = (A )7

(iv) il A = diag(d,,d,..., d,,) is diagonal, then it is invertibile ill d;,ds,....d, # 0.
. . 1 1
In this case A ! = diag(d, ".,d, ", ....d, b. R
S 0 0 0 5 0 0 0
(|0 -2 0 0 -1 0 -2 0 0
1o o 4 o0 10 0 F 0
0 0 0 % 0 0 0 2
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Matrices: determinant (small order n=1, n=2, n=3)

4'4-

Symbols  det(A), det A,

Case n=1, A= ((111) —> det "‘ = (l]]

a3y a2

lo
Case n=2 A= Uy Gy | ™ det A = ay1a90 — ay0as;.
9 9
A Al A? A Al A?
+ <+ <+ . _— — -
ap| (ar2| |az| ayn a2 ay; ap2 |a13| (an| a2
a) |azz| |a3| |az1| a2 a) |az| |a3| |az| a2
a3y az2 |azz| |az1| |az2 azy| |asz2| (a3z| a3z az2
4 def / / l 1 \ \
Case n—=2323 det A = ajjaxaszs + ajpas3a3) + a13a21a32 — A1302203] — 411023032 — A12021033
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Matrices: determinant (Laplace expansion, recursive definition)

Consider submatrices obtained by rembing 1 row and 1 column

( ai ai, ;-1 * ai,;+1 al.n \
K
aj-1,1 -+ Qi-145-1 * Qi—1541 .-+ Gi—1n
Aij = % * % * B B i
Aiy1,1 -0 Qigl-1 F Qigl 41 -0 Qigln
¥
\ (l”‘l “ . (In‘j_l * (ln.j.._l “- .. (l"." )
n
let A< a,,C C Cin = :
det A = aCiy +anCio + - -+ @, Ui = a;;Cj.
j= where
or
def " (1,1 = (‘—J.)HU (1(.‘( ;"lli‘j.
; : \J Al
det A a1;Cj + ayCoj + -+ + an;iCoj = ) _ a;;Ci;.
i=1
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Matrices: determinant (properties)

A= (A'] A% |...| A") square of order n.

(i) @ € A* column of Athen

det (A']...|A* ] aAF | AFTL ] A™) = adet A.
(iii) If A has two equal columns det A = 0.
(iv) det 1, = 1.
(v) If A has a zero column det A = 0.
(vi) If A has two parallel columns det A = 0.

(vii) if some columns are linearly dependent det A = 0.
(same properties for rows)
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Matrices: determinant (properties)

A= (A

2
A% |...| A™) square of order n.

(viii) Swapping columns produces change in sign of the determinant
(ix) Adding to a column a multiple of another one does not chadnge the determinant

(x) If A is diagonal or triangular the determinant is the product of diagonal elements:

det A = ap1a99---a,,.

(xi) det A = 0 ifl columns are linearly dependent

(xii) det(AB) = det Adet B.

(same properties for rows)
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Lesson 1: Basic scientific computing tools

1. Vectors (arrays)
2. Matrices
3. Linear systems
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Linear systems: a linear equation ... b is the constant.
e A linear equation has the form a1 Ty + AT + - + ATy = b
V K T 3\
ay.as, ... are called coellicients x; values are called

unknowns (variables)

e a solution in tuple whiche verifies equation

T1+ 310 — 15 = 2

Some solution vectors

(1,1,27,53.2), (2.3,7.3.9), (0,3, —157,0,7)
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Linear systems: more linear equations, i.e linear systems

Consider m > 1 linear equations sharing same n > 1 unknowns x,x2, ..., x,:
a;\ ) + ajppxy + -+ ajgx, =b; (1=12,...,m)

a;; coellicient of x; in equation z, b; constant ol equation 7

e a linear system of m equations in n unknowns has the form

a1+ apret -+ apar, = by

- 91T+ 999+ R o AonTy = I)'_,_v
DI

L @m1T) FooGpaTat o+ Qun®n = by,

e a vector (T, Ty....,T,) is called solution of X ill is a solution of all equations
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Linear systems: matrix form

( @y a2 ... \ ( b \
I
e lLet observe thatif we denoteby A = a;y  Qp ... Qi = | T2 bh— b,
\ ) \=
Ay A2 - - - g l),"

itis

e please note that to solve the system means to find coeflicients used to express b as a linear
combination of columns of A
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Linear systems: linear systems with a unique solution

e i[ A is square X is said to be square. Rectangular otherwise.

e i[ A is square the system is said to be
— singular if det A =0

— nonsingular if det A # 0,
e Theorem (Cramer): if A is nonsingular, linear systems Az = b will have a unique solution.
e methods for computing solution should take in account the structure of A

e We show three methods: one for diagonal systems, one [or triangular systems and one for 7 full”
systems
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Linear systems: DIAGONAL SYSTEMS

What linear systems are fast to solve?

DIAGONAL SYSTEMS b
e, =
_ Immediate %
anX bl (ay, \(%\ (B solution e b,
— “ -
a22x2 - b2 a22 x2 _ bz — C;)ZZ
_ _ 3
ayX; = by 33 X3 b; e = 5
33
Qaq
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Linear systems: TRIANGULAR SYSTEMS
TRIANGULAR SYSTEMS
anXy  +apX, +apX;  +a,x, =b, _
-k by = ay,%,
Xy  HyXy 1y Xy =0

(> 2)| %=
Xy +ay,%, =D 2%

AyXy =D,
o = by =@y X; = @y %,
3)|[* =

(@, G, G a (X% (b)) a22

A,, G, a X b

R I P by, = @i, = QX = UaXa

33, Q34 (| X3 b, 4) X =

\ Ay )\ %) \u) @
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Linear systems: TRIANGULAR SYSTEMS
IN GENERAL > Backward Substitution Algorithm (matlab code)

x(n)=b(n) /A(n,n)
for i=n-1:-1:1
x(1i)=b (1)
for j=i+l:n
x(1)=x(i)-A(i,3) *x(J)
end
x(i)=x(i)/A(i,1)

end
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Linear systems: FULL SYSTEMS (Gaussian elimination)

Gaussian elimination method transforms a full system of n equations in a equivalent triangular one in n-1 steps

ldea

At step k, to subtract suitable vectors, multiple of equation k, to all equations at the bottom so that

Step n-1

elements in column & under the diagonal element become ()
Step 1 |() Step 2 0 Step3 ... Step n-2
> > >
1—]

2 229 23

How to do this?
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Linear systems: Gaussian Elimination

IN GENERAL > Gaussian Elimination Algorithm (matlab code)

for k=1:n-1
for i=k+1l:n
M(i)= A(i,k)/A(k, k)
for j=k+l:n
A(i,j)=A(i,3)-M(i)*A(k,J)
end
b(i)=b(1)-M(1i) *b (k)
end
end




MASTER IN ENTREPRENEURSHIP N COLLABORATION WiTH

. .
INNOVATION MANAGEMENT MANAGEMENT ‘ UNIVERSITA DGR STUDI DI NAPOLI
IV =l ‘I I Cornaommon e MIT SLOAN MANAGN ' PARTHENOPE

MASTER MEIM 2021-2022

Thanks for your attention
...... Digital Tech HPC continues
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