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2D Discrete Fourier Transtorm (20 DFT and IDFT)

Let  be a matrix (MxN) f=(f, )eC"\:<by definition, the 2D
Discrete Fourier Transform of f is the matrix FeCY"™N whose

elements are:

M—1y_4
F,, = f, e , u=0,1,...M —1,v=0,1,...,N — 1

9
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and, conversely,the 2D Inverse Discrete Fourier Transform of

T
o
b
g
2D DFT and 2D Fourier Transform

is the matrix f whose’ elements’are:

h’k MN Z Z +2m

OvO

uh vk)
h=0,1,...M —1, k=0,1,....N —1
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in MATLAB £f€2(), 1L££€2() and £Eftshift()




2D Discrete Fourier Transform (2D DFT)

SCp2_14a.3

M1y e ”—Mﬂ)

F,, = f le "M N u=01,.,M—1,v=0,1,..,N — 1
h=0 k=0 = :
—csplit E-’
—2nipph 2y g 5
F,., = E f, e ]le y T u=0.1,.. M~ 1,v=0,1,...,N —1 &
7=0 Li=0 S
® A
1% fa)
S

for each I, itisa DFT....

A 2D DFT can be computed by means of 1D DFTs,
each successively computed along a dimension.
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A 2D DFT (fft2() in MATLAB) can be computed by
means of 1D DFTs, each of them along a2 dlmen/s,lan

Example: M=2, N=3 |5t

)1&2)3 -gJ/
1

5
N /
\r' 7 7 )
2 (\ \ﬁ> <V
1{| 3 DFTs(v=2) along c,aijamns T ) 2711 2 BFfs( N=3) along rows
r\\ - C A2 ) t/J { ’/J
22 DF Ts(N=3)aJéng rows |~ | [ ol
(\ ,/qx) g) ws)/ 37 JJ 2 %FTS(M=2) aleng cols
P ’\) ahw g

21.0000
-9.0000

f=[1 2 3;4 5 6]; disp(| FfE( FFE(F) .")]|.

")

-3.0000 + 1.73211i
%)

-3.0000 - 173211
¢

N SN

2 AN A 2

£=[1 2 3;4 5 6]; dlsp( FEE( FRE(F. ) .

)P

21.0000 -3.0000 + 1.73211 -3.0000 - 1.7321i
‘| -9.0000 0 0
- N
f=[1 2 3;4 5 6]; disp(fft2(f))
21.0000 -3.0000 + 1.7321i -3.0000 - 1.7321i
-9.0000 0 0
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Exercise

SCp2_14a5

From the scalar form of a 2D DFT explain why
it can also be obtained by the following:

— LTy —

f=[1 2 3;4 5 6]; disp(fft2(f))
21.0000 + 0.00001 -3.0000 + 1.7321i -3.0000 - 1.7321i
-9.0000 - 0.00001 0.0000 + 0.00001 -0.0000 + 0.00001

[M,N]=size(f);
wM=exp(-2i*pi/M); k=0:M-1; WM=wM.~(k'*k);
wN=exp(-2i*pi/N); k=0:N-1; WN=wN.”(k'*k);

WM * £ * WN matrix form of a 2D DFT

ans =
21.0000 + 0.00001 -3.0000 + 1.73211i -3.0000 - 1.73211
" -9.0000 - 0.00001 0.0000 + 0.00001 -0.0000 + 0.00001

2D DFT and 2D Fourier Transform
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20 Fourier Transtform (2D FT)

When the integrals exist, the 2D Fourier Transform (2D FT) is defi)p,e) as

SCp2_14a.6

Like a 2D DE% ZD is\Tgaln be,gén as a combmatlon of two 1D FTs:
— F xay f f xy zwxxdx F x’y f f X y 2mxvxdx

e

l ll J

| F(Q)x,(ﬂy>: f E(wx,y)e_w)yydy F(Vx,\/y): f EC(Vx,y>e_2mdey

—00 —00
-~ w.r.t. the angular frequency ® w.r.t. the circular frequency v

(prof. M. Rizzardi)

e
+o0 400 -( >°
F f f f X y —z x(o +yow, )dxdy l J/ o
—+oo —+oo o, ®, are angular frequencies 2 e
> > xv v > é
F(vov))= [ [ flry)e™ " dxdy K
00— ___Vgvare angularfrequenues % =
, 9
The 2D Inverse Fourier Tre{gﬁo’rm (ZB iF)T ) is gehn,bd as ¢ ‘ E 5
w
72 ToO0 +00 p
faen =z [ [ Flo. *”‘””‘”d@d@ ~1E
T —00  —00 0, O, areangularfrequenues : lf_’
ol . O |5
f(x’y>: f f F(Vx,vy)e+2nz(xvx+yvy)dvxdvy 3 o
—00 —00 v,, v, are angular frequencies -~
\ - \-\—J el
0
o
o
o
o
w
N
)
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Example of 2D FT: 2D square pulse

SCp2_14a7

[x,y]=meshgrid(linspace(-T/2,T/2,N+1))

f=zeros(size(x)); -
L=0.5;[h,k]=Find(abs(x)<L & abs(y)<L); wl|™
f(h,k)=ones(size(f(h,k))); mesh(x,y,f) g%
\3
f=rectpuls(x,2*L).*rectpuls(y,2*L); | f
mesh(x,y,f); axis tight

<
f is the product of two rect 5&1’se func )

The 2D FT of s t c@vélutlon;
= product of two sinc f ﬂtlons
Fourier Spectrum of 2D square pulse ) ,

Iy

3 7

) ) Not very efficient code! }

2D DFT and 2D Fourier Transform

=f(1. end 1,1:end-1);

[h k] =meshgrid(0:N-1, O:N-1);

| F=Fftshift(fft2(fn)).*(-1).~(h+k)*(T/N)"2;
mesh(abs(F)); I

0.8

D.ﬁ e

0.4

we can see two sings: each
along an axis direction

&0

™
O
| &
o
N
Ba.
o
Yy
o
| .
o
o —




Example of 2D FT: 2D circ puls,e\

SCp2_14a.8

T=6; N=80;

[x,y]=meshgrid(linspace(-T/2,T/2,N)); z=x+i*y; | 1+

k=find(abs(z)<1); 0.8 4
f=zeros(size(z)); f(k)=ones(size(k)); 056 =
mesh(x,v,.f): axis tight 04 o
[h,k]=meshgrid(@:N-1, ©:N-1); ” E
F=fftshift(fft2(f)).*(-1).~(h+k)*(T/N)"2; N g
SUrF(real(F)); axis tight L a
22 s ) £
38 D o
I'/;‘b <5 : =
o . . -2 N
Exercise: write a better code for a 2D FT function | = ° o
o e g -
\\ 2N >/ ) ]>/ k@’f Fourier Spectrum of 2D circ pulse | &

\ ) \
\ 8/ K) / \() 3
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f// \"/ \D

ee infinitel mény sinc
fu-ﬁ/dtlj(;ﬁ tynggany%dlrectlon in

| plane

the hc_)p
<)~
g

™
O
| &
o
N
Ba.
o
Yy
o
| .
o
A




Example of 2D FT: 2D gaussian F(o,,0,)=¢ * |7
+o0 ) +o0 ) ?
F(o.y)= [ flxy)e?™™dx = Floao)= [\F(o.y)e™>dy
T 1D FT gaussian I 1D FT gaussian

The FT of a 2D gaussian is still a gaussian, computed by ‘composing the
FTs of the two 1D gaussians:

syms X y wl w2 real; f=exp(-pi*(x~2+y~2)); ezmesh(f) | 1
symbolic Fl=fourier(f,x,wl); F=fourier(Fl,y,w2); ezsurf(F) 2

syms vl v2 real; Fv=subs(F,{wl,w2},{2*pi*vl,2*pi*v2}); Fv=simplify(Fv);
ezsurf(Fv) |3

)
&\\\'F SR 7 - = N ¢l

2D DFT and 2D Fourier Transform

exp(-w, /(4 ) -w,2/(4 7))

exp(-r (\|r12 * vzzn

exp(-r (x2 + y?)) 2

0.8 4
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F(o,,®,) w.r.t. angular frequencies F(v,,v,) w.r.t. circular frequencies



Esempio: 2D convolution (conv2())

Noisy 2D square pulse Double convolution Triple convolution

SCp2_14a.10

|FT]

2D DFT and 2D Fourier Transform

Spectrum of noisy 2D square pulse Spectrum of the double convolution Spectrum of the triple convolution
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Examples of some 20 FT

SCp2_14a.11

)

The FT of the zero function is the zero fur{cjnpn - j/)
2, 9

Z=zeros(100,200);
FZ=fftshift(fft2(z));
figure; mesh(Z)
title('zero matrix')
figure; mesh(abs(FZ))
title('FT of zeros')

0 * AP S
The FT of the fn{n%ilon,cnh;‘ta’ntly equal a))s’a Dirac delta

) 2DFTo
O=ones(100,200); R o 8di Dlrac 2D
FO=fftshift(fft2(0)); . .

figure; mesh(0)
title('matrix of ones')
figure; mesh(abs(FO))
title('FT of ones"')

the re)krs’e is also true b2

2D DFT and 2D Fourier Transform

O=ones(100,200);
iFOo=fftshift(ifft2(0));
figure; mesh(iFO0)
title('matrix of ones')
figure; mesh(abs(iF0))
title('IFT of ones')
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.. from image point of view [RGB)

The FT of the zero function is the zero function

spectrum of 2D FT of zeros

Z=zeros(100,200);
FZ=fftshift(fft2(z));
figure; imshow(Z)
title('zero matrix')
figure; imshow(abs(FZ))
title('spectrum of 2D FT of zeros') ”

|FT|

in MATLAB [RGB] Orcorresponds to black-and 1 to white

The FT of the function canstantly equal to 1 is a Dirac delta

spectrum of 2D FT of ones

O=ones (100,200); ;
FO=fftshift(£t2(0)); 2D Dirac 6

figure; imshow(0)

figure; imshow(abs(F0))
title('spectrum of 2D FT of ones')

title('matrix of ones') H
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2D DFT and 2D Fourier Transform
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Examples of 20 FT properties

The FT of trigonometric functions consists of two symmetric Dirae
deltas

SCp2_14a.13

cos2m(x + y)] cos[2m(2x + é?,r)] cos[2m(z + y)] + cos[2m(22 + éy)]
6 6 H : 6 :== e e e e e

4 4 ; H : i 4 [

6 6 AR B 2 o
-6 -4 2 0 2 4 6 -6 -4 -2 4 6 -6 -4 -2 0 2 4 6

a= coé [Zn(x £ y)L b = cos 211: (Zx =I=%y)] a+b

2D DFT and 2D Fourier Transform

Fourier Spectrum of cos[27(z +y Fourier Spectrum of cos[27w (22 + f_,); Fourier Spectrum of cos[2m(@-y)] + cos[2w (22 + éy)]
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Examples of 20 FT properties s

|

The FT of trigonometric functions consists of two symmetric Dirag g)c;
deltas

cos[2r(z + y)] E.:)S[Q:f(?jt-{- gy)]_ = 6 cos[2m(z + y)] + cos[2m(2z + Ly)]

0 : ‘ 0 : ; - : : i 0 lg

4i:_ i -4 ; ; 4 _: E

° -ES: - -4 -2 0 2 4:” 6 ° -6 -; - -2- -D : -2-- 4_-_ | FT' -6 -4 -2 0 2 4 6 Q

a= cos[Zn (x +- y)] | b= cos -2n(2x +%y g a+b L_g_

QOS(ZW): periodic function with circular frequency v g

Fourier Spectrum of cos[27(z + y)] Fourier Spectrum of cos[27(2z + é?,r)} Fourier Spectrum of cos[2m(x + y)] + cos[2w (22 + é?,r)]
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circular freq. w,

circularTreq. v
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