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Fouruer Transform (FT)
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fi = 6 T f)y=abs@)
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If the Fourier Series converges to f'in an interval [a,b], outside [a,b] E

the Fourier Series converges to f only if also f is periodic of period || &

b—a. The Fourier Transform arises from the need to approximate | '

non-periodic functions on all R. 5
DEF | The Fourier Transform F(w) of f(t) is

_ F(w) is a complex valued =

ot o

F (O)) f -r (t)@ de function of a real argument o | || &

‘when this mtegral exists (i.e. it is < o). =

The summability of f [ felL!(—o0,+)| represents a sufficient condition, but it is
not necessary for the existence of the FT.




signal in time domain

rect pulse

non-periodic function
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Fourier Transform idea
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in freqUehcy domain

periodic repetition of rect
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Fourier coefficients of the “rect pulse” function in [—7/2, +T/2]

~ windowT

| ‘Wind‘ow‘T " |

| wind“ow‘T |

As the window increases, in the FCs of the “rect pulse” fun the frequencies are getting closer and closer

| w‘ind‘c‘“)w‘T |

together, and it looks as though the coefficients are tracking some definite curve of the FT function.

(prof. M. Rizzardi)
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Fourier Transform
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Theorem
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F(w) = f e ™a | F)= f () gy
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Fourier Transform

™
©
| &
o
N
Ba.
o
Yy
o
| .
o
o —




Discrete Fourier Transform (DFT
-g o N— —zﬁk] ( ) l’ecap
S F, = f]. e k=0,.,N—-1
&9 =

Q
.= Inverse Dlscr'e’re Fourier Transform (IDFT)
D = —|—127‘k]
O FLE A j=0,..., N -1
. Coefficien’rs of the Fourier Series in [-n,+r]
€ v 1 e
§ § yk_zﬁff(x)e " dx, k =—o0,...,0,...,+00
£ T Fourier Ser'les (FS)
0 & Foo .
< £ S‘ ,YIJeJrlkx
k=—o00

" Fourier Tr'ansform (FT)
v)
o —zoo
-1t
E Inverse Four'ler' Transform (IFT)
+ +00
S 1 101
S f(1)=5= [ Flole2ho
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Fourier Transform
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MATLAB Symbolic Math Toolbox provides the functions| s

fourier(.) and ifourier() for the symbolic expression|

of the FT and of the IFT respectively. ’

gaussian

syms t r'eal/ syms t real; ft=exp(-t*2);

ft=exp(-t~2); Fw=fourier(ft) Fw=fourier(ft); Ifw=ifourier(Fw)

Fw = IFw = £

pir(1/2)/exp(wr2/4)  11/exp(x”2) qé
N :
both FT and IFT are gaussian g

fplot(ft,[-5 5], 'Color','b', 'LineWidth',2)
grid on; hold on
fplot(Fw,[-5 5], 'Color', 'r', 'LineWidth',2)
legend( ' function f(t)', ...

"F(\omega)=FT of f(t)', ' 'FontSize',14)
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Examples of Fourier Transform
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“The Fourier Transform of a Gaussian is still a gaussian”

| f(t)lze‘” |
2
2 _o
—|alt
f(t)=e|a“ o—e F((o)= Lo ™ =
a o
j2
g
-
9
[ ° L
syms t real; syms a positive K
ft=exp(-a*t”"2); % gaussian f(t)
fourier(ft) % FToff(t)
ans =
(pin(1/2)*exp(-wr2/(4*a)))/a"(1/2) =
ftl=subs(ft,a,1); fplot(ftli,[-5 5]) £
title('$f(t)=e~{-t"2}$', 'FontWeight', 'normal’, 'FontSize',18, 'Interpreter', 'LaTeX") N
xlabel('$t$', 'FontS.ize',14, "Interpreter', 'LaTeX") 3 a"l‘
fplot(fourier(ft1l),[-5 5]) .
title('$F(\omega)=\sqrt{\pi}e~{-\frac{\omega~2}{4}}$', 'FontWeight', 'normal’, 'FontSize',18, ... & s
'Interpreter', 'LaTeX') Y
xlabel('$\omega$', 'FontSize',14, 'Interpreter', 'LaTeX") 8
a




Example of Fourier Transform (odd function)

f(t) = signum

+1 t>0 a0
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. 20|
syms t real 10| g
ft=sign(t); 2
_ X ) : : ‘ 0] ‘
Fw=Ffourier(ft) : 5 0 5 0 5 0 5 10| 2
szu; sym(2/1i) f(t) |F(e)l 5
-2i/w ans = . : : 2
e F(w) is purely imaginary 5
1 ‘ ‘ ‘ 100 ‘ e
_ 2 0.5¢ 1 507

F(w)=— =
o
_J | =
N
F _ 1 0.5} 1 507 f
(1) = :
It 1 ‘ ‘ ‘ -100 ‘ ‘ ‘ -

0 5 0 5 10 0 5 0 5 10

Re[F(m)] Im[F()]



Example of Fourier Transform (even function)
f(t) = rectangular function (or rect pulse)
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1 <% | oo
2 0.8} E o7t
Jr(t)::< L ’l;==j1 oer
0 |f>%
MATLAB Symbolic Math Toolbox
syms L positive; syms t real T e £
ft=rectangularPulse(-L/2,+L/2,t); "0 T ke S
Fw=simplify(fourier(ft)) . 2
Fw = t real; ft=heaviside(t+L/2)-heaviside(t-L/2); lg
(2*¥sin((L*w)/2))/w S PN <
what is heavusude(x){?> b
rectpuls(t) | in MATLAB Signal Toolbox (enly numerical) S
z sine cardinal or sinc function E(w) i | |
sinc(v) sinc() is both numerjcal and symbolic (OJ) 15 pu':e y rea ,
2sin % 4l 5
2 2 ¥
F w) = 0.4} | &
w 0.2 -0.2F s
- ol 0.4f qs
_ SNt v 5
F(v)= |

1 L L L L
3 -3 -2 -1 1 2

I19% ;

Im [F(w)]



what is heaviside(x)? syns x real

ezplot(heaviside(x), [-2 2])

. . heaviside(x)
Heaviside function 1 x>0 of
or H(X) f— 15}
Unit step function 0 x<0 1f
The Dirac delta 8 is |syms x real 0
the derivative of the |diff(heaviside(x)) 05
heaviside function ans = e 5 ; >
dirac(x) .
heaviside: what is it for?
syms X real L
before MATLAB R2014a | | signum=2*heaviside(x)-1; || ) los

ezplot(signum, [-2 2]) Lﬂ_l/ .

exp(-abs(x)) exp(-abs(x)) heaviside(x) 0.5

0.9

0.8

0.6

0.5

decay function
decay pulse

syms x real; decayP=exp(-abs(x))*heaviside(x); ezplot(decayP, [-2 2])
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Fourier Transform
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Example of Fourier Transform (even function)
f(t) = triangle function (or trlangular pulse)

1+¢ t€[-L,0|

F@®)=11-t tejo,L] L=1

0 |{>L

trla.ngula.rl}ulse t) |F(w)]

MATLAB Symbolic Math Toolbox ..

syms t real
ft=triangularPulse(t);
Fw=simplify(fourier(ft),100)
Fw =

-(2*(cos(w) - 1))/w"2

Ssyms v w

Fv =
sin(pi*v)~2/(v~2*pin2)

Fv=simplify(subs(Fw,w,2*pi*v),100)

F(w) is purely real

Reall F@)] _ TmaglF(w)]

F(o)= 21—02)50)
0
. 2
SIN TV

0.5

03

4 01

1 0ar
0.2f
0.3f

04

F<V>: v

sinc(v)?

sine cardinal or sinc function
MATLAB sinc() is both numerical and symbolic
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Fourier Transform
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Example of Fourier Transform (even function) “
f(t) = even decay function
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2
0.8}
1.5}
—a|t 0.6
f(t):e H, a>0 1
0.4
o 0.5 c
syms a t real ' =
syms a positive “'g
ft=exp(-a*abs(t)); ° 5 0 5 %0 5 0 5 10 £
Fw=fourier(ft) ft) (a=1) |F(w)] l-:-:
Fw = -8
(2*a)/ (a2 + w"2) F(o) is purely real 3
2 ‘ | 1 |
F (W) = 2a C os
0. % 2 =
a +w . ol | &
N
N
S
F( 28 s . | 2
V) = :
a.2 2 2 5
+@2rv)" Y S —
-10 5 0 5 10 ‘10 5 0 5 10
Re[F(m)] IMm[F(®)] j



Example of Fourier Transform (neither even nor odd functionJ| E:
1.2 ‘ ‘ ‘ 1 L\'!gl-
— )
f(t) = decay pulse . o
0.8
e >0 < o
F)= (2>0)
0 <0 '
) 0.2+ o2l
o £
syms t real; syms a positive = o - 910 5 o 5 10§
ft=e).tp( -é*abs(t)?*heaviside(t); () IF ()| g
II;x=21mp11*Fy(1=our'1er'(1=t)) F(CO) is complex g
1/(a + w*1i) ‘ ﬁ ‘ 0.5 ‘ ‘ E
F(w) = — | )
a —I_ lw o g
0.4 * N
a4
1 0.2 f 5
F(v) = : 5
a+12ny % = o s 1 % 5 o 5 10

Re[F(w)] Im[F(®)]



Examples of Fourier Transform 3
Dirac delta function f(t)=6() o—e F(w)=1 3
syms t; f=dirac(t); | f(7) even 8(.1:) RG{F(OJ)} Im{l:re(:))}
F = fourier(f) !
constant function1 f(t)=1 o—e F(w)=2n6(w)|*
fourier(sym(1)) | f(y)even 1 Re{F(w)} Im{F(TO)} 3
2*pi;dirac(w) ' ) rea
. . 1 t>0 ' d
Heaviside function f(t)= F(w) =mé(w) L <
0 t<O w |«
syms t real; fourier(heaviside(t)) =

ans =
pi*dirac(w) - 1i/w




Examples of Fourier Transform s
!
trigonometric functions 8
t) even _ F(e) is real
f (t) = cosmt (o—e) F(w)= )6 w a bw—a |
— (@) is imaginary

f(t):SImut( o—e H(w)=)) [(5 w+a —0 w—oz]
ft)=e"  o—e F(w)=2n6(w—a) i
syms t a real syms t a real ‘g
disp(fourier(cos(a*t))) disp(fourier(exp(i*a*t))) -
pi*(dirac(w-a)+dirac(w+a)) 2*pi*dirac(w-a) kS,
disp(fourier(sin(a*t))) 3
pi*(-dirac(w-a)+dirac(w+a))*1i e

cos(at) Re{F(w)} Im{F(w)} _
sin(at) Re{F(w)} Im{F(w)} :
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