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A light ray (as an electromagnetic wave) is formed by "lights" of different colors
or frequencies, which can be separated by an optical prism. Each component is
a monochromatic light with a sinusoidal pattern of a given frequency.

Jean-Baptiste Joseph i;burier
(1768 - 1830)

discontinuous f(x) = Sgn

THE VISIBLE SPECTRUM * Wavelength in Nanometers

400 500 550 650 700 800
(uitra) Violet Bluo Cyan Green Yellow Ounge Red Magenta (infra)

Fourier’s idea

Fourier claimed that any function of a real variable,
whether continuous or discontinuous, can be
expanded in a series of sine functions of multiples of
the variable. Though this result is not correct without

additional conditions, Fourier's observation that
some discontinuous functions are the sum of infinite
series was a breakthrough.
. | 1. 1
continuous (x) =5 X= sin x —ism2x —|—§sm3x —..

_4 [sm + %s1n(3x) + %sm(Sx) }
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?... what can we say
about convergencein |||,

for Spaces having an...

inkfinite dimension
?2??
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already seen in SC2_111

It can be proved that the trigonometric functions

=

or, equivalently, the exponential functions

ik Euler's formula
o ) e” = cosO+isind

form a complete orthonormal system w.r.t. ||-||, in the
Hilbert space L?([—m,+mt]) of square integrable (or squa-

re summable) functions over [-m,+].

This implies that the Fourier Series of f(x)eL?([-n,+n])

converges in_mean square or in_quadratic mean (i.e,
w.r.t. ||-][,) to f(x).
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Theory
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The summability of a function @(x) in the interval [a, b] is a more general
| property than the Riemann integrability* because, even if the function is not
contmuous it guarantees the existence and finiteness of the mtegral i. e.:

tangent grows
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Examples: summable functions and not [ ot

0
syms X n positive; f0=1/x; 3 syms X n positive; fl=1/sqrt(x);
;lg==1nt(f0,1/n,1) {]n(f)} g ;l:.==1nt(f1,1/n,1) {]n(f)} §
log(n) 3 2 - 2/n~(1/2) =
[int(f0,0,1) limit(Je,n,inf)] |3 | [int(f1,0,1) limit(J1,n,inf)] S
ans = — ans_= Y
[ Inf, Inf ] o [ 2] 5
fplot(Jo,[1,1000], 'Color','g") X fplbt(J1,[1,1000], 'Color','r")
syms x n; f2=1/sqrt(sqrt(x)); |4
J2=int(f2,1/n,1) {7.(H} 3 1
D

e : T(m) = [ oxyax
4/3 - 4/(3*n"~(3/4)) S
[int(f2,0,1) 1limit(J2,n,inf)] 3 sogl™
ans = Ll% 7 AL
[ 4/3, :
fplot(J2,11,1000], 'Color','b') |2 [ 1e

0 —s | —

A :f(;);%; 4 —_— =l art)

— (x)=1/sart(sart(x))
3L

a singularity atx=0 o 01 02z 03 04 05 06 07 08 08 1

X

O /| 1 1 1 1 1 1 1 1 1
0 100 200 300 400 500 600 700 800 900 1000
n
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Examples: partial sums of Fourier Series in [0,1] of ...
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mean of the left and right limits




Fourier Series (FS) of fin [-n,+n]

o . . Partial Sum of order (N+1)
A generic trigonometric series (Nt degree trigonometric polynomial)
(Xf() ) k ) k (XO N/2 .
7+ ;[Oﬁk cos (kx) + P, sin (kx) (real form) 7+Z[ak cos (kx)+ B, sin (kx)|
= k=1
io , el (complex form) /2 " N must be even
k Z Y€
k=—00 k=—N/2
is said a Fourier Series of f(x) in [-m,+n], by definition, if its
coefficients are defined as:
+ [ (£, cos kx) n connection between real
3% = ’ = %ff(x)cos kx dx and complex coefficients
o <cos kx, cos kx> -
S (7, sin kx) f Y=
1 G , SIN c
& |[B, = i :%ff(x)smkx dx 2 o o, =27,
§ (sin kx, sin kx ) v v, = o, ;lBk =Y, +Y,
B <f’e_ikx> 1 f —ikx o, +ip, | =120 | (B =~V — V)
| e = <e—ikx,e—ikx> — Tnj;f(x) € dx Y« :kTBk

Exercise: Using the Symbolic Math Toolbox, verify relationships
between real and complex Fourier coefficients
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2
k

coskx sinkx periodic functions with period =

A\ \/\/
Lﬂ/)&&

common period: 21

e = i
70 -+ Z [Ckk COs KX[+ ﬁk sin KX elementary waves

A trigonometric series, if convergent, always has
a continuous and periodic sum with period 2.

Partial sums of a trigonometric series are trigonometric polynomials

Fourier Series SCp2_13.9
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.. physical interpretation: recalls

elementary waves

periodic with period P

p=2L

‘ /s

simple harmonic motion
X(t)= Asin|o+ of]
or equivalently

X (t)= Acos|o+ ot

I

litud
amplitude ohase

initial phase

frequency v:l If the period P is measured in seconds, then the
P frequency v is measured in Hertz = cycles sec™!

t

Hz = cycles sec”!

frequency v:
number of complete cycles
or oscillations per time unit.

t

radians sec™!

frequency w:
angular speed, i.e. the
change speed of the angle
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Trigonometric polynomials

N th degree algebraic polynomial (<> N+1 coefficients)
N

SCp2_13.11

Py (X) = Gt C; X + Cy X F -++ +Cy X

N th degree trigonometric polynomials (N+1 coefficients)
periodic functions of period 2n

S (x)=0a, +0o, cosx+pB, sinx +a,cos2x +p,sin2x -

Fourier Series

inreal form | (Sy(x)eR) T % cos{gr + By sin(x)x

by replacing:  coskx =

.. IT becomes:

(prof. M. Rizzardi)

Ty (x) =7 &0+ 4y e ™y e 4y, +

in complex form | (T(x)eC) + yleix + yzeiz" 4oty (+id)




Trigonometric polynomials

A particular trigonometric polynomial Q(x) with
N+1 coefficients is the following:
Q(x):CO —|-C1€ix _I_Czein _I_C3ei3x ‘I—“'—|‘CN€iNx
in complex form | (Q(x)eC)
O(x) is a par’ricular@’rrigonome’rric polynomial
with N null coefficients (those with negative indices)

it is a periodic function of period 2n

by setting z=¢", forxeR, Q(x) becomes Q(z), i.e. /

\[(0,1)

),
N/

(Q(z) looks like an Nt degree algebraic polynomial, computed
for z=e*€I'(0,1) (i.e. on the unitary circle centered at O): 7 is periodic

Fourier Series SCp2_13.12
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Connection between trigonometric and algebraic polynomials

: : N even
In general, if we write

—I—i%x

Ty () =y ye "+ by ™ Fy e Ly ye 1,6 by e

as
T | —ifx ix i2x i5x
v(x)=e Yoy TV yp€ TYy,€ ot vYe” +
(L+1)x i(X+2)x N
the common factor +v,€ ? + v,€ 7 +--t 'Y+ﬂ€l )
was extracted 2

by setting z=e", for x € R, Ty(x) changes into Ty(z), i.e.

N

TN(Z): Z_z (Y_% -I-Y_%HZ—I-V_%HZZ —|—_|_yoz% 14

AR SN R )

Iy (Z):Z_%Q Z)‘“Q(Z) — €y ‘|‘C1Z-|-CZZ2 ‘|'C323 ‘|'"“|‘CNZN
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How can we evaluate a trigonometric polynomial in MATLAB?

O(x)=c,+ce” +c,e™ +---+cye™

Z O(z)=c,+cz+c,z° ++cyz z=¢e"
é Z=eXp(i*X) 5 fliplr : if c=[c,, ¢4, C,,..., Cy] is @ row-wise vector,
© Q=polyval(fliplr(c), z); flipud: if cis a column-wise vector
£1iplr(A) flip left right: flip array left to right '}AF
FLipud(A) flip up down: fliparray up to down e O
_N N
T,(z)=17z ° (y y HYy a2ty w2 Y2t +
= " o ty Ty, et Y+%ZN)
S TN(z)zz_% Co+Ciz+c,2° +-+ z=¢"
d “ +o ey )

v

z.~(-N/2)| .* polyval(fliplr(c), z);

z=exp(i*x); T_N

Fourier Series SCp2_13.14
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Example of Fourier Series in [-r,+7]

SCp2_13.15

o, = %]¢(t>cos(kt) dr

70+Z o, cos kx + B, sin kx|, p
k=1 1 )
| ‘ 1. 1. B = [ o(t)sin(kt) ar
d)(x):—xNsmx——sm2x+—sm3x— lf
2 2 3
zoom of last 10 partial sums
order of partial sums 1t
syms t; f = t/2; k=(0:60)"'; 4 9
a(1+k)=1/pi*int(f.*cos(k*t),t,-pi,pi); 0 S
b(1+k)=1/pi*int(f.*sin(k*t),t,-pi,pi); 05f UL"
double([a' b']) T k)
ans = 150 %
0 0 3 2 A 0 1 2 3 ©
(%] 1 1
(%] -0.5 -1/2
(%] 0.3333 1/3
(%] -0.25 -1/4
(%] 0.2 1/5
%
| -
N
N
[a'4
=
Y-
o
&




Example of Fourier Series

o(x)= 5 X~ sinx —Esm2x +§s1n3x —
Approximation of the function f(z) = % in [0,+27]
Approximation of the function f(z) = 7 in [—7,+m7] gl ] fix) : : :
, : ' partial sum (ord. 61) of Fourier Scries
6t —fi{x)
partial sum (ord. 61) of Fourier Series
4+
2 -
6 /
2
-4 -
6
5 0 5 *
T

The Fourier Series fits the restriction of the function f(x) to

the interval where it has been constructed, and then repeats
itself periodically.

Fourier Series SCp2_13.16
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The Fourier Series di ¢(¢) in an interval of width T
describes the periodic repetition of ¢,(x), where ¢,(x)
is the restriction of ¢(x) to that interval.

SCp2_13.17

T

In general the periodic repetition of ¢(¢) with period T is
defined, in the interval [0,7], as

S (. G AN

(prof. M. Rizzardi)




Of course, in the previous definition of Fourier
Series, both the interval [-n,+n] and the period
27t are not a limitation. In facts, by means of the

following affinity a FS can be written for the
generic interval [a, b] and with b —a as its period:

t €[a,bl——x=7=(1—a)~n € [-m 4]

What elementary
affine transfor-
mations does it

~ ~
1 ~ ~
~ ~
1 So S<
! AN BRI
1 ~ =
\\
1 ~
~
1 ~
~
! ~
1 ~
\\ S<
1 ~ ~<
1 ~ ~
~
\ ~
.
T So
1 S~ CO“SIS O
~
1 ~ B
~
S<
— ! ~
~
1 ~
<
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Fourier Series (FS) of fin [a,b] with period b—a

__2 g —mel—
%-Fki;l[akcos(kx)Jersin(kx)] ! < [a’ b] X = b —a <t a) me [ TC, +TC]
i b
o GOO @, = f f(’C)COS{k[bz“a(ra)nH’ dt
70+Z{a x COS |k 2E (i—a)-n| +[3, SIN k2% (t—a)-n } : h
eal fcfr:rrl] B, = ﬁff(r) sin {k[bz_na(r—a)—n” dt
 real caoefficients
00 k| 2T (t—a)— b —ik| 2% (1—a)—n
§% g e o=t [ £y
k:— a
comOBIex form complex coefficients
particlla” Fourier Series (FS) of f with period 7 in |-2.+1
te|-L,T =28 c[—m+n]| | v
. E[ 2 2__ T €[t o, :%ff(x)cos 2;‘]%] dr
%—F Z[ak COS 2;‘]‘1,‘ -|—Bk sin 2;‘]“1,‘ == (real form) < +;A
k=1 : k:%ff(x)sm[z"]dr
-

e ik2n \ 7 .
Z Vke T — (CompleX form) Y = % f f(X) e T ¢
k=—o0 Y

Fourier Series SCp2_13.19

(prof. M. Rizzardi)




Example of Four'ier' Series in [a,D]
Z Vi€ K

draw all the partial sums /

(r a)—n}

d=| in complex form

f=@(tau)tau/2; a=0; b=1; T=b-a;
syms t real
Nmez=30; k=(-Nmez:Nmez)'; m=Nmez+ly % middle index of coefficients

c(m+k)= double( 1/T*int(f(t).*exp(-1i*k*(2*pi/T*(t-a)-pi))} t,a,b));
c=fliplr(c); % to use polyval

t=linspace(a-2,b+2,101); x=2*pi/T*(t-a)-pi; % project [a,b] onto [-pi,+pi]
z=exp(1li*x); % change of variable
S=zeros(numel(t),Nmez); % matrix of partial sums

for k=1:Nmez

S(:,k)=z.~(-k).*polyval(c(m-k:m+k),z); % partial sum of order 2*k+1
end evaluate a trlgonme ric polynomial

figure; plot(t,real(S)',t,f(t),'-.k'); axis equal; grid

Zoom

0.2 0.1 0 0.1 0.2 0.3 0.4 0.5 -2 -1.5 -1 0.5 0 0.5 1 1.5 2 25 3
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Existence and convergence of Fourier Series
(sufficient conditions)

1
f(x)eL'[a,b] ||» Fourier Series of f exists

( f summable)

f(X) e L2[a,b] II» Fourier Series of f converges

( f square summable) to f In quadratic mean (||-||,)

scp2_13.21

Fourier Series

f(x) eL?[a,b]
and f satisfies the ||
Dirichlet conditions

Fourier Series of f converges
pointwise to f and uniformly
(/I'll.) where f is continuous

Dirichlet conditions
= f is abounded function in [a,b];

= afinite partition of [a,b] exists: i.e.: f is bounded and with only

a=x,<x,<--<x,=Db - discontinuities of the first kind

such that f'is monotonic in every [x;, xiﬂ].J

\

(prof. M. Rizzardi)




Convergence of Fourier Series
(sufficient conditions)

Teor. | f(x)el2[a,b]
and f satisfies the I
Dirichlet conditions

Fourier Series of f converges
pointwise to f and uniformly
(/I'll..) where f Is continuous

4

more precisely:
the Fourier Series of f converges pointwise in [a,b]:
its sum equals

> flx) if f 1S continuous at x;
> Yl fx_) + f(x,)] if f is discontinuous at x;

around a discontinuity jump, it shows the Gibbs' phenomenon.

Moreover, the convergence is uniform in every subinterval of
la,b| where f is continuous.

—IW f can be expanded as a Fourier Series

Fourier Series SCp2_13.22
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T=27

Example: function that can be expanded asaFs |

. . : &

Xe[-n,m] f(X) = signum(X) = %[Sln X 5“133)‘ | Sm55x | ] >
e uniform convergence i uniform convergence i i
S RO M%)

4 e | | 8

N A 1/ B N f 3

I | ?

oot . + g

PR / - 5

== =

Gibbs’ phenomenon at each jump discontinuity




Around each jump discontinuity of the periodic
repetition of f(x), partial sums of the Fourier
series of f(x) show spurious oscillations which, as
the order N increases, do not decrease in
amplitude even if they always occur in
increasingly narrow intervals. This phenomenon is

called the Gibbs phenomenon.

| | |
| | |
i i P )
W 2 o LAl ‘ B XC o DO N
Smavisid o S
| |
| |

Jjump
jump |
jump
jump

periodic repetition of the signum() function in [—m,+7]

jump

Fourier Series SCp2_13.24
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Example: function that can be expanded asaFS |:
xe[~m,n] f(X) =y ) lsin X sin22x | sin33x sin44x . ] !
.| allthe partial sums pass through the meanofleft | e, ]
777777777777 | and right limits
: =

Gibbs’ phenomenon at each jump discontinuity




Example: function that can be expanded as a FS
_ _m 4 | COos3X | COos3X
XG[4—TC,7I'] f(X)=X=5—= [COS RL7 2 | 5
N wifem |
, 1 A\ convergence A ;
AN /N
R T +++++++++ N\ |
/N /  \
| , |

No Gibbs’ phenomenon T=2m

Fourier Series SCp2_13.26
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Example: function that cannot be expanded as a FS 2
3
X € —%,Jrg tan(x) ~ 2|sin(2x)—sin (4x)+ sin(6x) —sin (8x)+ -
Fourier Series of tan(x) exists,
but it does not converge at any point, except O | g
&
Partial Sums of order 146..150 g
L —— .
B i}'
S ) |
i A M b” A" |
O T L nnemmone ; e oo ﬁ””w' =
Y il | N
B L T &
| ; =
10 4 777777777777777777777777777 fffffffffffffffffffffffffff qé
1.5 1 0.5 é) 0.5 1 1.5




>

Example: function that cannot be expanded as a FS

0
-
e
)
>
O
-
)
D
©

S ]—TE,HE[ O(x) ~ Lﬂ[l—l—Zcosx—|—2cost—|—2cos3x_|_...]

f+006(x)dx

—00

1

_1(x : 30
8(x)= lim € o <:I Normal distribution 2N{0,€) <:_| 20|
e—0 8\/% )

a=-pi; b=pi; N=101;
maxY=1.1;
x=linspace(a,b,N)";
y=dirac(x);

idx=y == Inf;
y(idx)=maxy;

stem(x,y, '.k")

Dirac delta function: y=4§(x)

> [ 1(x)8(x—c)dx=f ()

0 0
the Dirac* delta function 8 S(x)z{ o

oo x=0
pe(m) = 1/[5\/%]3’1/2@/5)2
(sifting property) =001

. | SZO.%‘S:O. 1

-1 -0.5 0 0.5 1
an

2

35

30

25

20

* Paul Adrien
Maurice Dirac

15
Al ]
0.8F 110
06F 5
04f 0
02l ] l l l 1 l l } Nobel Prize in
' B e L O —— Physics (1933)
°L —> € AP | | i : i with Erwin
-3 2 1 0 1 2 3 -8 6 4 2 0 2 4 6 s Schroedinger

Fourier Serie exists, but it does not converge around x=0 to &(x)
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Dirac comb function (or pulse train
or sampling function)

The Fourier Series of 8(t), w.r.t. the interval [-T/2, T/2], is:

O(t) ~L|1+2) cos22t|  real form
k=1
+oo iz—k”t
~LE N e complex form

k=—0

and it is assumed to define a periodic function of period T, 8-(t),
called periodic impulse function (or pulse train or Dirac comb funct):

50 5§ 5T

;/ T~

usually it is used in applications to describe sampling

To emphasize its characteristic of being by convention a periodic
repetition of Dirac &, this function is also denoted as

5,(t)= 3" 8(t—kT)

Fourier Series SCp2_13.29
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Fourier Series Applet

File Actions Options

Sine

i Cosine
Triangle
Sawtooth
Square
Noise
Phase Shift
Clip
Resample
Quantize

? ¢ Rectify

l e 0 0% 0%0%0%0%0%0040004030,0,0,0000000000000

Full Rectify
High-Pass Filter

Clear

Sound
Mag/Phase View

Cosines

Number of Terms
< ol f—

LA R A 2 S R S R R R R R R A R S S A R A R RS S R RS R A R R Play"'lg Frequency

http:/iwww.falstad.com

https://www.falstad.com/fourier/
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> Proper
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Main properties of Fourier coefficients [1] ;
I
Letc# be the mapping that connects a function f(x) to its Fourier coefficients S
{FC.[f]} (real coefficients {(a,B) }, or complex coefficients {y,},)
. f—> CJ(/”-[f] — {FCk[f]}k FC: Fourier Coefficients
= o7 [f]is linear.
= If f isan even function, then 3, = 0 Vk, i.e. its FS only contains cosines. K
= If f is an odd function, then o, =0 V£, i.e. its FS only contains sines. g
= |If f isrealvalued, then v ,=v,,, Vk. =
= Time Shifting Property: if f(x) is shifted by a constant f(x—h) then its Fourier
coefficient #k is rotated by an angle —k#, i.e.
FC,[ f(x=h)] = e FC, [f(x)] Vk
= Differentiation of f(x): if also f'(X) can be expanded in FS, then its FS is obtai- %
ned by differentiating the FS of f(x) term-by-term, i.e. 5
> FC;\,[}C'(A)] = Ik FC/\[f(A)] VEk f
This property can be used to approximate f’(x) starting from samples of f(x) =

(numerical differentiation)




Main properties of Fourier coefficients 2]

= Convolution Property: given the Fourier coefficients of two functions, FC| f]
and FC[ g|, then the Fourier coefficients of their product f-g are given by the
convolution product FC[ f|*FC|[ g | of their coefficients and vice versa, i.e.:

FC|fg] =FC[f]*FC[g] and FC[fxg]=FC[f] -FC[g]

where

FClf]={r} | FClfg={a): = 3 n
FAsI=t) Felreg={a}: a,=1un,

and the convolution * between f, gELl([—TE + 1] ) is defined as:

[fxg](x ff (t—1)d

Parseval’s identity
It gives the signal energy

+7 .
f|f(x)|2 dx =2n Z |yk|2 in terms of the Fourier
— k=—o00

coefficients of the signal

Fourier Series SCp2_13.33
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S 7 H della funzi =a? i 5-')
> re™ Properties of FCs: examples | e cecs [ &
kZ—OO 5 NI
50 S}
00 . ‘ %)
70 > |o, cos(kx)+ B, sin(kx)| 3
k=1 1
If f is an even function, then 3, =0 Vk, ||, [ 2e0000000000000000a
ay, della funzione f(z) = z in [, 47| i'e' its FS Only Contains COSineS' ; ;k della f:nzionc _:’Zr):x:n [—, i:'r]
Example: fx)=x*  —p
0300606006000 0606060600000606¢ 00-6-6-6-600006606060600006000606¢ v
Y
0.5 0.5 &
. . 0
) If f is an odd function, then o, =0 Vk, . 5
o i.e. its FS only contains sines. ¢ 5
O, della funzione f(x) = @ in [, +7] LE
‘a: ° lllllliéé‘!’&&&éébbbéé @ Example: f(x) A RC[;YI;] (lellafun;aiﬂlfs{‘l(x) J‘lfjﬁ(iu—ﬁ) in [, +7
2 (V] . 8
S S Se f is a real valued function, then its || _ —~
— -20 -15 -10 -5 0 5 10 15 20 -'o
FCS are Complex and SUCh that y_k: ’Yk‘ Im[y;] della funzione f(;():z?(:t—S) in [—m, +7 :?:
° N
Example: fx) =x}(x-3) =) &
HHU =
FIHIII] M [Tttt L,S-
l
-20 -15 -10 -5 l: 5 10 15 20




Application of Time Shifting Property

Starting from the FCs of f(x) in [-n,+xn], we can write the Fourier

Series expansion of the shifted function f(x-h) , h=nr, in the interval
[0,27] or in any other interval of width 2x:

FCf(x—h)] = ™ FCf()]
. in [0, 27 in [, +]
]in [~m+h, T+hA] I'” [~ +7] FC.[f (x[— ﬂ})] 7{ e~ FC, f(x)]

ourier Series in [, +7]
Function ¢(x) = f(x — n) —
i . i 2t funzione f(x)
A ridotta S, (x)
2t funzione f(x)=sign(x) 4
funzione traslata o (x)=f(x-h)

o - ) A
- s 2}
| shlf'F p » S : " ” 5

P 4 2 0 2 r 6 Fourier Series in [0, 27|

pf=@sign; T=2*pi; N=60; =
. C: (column-wise vector) FCs in [, +n] T
cT: FCs of the shifted function _
ST: partial sum of FS of the snhifted function || J
h=pi; k=(-N/2:N/2)'; cT=exp(-1i*h*k)|. *c; 2f
ST=exp(-i*N*pi/T*x).*polyval(flipud(cT),exp(2i*pi/T*x)); '

Fourier Series SCp2_13.35
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7 O
FCfx~h)]= " FC,/fv)]
|
l, ) in [-n—2, n-2] in [, +n] -1
in [-n+h, t+h Ln =T - 3
L FATL G, flx +2)] = 2% FC,[ f{x)] »
h=-2 Fourier Series in [, +7]
FunCtIOH (I)(X) :f(x + 2) 2t funzione f(x) l
n’dottassﬂ(x)
2 _' funz'ione !(x)=si9"1(x) | ] L [ \
funzione traslata o(x)=f(x-h) of 1
1 ; ‘ .
of 9
2F | -
a &))
2 -6 -4 2 0 2 4 6 &_)
S : % . : p ” Fourier Series in [-n—2, +1—2] =
(o]
. w
pf=@sign; T=2*pi; N=60; 2 [ nione it
.. ¢: (column-wise vector) FCs in [-m,+7] 1 -
cT: FCs of the shifted function ol
ST: partial sum of FS of the shifted function |
h=-2; k=(-N/2:N/2)'; cT=exp(-1i*h*k).*c;
ST=exp(-i*N*pi/T*x).*polyval(flipud(cT),exp(2i*pi/T*x)); Q" .
6 -4 -2 0 2 4 3 -é
P (=}
Exercise I
Given the Fourier Coefficients of f(x) for the interval [-7,+7|, obtain the formulas to get | =
the Fourier Coefficients in the interval [0,27| by applying the Shift Property to the S
Q.

Fourier Coefficients in the interval [—m,+7|. Similarly for the interval [0,7] w.rt. [-T/2,
+7/2]. What changes between the two algorithms?




Properties of FCs: examples

Differentiation of f

If also /' can be expanded as a FS, then its Fourier Series is obtained by
differentiating the Fourier Series of f(X) term-by-term, i.e.

S et WP FCLS (X)) = kECf)

SCp2_13.37

k=—00
Example
\)]
2
) fun=@(x) x.”2; funl=@(x) 2*x; T=2*pi; N=50; g
f <x> — X % ... ¢, S: coefficients and partial sum of the FS of fun in [-m,+7] L
f’ <x> —2x k=(-N/2:N/2)'; C€l=1%*Kk.*C; % coefficients of the differentiated series =
Sl=exp(-i*N*pi/T*x).*polyval(flipud(cl),exp(2i*pi/T*x)); i
Approximation of the function f(z) = z* in [—7, +7| Approximation of the function f'(z) =2z in [—7, +7
12 , : : : : :
fix) 10 f'(x) -
10 partial sum Fsdl [f] partial sum FS4| [f] I
5 ( ]
8 -
=
6 0 S
N
4t . S1 o
5t 5
2 S
S 10 N
O !




Differentiation of f

Properties of FCs: examples

If also /' can be expanded as a FS, then its Fourier Series is obtained by
differentiating the Fourier Series of f(X) term-by-term, i.e.

S et WP FCLS (X)) = kECfX)

k=—00

Flx)=lv

f'(x)=signum/x)

Example

fun=@abs; funl=@sign; T=2*pi; N=50;

% ... ¢, S: coefficients and partial sum of the FS of fun in [—m,+7]
k=(-N/2:N/2)'; C 1=1i*k.* C; % coefficients of the differentiated series
Sl=exp(-i*N*pi/T*x).*polyval(flipud(cl),exp(2i*pi/T*x));

Approximation of the function f(z) = |z| in [-7, +7] Approximation of the function f'(z) = sign(z) in [—m, +7]

8

.

f(x)

partial sum FS  [f] l 31

f'(x)
partial sum FS | (]

2 -

1 A ooa Aot}

4 A4

°f S1

Fourier Series SCp2_13.38
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[ ) (o)}
Properties of FCs: examples 2
I
Convolution Property: given the Fourier coefficients of two functions, FC[f] and FC[g], |l &
then the Fourier coefficients of their product f-g are given by the convolution product ?
FC[f]*FC|[ g]| of their coefficients and vice versa :
FC[fg]| =FC|[f]*FC[g] e FC[f+g]=FC[f] FC|[g]
Square wave rectpuls() and triangle wave tripuls()
)| | Example
.| square p;('ie function The convolution of 2 square pulses is a triangle pulse ‘§
0 3 \)\ in Signal Processing Toolbox (num) ‘§
[f® f]() Compute N+1 FCs for the square pulse by rectpuls(): F1 2
At - - Compute N+1 FCs for the triangle pulse by tripuls(): F2 3
triangle pulse function Compute the Hadamard product of the FCs: F = F1.*F1 -

5 2 o ; ) 5 Evaluate the partial sum S with coefficients F

: F. coefficients must be
X Draw the partial sum S

computed numerically

modulus of 65 of the FCs partial sum of order 65 with coeffs F1.*F1

0.2
—— coeffs of rectpuls()
—— coeffs of tripuls() 2 oy
21 S
0.15} <
o
1 o AN N
0.1} o
0 AT N'Ad 0 =
0.0 | | 4| partial sums of order65 | | S
of the two series =
R Inh.llh,,lllldlum “”"h[“[n]“l.ﬂh 1 N N I B L ||
40 20 0 20 40 -3 -2 -1 0 1 2 3 -3 2 -1 0 1 2 3




> Numeri
coeffici

> Examples.
> Windowing er

of Fourier

liasing error.
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Numerical Approximation of Fourier coeffs

In order to compute the coefficients of a partial sum of a FS
in [-T/2,+T/2]

partial sum

1‘— trigonometric polynomial

... the simplest idea would be to use quadrature formulas!

T
+7 - 2km _2knt
—i—

_j2kmy
’Yk=TLff(t)e ! dt%QNH[f(t)e "]

T
2

discretization parameters: T e N

However, this approach proves to be very inefficient and,
above all, very inaccurate w.r.t. the use of the DFT ...

Fourier Series SCp2_13.41
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Example: numerical approximation of Fourer
coeffs by means of numerical quadrature

Let us assume a Fourier Series be convergent. What does it happen
to its “numerical”* partial sums as its order increases?

* j.e. whose coefficients are approximated by numerical quadrature

+ 00 i&x +J% ) i&x v ok
FX)=>re ™ ~8.,(x)=> re’ V= Q[0 ]
k=—00 order =N/ h Y /
qguadrature rule
o +10 i&x
2 Su(x)=2 ver Sv(x)
= k=—10 21
v . +20 _ Zkm 11 2kn +10 &x +20 @x
-9< S41(x)=Zyk€T :ZYkeT +Zyk +ZYk
% k=—20 k=—20 k=—10 k=+11
o & +30 __ 2km 21 2kn +20 +30 @x
« kS61(x>:ZYkeT :ZykeT +Zyk +Zyk
k=—30 k=—30 k=—20 k=-+21
S (x)

To get the three partial sums, simply compute all the coefficients of that of

highest order, and then suitably select the coefficients symmetrically w.r.t. the
middle index.

Fourier Series SCp2_13.42
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Exomple: numerical approximation of Fourer coeffs
f (e, by means of numerical quadrature
T = T

T=4; Nmax=60, fun=@sign; x=linspace(-T/2,T/2,401); ytrue=feval(fun,x);

gfun=@(X,K) fun(X).*exp(-2i*pi/T*K*X); % integrand function

coef=[ ]; Nfun=0; % Nfun: number of function evaluations in the quadrature rule

for k = -Nmax/2 : Nmax/2 quad is a quadrature routine (Simpson rule) ! L
[Q,fcnt] = quad(@(X)qfun(X,k),-T/2,T/2);
Nfun=Nfun+fcnt; coef=[coef Q/T]; % coef: row-wise vector

end compute all the coefficients - Simpson rule |
m=Nmax/2+1; % middle index i m b

N1=Nmax/3; % 21 symmetrical coefficients w.r.t. the middle index
Sl=exp(-i*N1*pi/T*x).*polyval( fliplr(coef(m-N1/2:m+N1/2)),exp(2i*pi/T*x) );
N2=Nmax*2/3; % 41 polyval( coef(m+N1/2:-1:m-N1/2),exp(2i*pi/T*x) )
S2=exp(-1*N2*pi/T*x).*polyval( fliplr(coef(m-N2/2:m+N2/2)),exp(2i*pi/T*x) );
N3=Nmax ; % 61 polyval( coef(m+N2/2:-1:m-N2/2),exp(2i*pi/T*x) )
S3=exp(-1*N3*pi/T*x).*polyval( fliplr(coef(m-N3/2:m+N3/2)),exp(2i*pi/T*x) );

polyval( coef(m+N3/2:-1:m-N3/2),exp(2i*pi/T*x) )
plot(x,ytrue, 'k',x,real(s1),'b',x,real(s2), 'r',x,real(s3),'g")

»

fliplr(A) flip left right: flip array left to right

out
\\7 flipud(A) flip up down: flip array up to down %)

Fourier Series SCp2_13.43

(prof. M. Rizzardi)




Partial sum of order 21 by quadrature Partial Sums of order 21 and 41 by quadrature

15+ = part. sum S,, | 15! ——part. sum S,

= signum funct. = part. sum 821

T 7 1 | | signum funct.
0.5r 1 0.5¢
0F | ol
-0.5r 1 -0.5
1t ’ | 1l
157 KD : 15¢

| : 2

-2 -1 0

Partial Sums of order 21, 41 and 61 by quadrature

Nfun number|of function evaluations
part. sum 861

Nfun =
——part. sum S, “ ‘ H i H LA 2y

o I 1111 Lt 34857 | INEFFICIENT!

1.5}

= signum funct.

0.5
_0:: | INSTABLE (it amplifies
A Al Il l”", PP o) the roundoff error)
15¢ "HHH"' ® & o | If we also use a more accurate MATLAB

, | | | | function [quadl (), quadgk()] this effect
2 -1 0 1 2 occurs later anyway
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Numerical approximation of Fourer coeffs by
means of numerical quadrature

If, instead of the expression of the function f(x) (as in the
previous example), we only have some of its samples (x,, y,), in
order to use a quadrature routine, it needs to create an
interpolating or approximating function /" ~f to be used in the
integrand function as a parameter for the quadrature routine.

Therefore we introduce, in addition,
an approximation error.
The results will be worse than beforel

THIS ALGORITHM SHOULD NOT BE USED

Fourier Series SCp2_13.45

(prof. M. Rizzardi)




Example: numerical approximation of Fourer

» coeffs by means of DFT

_ il 2n
vk=lff('t)€ e
7
/2

T=4; Nmax=60; fun=@sign; x=linspace(-T/2,T/2,401); ytrue=fun(x);

tj=linspace(-T/2,T/2,Nmax+1)"; fj=fun(tj); (t,f;): 61 samples of f(x)
f=[.5*(fj(1)+fj(end)); fj(2:end-1)];
c=Fftshift(fft(f)); c=[c; c(1)]/Nmax; C: column vector

c(2:2:end) = -c(2:2:end); algorithmjusing DFT
m=Nmax/2+1; % middle index

N1=Nmax/3; % 21 symmetrical coefficients w.r.t. the middle index

Sl=exp(-1i*N1*pi/T*x).*polyval(flipud(c(m-N1/2:m+N1/2)),exp(2i*pi/T*x));
N2=Nmax*2/3; 7% 41
S2=exp(-1i*N2*pi/T*x).*polyval(flipud(c(m-N2/2:m+N2/2)),exp(2i*pi/T*x));
N3=Nmax; % 61
S3=exp(-1i*N3*pi/T*x).*polyval(flipud(c(m-N3/2:m+N3/2)),exp(2i*pi/T*x));

plot(x,ytrue, 'k',x,real(s1), 'b',x,real(s2),'r',x,real(s3),'g")

fliplr(A) flip left right: flip array left to right

out
\\7 flipud(A) flip up down: flip array up to down %D
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1.5+

1 -

05+

0 _

-0.5

-1

-1.5¢

Partial sum of order 21 by DFT

= signum funct.
m— part. sum 321

-2 -1

1.5}

0

1

2

Partial Sums of order 21 and 41 by DFT

= signum funct.
m— part. sum 821

m— PArt. SUM 841

-2 -1 0 1 2

Partial Sums of order 21, 41 and 61 by DFT number' Of funCTlOn evaluations

= signum funct.

— Part. sum 821

m— part. sum 841

part. sum 861

2

Nfun=61 EFFICIENT!

DFT just requires the input samples

no amplification
of roundoff error

' (cond(DFT)=1)

DFT computed by the FFT algorithm gives a
stable, accurate and efficient algorithm
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Numex:ical approximation of Fourier coeffs
In [—T/2, +T/2] by means of a DFT

By means of a DFT we can simultaneously approximate all the
coefficients of a partial sum of the Fourier Series of f

£ iy Ay 2 2k
SreT =S (x)=> yer =t [fme T a
k=—o0 k=—N/ _%

Algorithm idea: we start by applying the Composite
Trapezoidal Rule TN 41 *) to the integral, with N=2m (even).

: Recall
() Composite Trapezoidal Rule Ty, /L

with N equally spaced panels a b

[/ oty 7y fol= 52 ol +o(8)] 4

Ewhere 2 —a+](b a)

Fourier Series SCp2_13.48
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Algorithm derivation: by applying Ty, ; (N=2m) to the integral, we get
N+1knotsin [-T/2,+T/2]: , =—5+jx, j=01..N ‘ j 2k
Ve -—ff(t)e Tt
Ty lo]= {%[(P(a)‘F(P(b)]—l—Z;(p(tj)} ! (t) J

NS B YRRV 2 o PR PR o e |
YkNYk—N*Qﬂ 7)e +f(+5)e +Zf(t].)e -

0 .
1/ ¢ e® = cos(0)+isin(0)| : periodic function of period = 2n

> Euler’s formula
r'(0,1) -J (_1>k 1 ) ) N_1 i%(_kj)
Ve V)= 15l (C5)+F 5+ 20 (1 )e

numerical approximation of the k™ Fourier coefficient
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In particular, the first and the last coefficients are equal

>
SCp2_13.50

‘<
|=
&
<
|=
I
N [—=
~
|
N[N
N———
+
~
—
+
N[N
—
+
i
~
RS
\N
N————
Q -~
N
|
I\J\|‘2
—
|
1]
Fourier Series

:é‘

j=1 N

N

. N N - voo—y |2

for k=—5 0, (51 since 'Y_%—'Y% =
< N — > «— N+l —> || &

Then, N coefficients are computed instead of N+1: k= —%,...,O,...,




Indeed, given N+1 samples (/V is even), you can only get N
different coefficients. If you try to compute more of them

(outside the indices {-N/2, ..., +N/2-1}) you get the same
coefficients again. (thisis a consequence of the DFT,, periodicity)

A

VNH—(_?VZH[%VH)H( D)+ fof(a-)e’W

For instance, given 5 samples (N=4) we can only get: @ Y VooV @

They are repeated periodically

~

"’Y—Z’?—l’?0’?—{-1’?—2’?—1’?0’? ? y 1’YO’Y+1’

‘<2
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2k

. =X i
0 ET/2,4T/2] Sun(0) = Sua0= 3 7€
= o
N—1 _2_7rikj ?

Y ® [f D+ (D) ]+ 2 (e

=1
( 1) N —1 _
_ Jk — N
'Yk fj Wy | for k——j,...,O,...,

J=0 1 3
N1 . . )
: but] indices differ from 2
it looks like a DFT F. ={> _ f; o} =i those in a DFT i
- €
K — _% ,,,,, _2,—1| iRk R _ BNk _ B h= N —k % ..... N-2,N-1|[ *

—,—+1,---,N —1}e

=
>y
=
Z
=
(prof. M. Rizzardi)

— AT Quiz
]éa— 7 , ottty — 1, e .................... 1 and in [0, T ]?




~ _ ()= ik N N
’Yk :—.ij (DIJ\I per k:—7,...,0,...,7—1
]=0

N |4
The summationﬁ: computed using a DT [{] as long as a rearrangement
of the N components js carried out (by the DFT, periodicity):

SCp2_13.53

\ Zrppzzrp7220724 NN Gz NN | 7022222 NN 7

Fourier coefficients -

k:0,1,...,%_1,%,%+1,...,N_1 /Fk: Of].e—ij\?kj

Y DFT,[f]

rearrangement
of components

2 k| N-1
~ 1D —i5rkj N N
Vi = N E f].e MGk =-5. 0,5 -1

j=0

At last, to compute Y we add: the last coefficient Y x =7V «
— 2 2

and the scale factors (—1)¥/N, k=-N/2,...N/2

Fourier Series
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Algorithm for 7,

SCp2_13.54

Input: N+1 equispaced samples f,=f(t;) (N even)
in [—T/2, +T/2]

fo =3[ (t)+ f (t,)]
f

1. Define the sample vector {:
f; (tj), j=1..N—1

Fourier Series

2. Compute the DFT (MATLAB £ft())

3. Reorder the vector><(lVlATLAB fftshift())

4. Add the last component” and the scale factors
“ the same as the first ((_1)k/N, k=—N/2,..., +N/2),

(prof. M. Rizzardi)

(—=1)* means that we change the sign of the even or odd place components
according to the value of N/2.




What are the changes in the algorithm for Fourier
coefficients computed in [0, 2xt] orin [0, T']?

Exercise

Fourier Series SCp2_13.55

(prof. M. Rizzardi)




MATLAB examples: partial sum of Fourier Series

pf=@(x) ..; % f(x)
x=linspace(-2*pi,2*pi,499); y=pf(x); % for graphics
N=14; T=2*pi; tj=T/N*(-N/2: N/2) 5 Fj=pf(tj); % samples

= |.5*Z?j215+?]3end)) fj(2:end-1)]; % vector f 2; T=2*pi; ..

F= fftshlft(fft(f)), F=[F;F(1)]/N; F(1:2:end)=-F(1:2:end); ; ? 2:end)=-F(2:2:end);

plot(x,y,t3,fJ, ro ,tj(I:end-1),F, gp")

stem(-N/2:N/2, 1mag(F), b-d')
S=exp(-1i*N*pi/T*x).*polyval(flipud(F),exp(2i*pi/T*x));
plot(x,y,'b',x,real(s), 'r-.",tj,fj, 'pr')

input function f(x) = cos(5x), 13 samples in [-7, +7] — Real parts of the Fourier coefficients U, of f(x) Partial Sum of Fourier Series of order 13
1.5 ‘ . ‘ . . \ : 05— ' ' . & 1.5 ‘ . ; ‘ . ‘ ‘
f(x)=cos(5x)
04r >
+= 10
03 2 C—
5|0
on =]
02} > O
Z|2
01} H—_
i 1 o ¢4
even and periodic function real and symmetric coeffs
o, 3 2 4 0 1 2 3 4 - » P 0 2 s 6 YL s 2 -4 0 1 2 3 4
X k X
1igput function f(x) = signum(x), 15 samples in [-7, +7] Imaginary parts of the Fourier coefficients g of f(x) - Partial Sum of Fourier Series of order 15
f,  f(x)=signum(x) a i
1 —O—O0—0—0—0—© ! 1p N7y
\ I \ M—I’%’\_
04t \ | ! I | ! !
05 1 05 | ‘l ,' | ,’ ‘\ .
02f ! I | ! I |
| I 1 ! I |
of ® : 0 or! | * o : 'l E
Lo IR
o5k | 0.2r 05 1 I ! | | l, s
04 \l I, l\ l, ! II l\
A o000 0000 .1—‘L%A’—eo”qu o y
06F . . ¢
odd and non-periodic functlon imaginary and cohjugate coeffs S is always periodic
o, -3 -2 »1 0 1 2 3 4 e -6 -4 2 0 2 4 6 8 g »8 6 -4 2 0 2 4 6 8 10

X k X

reconstructed sighal S

(prof. M. Rizzardi)
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Fourier Analysis of f(x):
decomposition into elementary waves

Fourier Synthesis of f(x):

superposition of elementary waves

L)

Algorithm 2?7

Fourier Series SCp2_13.57
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Fourier Syn’rhesis In [-1t, +1t] (signal reconstruction)

~ o
xe|-n+n|  f(x)=Sy, (x)= Z V.
=

Given the Fourier coefficients of f(x), the computing of a partial sum of

its FS at sample points can be traced back to an IDFT in [-m,+7].

In facts, by evaluating f(x) at x; where

.27 _
Xj = JW—TF, ]=0,1,..,N

S +% ~ _jkx. +I% ~ k|2
f(xj)%SNH(Xi): Z Vkekj X Z Wkek(JN ):
+I\V % 27er

— Z q/ke Nkjelk<: )— Z K—l)kﬂe N , J=01.,N—-1
N

—1

IDFT, [$] =LY, e e o

k=0

we can use the same algorithm as for FCs, with a few changes

Fourier Series SCp2_13.58
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Algorithm steps in [T, +7]

Input: N+1 coefficienti di Fourier vy, (N even)

Output: N+1 campioni equispaziati f; ~ f(t;)

SCp2_13.59

1. Definethevector @ : &, =7, k=—",.,+% -1
except for the last coefficient
being the same as the first

Fourier Series

2. [Change sign to alternating components ] =

(even or odd place components according to the value of N/2)

3. Reordering >< (Fftshift())

4. Compute the IDFT (ifft())

(prof. M. Rizzardi)

5. Add the last component and the scale factor
(N, k==N/2, ...,+N/2)




Example in [-x, +7]

SCp2_13.60

pf=@(x) 2*cos(x)+sin(5*x);
x=linspace(-pi,pi,400); y=pf(x);

N=14; j=(-N/2:N/2)"'; tj=2*pi/N*j; fj=pf(tj);
figure; plot(x,y,tij,fi,'r.") il
f=[.5*(fj(1)+fj(end)); fj(2:end-1)];
F=fftshift(fft(f)); F(1:2:end)=-F(1:2:end); DFT |
F=[F;F(1)]/N;
figure; stem(j, abs(F), 'r-o'); i
G=F(1:end-1);
G(1:2:end)=-G(1:2:end); IDFT &
g=ifft(fftshift(G)); g=[g;8(1)]*N;

figure; plot(x,y, b ,t],¥], r. ,tj,real(g), .m-.")

function samples
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Fourier Series

reconstructed function samples
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Signal reconstruction by a trigonometric polynomial =
1 : : : : : : |
pf=@(x) sin(5*x); % sin(5x) odl input signal j x) SinSX
x=linspace(-pi,pi,499); y=Ffeval(pf,x);
N=12; tj=2*pi/N*(-N/2:N/2)'; fj=feval(pf, tj), “r i |
-Flgur'e. plot(x,y,ti,fi,'ro',tj(1l:end-1),f, " 'gp’') m———l
f=[.5*(fj(1)+fj(end)); fj(2:end-1)]; 0
F=fftshift(fft(f)); F=[F;F(1)]/N; DFT 1
F(2:2:end)= -F(2:2:end); L 5 )
figure; stem(-N/2:N/2,imag(F), 'b-d')
G=F(1:end-1); G(2:2: end) G(2 720 end),
-1-F-Ft -F-Ftshl-Ft G)); IDFT“
D ® x i
3 2 1 0 1 2 3 T4
T
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Application: signal fll’rer'mg

pf=@(x)sin(x); pNoise=@(x)0.2*cos (20*x);
x=linspace(-pi,pi,499); y=pf(x); % noiseless signal

yp=pf(x) + pNoise(x); % noisy signal
N=64; T=2*pi; nu=-N/2:N/2; tj=T/N*nu’;
fj=pf(tj) + pNoise(tj); % noisy samples

figure; plot(x,y,x,yp,'r',tj,fj,'r.")

F=[.5%(Fj(1)+Fj(end)); Fj(2:end-1)];
F=fftshift(FFE(f));  F=[F;F(1)]/N; DFT
F(2:2:end)=-F(2:2:end);

FF=zeros(size(F)); k=find(abs(nu)<10); FF(k)=F(k);
figure; stem(nu, abs(F),'r-o'); hold on
stem(nu, abs(FF),'g--s')

G=FF(l:end-1); G(2:2:end)=-G(2:2:end); IDFT |

g=ifft(fftshift(G)); g=[g;8(1)]*N;

figure; plot(x,y,'b',tj,fj,'r."',tj,real(g),"'.g-.")
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€9'€1 2dos

dowing error

Example:

S2142G J21Jn0

pf(x);
pf(tj); figure; plot(x,y, tj(1l:end-1),f,"

y:

,499);

linspace(-T/2,T/2

N/2:N/2)"'; fj
5¥(fj(1)+fj(end));fj(2:end-1)]; F

=@sin; T=5; x=

pf
N

ro'); grid on

F(1)]/N;

=8; tj=T/N*(-

fftshift(fft(f)); F=[F;

f=[.
F(2:2:end)

-F(2:2:end);

figure; stem(-N/2:N/2,imag(F),"'k-d') % FC

% partial sum of FS

'b',x,real(S),'r--',tj(1:end-1),f, 'ro',tj,fj, 'bp’)

i*N*pi/T*x).*polyval(F(end:-1:1),exp(i*2*pi/T*x));

exp(-
figure; plot(x,y,

S=




Example: windowing error

SCp2_13.64

16" order partial sum of Fourier Series for T=5
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The higher-order partial sums also s
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endpoints of the interval of width %S
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Esempio: aliasing error

signal f(¢)=sin(5x) and samples

pf=@(x) sin(5*x); T=2*pi; N=4; % N is small!
x=linspace(-T/2,T/2,499);y=pf(x);
tj=T/N*(-N/2:N/2)"; fj=pf(t]);
f=[.5*(fj(1)+fj(end));fj(2:end-1)];
plot(x,y,tj,fj,'ro',tj(l:end-l),f,'gp')
F=fftshift(fft(f));F=[F;F(1)]/N;
F(2:2:end)=-F(2:2:end);
h=stem(-N/2:N/2,imag(F), 'r-d"); ..
S=exp(-i*N*pi/T*x).*polyval(F(.. .. ))s;
plot(x,y,'b',x,real(S),'r',tj,real(g),'pr')

reconstructed signal: sin(x) instead of sin(5x)
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How to remove the Windowing error?

Just "observe” the whole signal if possible.

For periodic functions, just choose the window width
equal to the function period or a multiple thereof

How to remove the Aliasing error?

Just "sample” all the frequencies.

For band limited functions, just choose a “suitable”
sample rate (sampling frequency) according to ...

the Sampling Theorem* ﬁ> “appropriate” frequency

* later (in Fourier Transform)
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