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Example of controller design

ñ Let us consider a closed loop system in the form

where

𝐺 𝑠 =
30

(𝑠 + 10)(𝑠 + 3)

K(s) G(s)++
-

Y(s)
+

U(s)R(s) D(s)E(s)

+
N(s)



Prof. Francesco Montefusco Automatic Control Systems 2022/233

Requirements

Let us consider the following requirements:

1. 𝑒! = 0 for a reference signal 𝑟 𝑡 = 1 ⋅ 1 𝑡

2. Attenuation ≥ 95% for multi-frequency noise in the range 100 + ∞ rad/s

3. Overshoot 𝑠 ≤ 20%

4. Settling time 𝑡"#% ≤ 0.5𝑠
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Steady-state spec. for polynomial reference

1. 𝒆! = 𝟎 for a reference signal 𝒓 𝒕 = 𝟏 ⋅ 𝟏 𝒕

ñ Steady-state requirement for polynomial reference signal.

ñ To assure a null steady state error for a polynomial signal of order 0 it is necessary
that 𝐹(𝑠) is of type 1, that is 𝐹(𝑠) has a pole in the origin.

ñ Taking into account that the plant transfer function 𝐺 𝑠 doesn’t contain poles in the
origin, the steady-state part of the controller is

𝑲% 𝒔 =
𝒌𝟎
𝒔

where 𝑘' is a free parameter
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Steady-state spec. for multi-frequency noise

2. Attenuation ≥ 𝟗𝟓% for multi-frequency noise in the range 𝟏𝟎𝟎 +∞ rad/s

ñ Steady-state requirement for multi-frequency noise

ñ It implies that

𝑇 𝑠 =
𝐹(𝑠)

1 + 𝐹 𝑠
≤ 0.05 → 𝐹 𝑠 ≤ 0.05 → 𝐹 𝑠 () ≤ −26()

ω

𝑭 𝒋𝝎 𝐝𝐛

−𝟐𝟔𝒅𝒃
100
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Transient spec. on the overshoot

3. Overshoot 𝒔 ≤ 𝟐𝟎%

ñ Transient requirement on the overshoot

ñ Taking into account that 𝑠 = 𝑒

!"#

$!#% , we have that

𝑠 ≤ 20% → 𝜁 ≥ 0.45 → 𝜑* ≅ 100𝜁 ≥ 45°

ñ Hence the complementary sensitivity function can be approximated by a second order
system in the form

𝑇+ 𝑠 =
1

1 + 2𝜁
𝜔,

𝑠 + 𝑠-
𝜔,-

where 𝜁 = 0.45 and 𝜔, depends on the settling time requirement
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Example: transient spec. on the settling time

4. Settling time 𝒕𝒔𝟏% ≤ 𝟎. 𝟓𝒔

ñ Transient requirement on the settling time

ñ Taking into account that the settling time at 1% for a second order system is defined
as 𝑡"#% ≅ 0.2

34&
, we have that

𝑡"#% ≤ 0.5 →
1
𝜔,

≤
0.5𝜁
4.6

→ 𝜔5 = 𝜔, ≥
4.6

0.5 ⋅ 0.45
= 20

ñ The transfer function 𝑭 𝒔 should have a crossing frequency 𝝎𝒄 > 𝟐𝟎 and a
phase margin 𝝋𝒎 > 𝟒𝟓°.

ω

𝑭 𝒋𝝎 𝐝𝐛

−𝟐𝟔𝒅𝒃
100

20
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Controller design

ñ Design the controller 𝐾(𝑠) so that the open loop function 𝐹 𝑠 = 𝐾 𝑠 𝐺(𝑠) satisfies
the previous requirements

ñ The controller will be in the form
𝑲 𝒔 = 𝑲% 𝒔 ⋅ 𝑲%% 𝒔

where

ò 𝐾′(𝑠) have been designed according to the steady-state requirements concerning
polynomial reference and/or disturbs

𝑲% 𝒔 =
𝟏
𝒔

ò 𝐾′′(𝑠) have to be designed according to the steady-state multi-frequency
requirements and the transient requirements
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Step2: Controller design

ñ In order to design 𝐾%% 𝑠 , let us consider the Bode diagrams of the function

𝐹% 𝑠 = 𝐾% 𝑠 ⋅ 𝐺 𝑠 =
30

𝑠 𝑠 + 10 𝑠 + 3
=

1

𝑠 1 + 𝑠
10 1 + 𝑠

3

assuming 𝑘' = 1.

The transfer function is characterized by

ó A unitary constant term

ó A pole in the origin

ó Two real poles in 𝑝# = −10 ( #
8$
= 10) and 𝑝- = −3 ( #

8%
= 3)
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Controller design

ñ 𝐹′(𝑠) magnitude amplification of 50() to have a crossing frequency 𝜔5 = 20rad/s

ñ 𝐹′(𝑠) phase lead of 100° to have 𝜑* = 45°
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Controller design

ñ The magnitude amplification can be easily achieved with a gain 𝑘' = 50(), however
it doesn’t affect the phase

ñ To achieve both a magnitude amplification and a phase lead we can add a control
structure composed by 1 pole and 1 zero in the form

𝐾′′ 𝑠 = (#:"8')
(#:"8)

with 𝜏′ > 𝜏.
𝟏
𝝉!

𝟏
𝝉

Maximum phase 
lead= 𝟗𝟎°
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Controller design

ñ In our case, we require 100° phase lead hence an additional zero is needed. In
particular we will add:

ó Two zeros in 𝒛𝟏 = −𝟐 and 𝒛𝟐 = −𝟏𝟎

§ 150° phase lead in 𝜔 = 20 rad/s (𝜑* ≅ 100)

§ 26() magnitude amplification in 𝜔 = 20 rad/s

§ 54() magnitude amplification in 𝜔 = 100 rad/s

ó Gain 𝒌𝟎 = 𝟐𝟎

§ 26() magnitude amplification (𝜔5 ≅ 20 rad/s and 𝐹 𝑗100 () ≅ −10)

ó Pole in 𝐩 = −𝟐𝟎

§ 45° phase lag in 𝜔 = 20 rad/s (𝜑* ≅ 55°)

§ 3() magnitude attenuation in 𝜔 = 20 rad/s (𝜔5 ≅ 20 rad/s )

§ 14() magnitude attenuation in 𝜔 = 100 rad/s ( 𝐹 𝑗100 () ≅ −24)
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Controller design

ñ The controller is in the form

𝐾 𝑠 = 𝐾% 𝑠 𝐾%% 𝑠 =
20 1 + 𝑠

2 1 + 𝑠
10

𝑠 1 + 𝑠
20

ñ The pole in p = −20 was necessary also for the physical feasibility of the controller
that can not be in-proper.

ñ In the following slide the Bode diagrams of
𝐹 𝑠 = 𝐾% 𝑠 ⋅ 𝐾%% 𝑠 ⋅ 𝐺 𝑠

are reported.
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Controller design
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Validation: step response

𝒔 ≅ 𝟐𝟎%

𝐭𝐬𝟏% ≅ 𝟎. 𝟓𝒔


