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Steps in the process to solve a problem
by means of a computer
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P: original pr'obleml
M(P): math model l
P*: simplified model I

P.: numerical model
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Model Transformation

M(P): math problem
defined in a domain D

P*: simplified problem
defined in D

P: problem defined
in D*
(simplified domain)

P*: simplified problem
defined in D*
(simplified domain)
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Example 1: domain transformation
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. 1 i 3 D
P: pr'oblem defined in D: unbounded

domain D where domain |
D = {zeC: |z|°R}cR?

Transformation: |
inversion —>{ w = 1/2, | zeC |

P: problem defined in @

simplified domain D* D™ bounded > p*
D*= {(weC: |wl<1/R} "
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Example 2: domain transformation 8
I
Fluid dynamics application of symmetric Joukowski | 3
Transform T,(z) : w=%(z+l), zeC
4 Nikolai Yegorovich Zhukovskij, 1910
T, is used to solve for the two-dimensional potential flow around a class of airfoils
known as Joukowski airfoils. In particular flow around a disk.
Problem: display all the curves (streamlines) that are inverse images, by means g
of T,, of horizontal lines in the w-plane: Im(w)=k, with k constant. s
z=x+iW w=u+iv (i=+-1 E
i L E _l(z“rl ¥4 l|z|2z+2 l(x2+y2)(x+iy)+x—iy_ ‘g‘
W=1u w_Z—Z =5 7z =5 lz‘ —2 2 2 = O
1 (x2 —I—yz)(x—|—iy)—|—x—iy 1
= = 2 > ==1x|1+ .
2 X 4y 2| x* —I—y T
y 3
- =
w=lu(x,y)Hi(x,y)|=F1+ + =1 — g
I e 2[ o B




Example 2: domain transformation (cont.) g
I
Fluid dynamic application of symmetric Joukowski transform T;(z) | §
Streamlines for an incompressible potential . .
flow around a circular cylinder in a uniform The unity circle has been transformed
stream. intfo the real segment [-1.+1]
“ H
i RSN - S
=
£
§
._’.5
' - 1 y 1 N
=
a=-4; b=4; N=64; [x,y]=meshgrid(linspace(a,b,N)); “=
v = y/2.%(1-1./(x."2+y."2)); % v=cost &

contour(x,y,v,50,'b"'); hold on; sphere v = Im(w)
axis([-3 3 -2 2]); axis equal; grid on




Joukowski airfoils
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https://teaching.smp.uqg.edu.au/scims/Complex analysis/JoukowskyAirfoil.html



https://teaching.smp.uq.edu.au/scims/Complex_analysis/JoukowskyAirfoil.html�

symmetric Joukowski Transformation z= 1 Z _|_l 8
2 Z &
V)
download: airfoil.m

[ =I'(-0.1+0.2i,1.118) image of I" by Joukowsky: w = (z+1/z)/2
1.5 T T T T T v
’ -\ 1r g
! ///"” \\\ 08 §
0.6 S
0.5 / / \\ \ 0.4} Joukowsky airfoil §
= ( / o N 0.2} /’\ E
% N T T T e % of L ——— O

-0.5 -0.4r

\b/ el 5
-1 -0.81 §
al X
135 1 0.5 0 0.5 1 15 2 05 0 05 1 E
real(z) real(w) S

The blue circle T has been transformed into Joukowsky airfoil.
The black unit circle has been transformed into the segment [-1,+1]




Example 3: problem transformation

— 2
Uy = C" Uy,
c? thermal diffusivity
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1D Heat Equation

problem P 9 O u
: : : PDE %(x,t)=
defined in domain D - o (P)= g (00| #2040
Y u(x.0")=u,(x) initial condition 9
u(0,¢)= 9 () boundary condition || &
> =
E
Laplace Tr'ansfor'm &
ff e "dt, s € CARe(s)> ”
Laplace Z-transformation -
pplied to PDE B
(Lap ace's method) R
VU U (x,5) = Z[u(x0) :
simplified problem P* U"(x.5)=sU(xs)—th(x)] x>0,s€C | &

ove [
( > [ 0( >] x: differentiation var.
s. parameter

defined in domain D




A complex function and its complex limit

Re(z) Im(z)

Re(f) Im(f)

f:z:x+iyeC——>f(z):f(x,y):u(x,y)+iv(x,y)eC

gglof<x0 +Ax) =

Limit in the real field

XOF
— Iq—
Ax — 0 Ax — 0"

Uniform convergence of limit for

| Ax|—0 from left and from right.

real derivative
f(xo +Ax)—f(xo)

lim = f'(x,)

Ax—0 Ax

Limit point or
accumulation point

tm (s +2) =7,

Limit in the complex field

Uniform convergence of limit for
| Az | —0 with respect to any 0.

lim
Az—0 AZ

The complex differentiability (holomorphism) is a stronger
condition than the real differentiability.
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A complex function and its complex limit: example 1

complex conjugate | lim f ( ) 9 the limit as p—0 depends on 6

syms X y real; z=x+1li*y; f=conj(z)/z;

| B

g _ Xy
f(z)_z X 41y
2:0::()

syms X y real; z=x+1li*y;
f=conj(z)/z;

A

y

-+

=y

Along x-axis (z=x)

ff=subs(f,{x,y},{rho*cos(th),rho*sin(th)});
ff=simplify(ff)
ff = (cos(th)-sin(th)*1i)/(cos(th)+sin(th)*1i)=

lim £(z) = lim=—= = lim£ =1
y=0 =0 x+1y x—-0X

x—0 x—0

2 directions where the limits differ ‘;1=5”b5(f’y’9)3 disp(limit(f1,x,0)) *
y
\ —1 .
1 hmf()_hm Y lim— = 1
o iy vty
X y=0 y—0 The limit
. . f2=subs(f,x,0); di limit(f2,y, .
Al|ongy-aX|s (z=ty) _i subs(f,x,0); disp(limit(f2,y,0)) does not exist
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3

A complex function and its complex limit: example 2
Evaluate the limit of f(z)=2?+z2+1 as z—1+2i.

Limit in the complex field

-

-
-
-
-
-
e
-

v
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1) Write the function as f(z,+Az).

syms Dx Dy real; Dz=Dx+1i*Dy; f=@(Z)Z*2+Z+1;
z0=1+2i; 2z=20+Dz; fz=Ff(z);

2) Insert polar coordinates of Az.

syms th real; syms rho positive
ff=subs(fz, {Dx,Dy},{rho*cos(th),rho*sin(th)})
ff=simplify(ff)

disp(z072+z0+1) % the true value

-1+ 6i

3) Evaluate the limit.
disp(limit(ff,rho,0))

<:>> 0 i
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Holomorphic functions

SCp2_08a.13

f(z) holomorphic at z, with respect to z

The following complex limit of the difference quotient of f. exists

= Lz)=tim A = im {2 +42)-f ()

—_— A7 A—0 Az 2z Az
(has a complex derivative f' at z, with respect to z)

f (z) holomorphic at z, with respect to Z

Conformal Mappings

The following complex limit of the difference quotient of f; exists

£z = () = tim 2L = tim Lo +42)=f(2)

(has a complex derivative [’ at z, with respect to 7 )

=
©
| .
(]
N
Ba,
o
Y
(o)
| -
Q.
 —

f differentiable w.r.t. z THEOR.  f not differentiable w.r.t. Z

f differentiable w.r.t. Z THEOR.  f not differentiable w.r.t. z




Basics of complex analysis

x:Re:z]
z=x+iyeC— f(z)eC i y=Tm|z
f(z)=f(x,y)=u(x,y)+iv(x,y) where - u(x.y)=Re[f(x.y)

v(x,y)=1Im _f(x,y)]
f(z) holomorphic < f(z) satisfies Cauchy-Riemann Eqs
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THEOR.: Cauchy-Riemann equations

A complex function f(z) has a complex derivative f'(z) at z, if, and
only if, its real and imaginary parts are continuously differentiable
and satisfy the Cauchy—Riemann equations at z,=x,+ iy,

[ Ou ov
2 (a)=21a)

> L+ida)=oc=>| 7
\8y<z0):_8_x<zo>

Conformal Mappings

Complex for'm r\eal form

In this case the complex derivative is equal to any of the following
expressions:
ou v

'(z)= 3x() 3x(zo)+la(zo)=g—;(zo) 2;(20)==i8l(20)
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Cauchy-Riemann Equations at z,

z=x+iyeC— f(z)eC
f(z)=f(x,y)=u(x,y)+iv(x,y)
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2 (0)=+2(z,)
ox " oy " af Of )
w.r.t.z><%< >__@< ) §<Z0)+la_y<z()>—0 i
Oy )T g\ T %
real form complex form )
ou 0v H
_<Zo>:__<zo> l N
- 0x oy of Of B 2
w.rt. z >%< >_+@< ) a(%) la_y<Zo>—O :8_;
gy T g




Basics of complex analysis

f:z:x—l—iyeC—>f(z):f(x,y):u(x,y)—l—iv(x,y)eC

THEOR.: The following items are equivalent

1) f(z) is holomorphic (complex dlfferet(labllltyg at z,.
W.r.t. Z

2) f(z) isanalytic (sum of a power series) at z.

3) f(z) satisfies the Cauchy-Riemann equations at z,.

V2g=0 G + 8y =0 glxy) : 284880 Ag=0

4) flx,y), u(xy), v(x,y) satisfy Laplace’s equation D

dy*

A functlon that satisfies Laplace’s equation is said harmonic*.
* Harmonic functions are used in robotics applications for motion planning in a known environment

If f is @ holomorphic function then uand vare said harmonic conjugate.
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f(x.y), u(xy), v(x,y) satisfy the Laplace Equation

(u,v are said harmonic conjugate functions)

SCp2_08a.17

e &
Examol o(xy) t ST H==0
xamp es contour lines ofu=5Ft[z3]andv=L‘[23] 6x 6y
syms X y real; z=x+i*y; > IR \ f = conj(z);
£ = 2°3; 1 u=simplify(real(f))
u=simplify(real(f)) o U=
U = NG X . . . 17
xA3 - 3*X*y’\2 = O>\ ek V=Slmp11fY(1mag(f)) g
v=simplify(imag(f)) X \_/y= §
v = disp(diff(f,x)+1i*diff(f,y)) |[ &
Taeay -y 't 5 2 non-holomorphic w.r.t. z §
fcontour(u,[-5 5],'b") 5 disp(diff(f,x)-11*diff(f,y)) ||l €
axis equal; hold on — 0 hOlOﬂ’\OI"phIC w.r.T., COHJ(Z) S
fcontour(v,[-5 5],'r") f = exp(2); of B
disp(diff(f,x,2)+diff(f,y,2)) ([ u=sinprify(real(®)) a(zo)—ig—y(zo)zo
0 . fsatisfies T.he Laplace Eq. [lIl ¢\ (x)*cos(y)
disp(diff(u,x,2)+diff(u,y,2)) v=simplify(imag(f)) contour lnes of u={e?] and v=3(e) S
0 u satisfies the Laplace Eq. :X;(X)*Sin(y) 5 %Z S
NS bt Y | —
_ . k 0 1 :
disp(diff(f,x)+1i*diff(f,y)) gisp(diff(u,x,2)+diff(u,y,2)) : 9°>>f> f_)
0 f holomorphic w.r.t. z disp(diff(v,x,2)+diff(v,y,2)) | |- 5 &
(%) 3
of .Of disp(diff(f,x)+1i*diff(f, . :
U (a)+iZl(z) =0 | aspeesrrrnsaecein | | X
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