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Stability of the closed loop system

ñ Let us consider a closed loop system in the form

ñ In this lesson we present two parameters, the phase and gain margins, able to
quantify the robustness of the closed loop stability with respect to system
uncertainties.

ñ From now on we assume that the closed loop system is regularly stable, that is
there exists a critical gain !𝑘 after which the closed loop system becomes unstable
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Ideal parameter to quantify the robust stability 
of closed loop system 

ñ Let us consider a regular stable closed loop system with 𝑛!" 𝐹 𝑠 = 0.

ñ Let us assume that, for a given controller 𝐾(𝑠), the Nyquist plot of the transfer
function 𝐹(𝑠) is

𝑅𝑒(𝐹(𝑗𝜔))

𝐼𝑚(𝐹(𝑗𝜔))

−𝟏
For the Nyquist stability criterion, the
closed loop system is asymptotically
stable because 𝒩 = 0.

ñ However, if the plant model is uncertain,
the Nyquist plot of 𝐹(𝑠) risks to encircle
the critical point −1 + 𝑗0 and hence
stability property of the closed loop
system is lost.

𝑅𝑒(𝐹(𝑗𝜔))

𝐼𝑚(𝐹(𝑗𝜔))

−𝟏
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Ideal parameter to quantify the robust stability 
of closed loop system 

ñ An ideal parameter able to quantify the robustness of the closed loop system
stability is the minimum distance between the critical point and the Nyquist plot
of 𝐹 𝑠 .

ñ In order to compute 𝑟, we need to evaluate the Nyquist plot of 𝐹 𝑠 precisely in
each point of the diagram.

ñ For this reason, we will define two simpler parameters, the phase and gain
margins, that can be easily computed on the Nyquist plot and are able to quantify
the robustness of the closed loop stability.

𝑅𝑒(𝐹(𝑗𝜔))

𝐼𝑚(𝐹(𝑗𝜔))

−1

𝑟
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Gain stability margin

ñ The gain stability margin 𝒌𝒎 is represented in the following figure.

ñ Said

ò wp the frequency where the Nyquist plot of 𝐹 𝑗𝜔 intersects the negative real
axis, that is the phase of 𝐹 𝑗𝜔 is equal to −𝜋.

ò 𝒅 the module of 𝐹 𝑗𝜔 in wp 𝑑 = |𝐹(𝑗𝜔$)|

the gain stability margin is defined as the inverse of 𝒅.

𝑅𝑒(𝐹(𝑗𝜔))

𝐼𝑚(𝐹(𝑗𝜔))

𝒅 = 𝟏/𝒌𝒎

wp

−𝟏
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Gain stability margin

𝑘% = &
|((*+!)|

, arg 𝐿 𝑗𝜔$ = −180°. |𝒌𝒎|𝒅𝑩 = 20log&/
1

|𝐿(𝑗𝜔$)|
= −|𝑳 𝒋𝝎𝝅 |𝐝𝐁.

The closed loop system is A.S. if 𝑘$>1.
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𝐹 𝑠 𝐨𝐫 𝐿 𝑠
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Gain stability margin

ñ The gain stability margin 𝒌𝒎 indicates the maximum gain uncertainty of 𝐹 𝑗𝜔
before the critical point −1 + 𝑗0 is encircled, and hence closed loop stability is
lost.

ñ If 𝐹 𝑗𝜔 doesn’t intersects the negative real axis, the gain stability margin is not
defined (the closed loop system is asymptotically stable for all gain uncertainty
of 𝐹 𝑗𝜔 ).

𝑅𝑒(𝐹(𝑗𝜔))

𝐼𝑚(𝐹(𝑗𝜔))

𝒅 = 𝟏/𝒌𝒎

wp

−𝟏
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Gain stability margin

ñ The closed loop system is A.S. for k < 𝒌𝒎, i.e. gain stability margin

ñ 𝒌𝒎 indicates the maximum gain for which 𝐹 𝑠 or 𝐿 𝑠 can be multiplied
without leading to an unstable closed loop system.

𝐹 𝑠 𝐨𝐫 𝐿 𝑠
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Gain stability margin: example

ñ Let us consider the transfer function

Gain stability margin 𝒌𝒎 ≅ 𝟖. 𝟎𝟒 → 𝒌𝒎𝒅𝒃 ≅ 𝟏𝟖. 𝟏

F 𝑠 = &
&"4 "

𝝎𝝅

𝒅 ≅ 𝟎. 𝟏𝟏𝟗
𝝎𝝅 = 𝟏. 𝟕𝟑

𝒅𝒅𝒃 ≅ −𝟏𝟖. 𝟏
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Phase stability margin

ñ The phase stability margin 𝝋𝒎 is represented in the following figure.

ñ Said

ò𝝎𝒄 the frequency where the Nyquist plot of 𝐹 𝑗𝜔 intersects the unit circle,
that is the module of 𝐹 𝑗𝜔 is equal to 1.

ò 𝝋𝒄 the phase of F jω in ω6 𝜑7 = arg 𝐹 𝑗𝜔7
The phase stability margin is defined as 𝝋𝒎 = 𝟏𝟖𝟎 − |𝝋𝒄|

𝑅𝑒(𝐹(𝑗𝜔))

𝐼𝑚(𝐹(𝑗𝜔))

𝝋𝒎

𝝎𝒄

−𝟏
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Phase stability margin

Ph
as

e 
[d

eg
.]

M
ag

ni
tu

de
 [d

B
]

𝜑% = 180° − |𝜑7|, 𝜑7 = arg 𝐿 𝑗𝜔7 , 𝐿 𝑗𝜔7 = 1, |𝐿 𝑗𝜔7 |𝒅𝑩 = 0.

𝐹 𝑠 𝐨𝐫 𝐿 𝑠

The closed loop system is A.S if 𝝋𝒎>0.
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Phase stability margin

ñ The phase stability margin 𝝋𝒎 indicates the maximum phase uncertainty
of 𝐹 𝑗𝜔 before the critical point −1 + 𝑗0 is encircled, and hence closed loop
stability is lost.

ñ If 𝐹 𝑗𝜔 doesn’t intersects the unit circle because the amplitude of 𝐹 𝑗𝜔 is less
than 1 for all 𝜔, then the phase stability margin is not defined (the closed loop
system is asymptotically stable for all phase uncertainty of 𝐹 𝑗𝜔 ).

𝑅𝑒(𝐹(𝑗𝜔))

𝐼𝑚(𝐹(𝑗𝜔))

𝝋𝒎

𝝎𝒄

−𝟏
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Time delay system
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𝑮 𝑠 = 𝑒894.

T.f. of time delay system:

Indeed, for a system with 
time delay T,

𝑦 𝑡 = 𝑢 𝑡 − 𝑇 .
By making Laplace,
𝑌 𝑠 = 𝑈(𝑠)𝑒849,
then

𝑊 𝑠 =
𝑌 𝑠
𝑈 𝑠

= 𝑒849.

By substituting s=jw,

Then the magnitude is 
one for each w and the 
phase is –wT.

𝑊 𝑗w = 𝑒8*w9.
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Phase stability margin

The closed loop system is A.S., if

Then

𝜔&𝜏 < 𝜑$𝜋/180°.

𝜏 <
𝜑$𝜋/180°

𝜔&

𝐹 𝑠 𝐨𝐫 𝐿 𝑠
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Phase stability margin: example

ñ Let us consider the transfer function

Phase stability margin 𝝋𝒎 ≅ 𝟒𝟏. 𝟕° 𝒂𝒕 𝝎𝒄 = 𝟏. 𝟎𝟒𝒓𝒂𝒅/𝒔

F 𝑠 = :
&"4 "

𝜏𝒎𝒂𝒙 ≅
b𝜑%𝜋
180

𝜔7
= 𝟎. 𝟕 𝒔
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Phase and gain stability margins

ñ The phase and gain stability margins quantify the robustness of the closed loop
stability with respect to phase and gain uncertainties on the transfer function
𝐹 𝑠 |4=*+

ñ However, they consider the phase and gain uncertainties separately. Hence there
are 𝐹 𝑗𝜔 having high phase and gain margins but a low ideal parameter 𝑟
quantify the robustness of the closed loop stability.

𝑅𝑒(𝐹(𝑗𝜔))

𝐼𝑚(𝐹(𝑗𝜔))

𝝋𝒎

𝝎𝒄

−𝟏

𝒌𝒎 ≫ 𝟎
𝝋𝒎 ≫ 𝟎

but very small 𝒓

𝒓

𝒅 = 𝟏/𝒌𝒎


