DiST

eqn

i

Scuola Interdipartimentale a3

delle Scienze, dell'Ingegneria g'i:’
Z

DIPARTIMENTO DI SCIENZE
E TECNOLOGIE

F
24
ac

e della Salute

L. Magistrale in 1A (ML&BD)

Scientific Computing
(part 2 — 6 credits)

prof. Mariarosopia Rizgardi

Centro Direzionale di Napoli — Bldg. C4

room: n. 423 — North Side, 4t floor

phone: 081 547 6545

email: mariarosaria.rizzardi@uniparthenope.it



zation an

Linear Algebra 3

(prof. M. Rizzardi)




What happens if GSO algorithm is applied to
linearly dependent vectors?

-2 1 -1 The third column is the sum of the first
A=| 1 0 1 two columns: the 3 columns are linearly
0 1 1| dependent.

—2 —0.89443
v, =a,=| 1 [ > u, = h —| 0.44721
0
0.2 0.18257
v, =a, —(a,,u, )u, =04] | uz—ﬁ: 0.36515
1 0.91287
0
'v3:a3—<a3,u1>u1—<a3,u2>u2: 0 u3:”z—j”:? NaN
0 NaN means “Not A Number”

(here it means “indeterminate form 0/0”)
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What happens if GSO algorithm is applied to

SCp2_04e.3

-2 1 -1 linearly dependent vectors?
A= 1 0 1 .
in MATLAB
0 1 1
stym(['i 10; 101; -111]"); the3rdcolumnis the sum of the fir'ls‘r two
1sp(£an (A)) linearly dependent columns
v(:,1)=A(:,1); GSO

u(:,1)=v(:,1)/norm(v(:,1));

v(:,2)=A(:,2) - dot(A(:,2),u(:,1))*u(:,1);

u(:,2)=v(:,2)/norm(v(:,2));

v(:,3)=A(:,3) - dot(A(:,3),u(:,1))*u(:,1) ...
- dOt(A(:)B)Ju(:Jz))*u(:)z);

u(:,3)=v(:,3)/norm(v(:,3));

You can write the ¢ode
in a more general form

disp(v) 1
['2) 1/5) @]
[ 1, 2/5, O]]| zero vector
[ 6, 1, 0] u=simplify(u) i
u =
[-(2%57(1/2))/5, 30°(1/2)/30,[ NaN]
[ 54(1/2)/5, 30~(1/2)/15,| NaN]
[ 0, 30~(1/2)/6,| NaN]
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linearly dependent vectors?

What happens if GSO algorithm is applied to

in MATLAB
syms X real

A=[sym(1) x+1 x x"2]
the third is the difference between the

[ 1, x+1, X x"2] second and the first function.

\ 4 functions
dotProd=@(f,g) int(f*g,-1,1); f'g Jif )dk
v(1)=A(1);

u(l1)=v(1)/sqrt(dotProd(v(1),v(1)));
v(2)=A(2)-dotProd(A(2),u(1))*u(l);
u(2)=v(2)/sqrt(dotProd(v(2),v(2)));
v(3)=A(3)-dotProd(A(3),u(1))*u(1)-dotProd(A(3),u(2))*u(2);
u(3)=v(3)/sqrt(dotProd(v(3),v(3)));

v=simplify(v)

vV = -
[ 1, x, 0] <he 3rd is the identically zero function
disp(simplify(u))

[ 27(1/2)/2, (67(1/2)*x)/2, NaN]  NaN means “Not A Number”
v(4)= .. NaN (here it means “indeterminate form 0/0”)
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Exercises

Write a MATLAB function that accepts a sequence of
vectors on input, then by means of GSO Algorithm
(Gram-Schmidt Orthonormalization Algorithm) checks
their linear independence and, if so, it computes the
two systems of orthogonal and orthonormal vectors.

What would change in the code if the input vectors
were complex instead of real?

Write both the symbolic version of the code, suitable
for function vectors too, and the numerical version of
the code, only applicable to vectors of n real compo-
nents.
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GS Orthonormalization and QR factorization

The 6S orthonormalization, when applied to
the column vectors of a non-singular matrix A .,
can be viewed as the OR-factorization of A,
where:

» R is an upper triangular matrix;

» ( is an orthogonal matrix* (Q'=Q" <= Q0=

* If the A matrix is rectangular, then O has orthonormal columns.

Q N (;Ll’]_l 1“’21 7{’3; °°°) ,l{’n)

A
I

orthonormal columns

SCp2_04e.6

Linear Algebra 3

(prof. M. Rizzardi)




Gram-Schmidt Orthonormalization algorithm

we solve each formula w.r.t. a;:

i By &
v, — al’ u, = i
[o] ol
kel |
j=1
()
_ "k
uk e
o]

" foR@e— 2,34 T

=)

> dor k=23 I
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What is the R-matrix? (1)

SCp2_04e.8

We rewrite the GS orthonormalization formulas such that they
give the columns in A:

A:<i 2 %)<—column5inA
o, =ay; <= wy =
Jon]

k—1

Z<“k’“ >“ o] = a2

j=1
/n\ r for Kk =2,3,..., n
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What is the R-matrix? (2)
Q=(y u

SCp2_04e.9

%)<— columns in Q

We get:
Hvluul + Ou, +  Ou, + + Ou, =a,
o + bl % 0w B 0y -
PR A O g R S |
<
<a4 U1> <a4,u2>u2 + <a4,u3>u3 + + Ou, =44 §
<an’u1>u1 + <an’u2>u2 + <an’u3>u3 + ot anHu =a, |l -
linear combination of columns in Q o, 3
A =
r I Ay o
0y 0t ity b, = O e g
mmn ofAl o, J jth column of R




What is the R-matrix? (3)

R= (al % %) 1 columns in R
[olus+ 0w+ Ouy+
(ar,u)u + v, |lu, + Ou, +
<a3,u1>u1—|—<a3,u2>u2—|— |v3||u3_|_ O, +---

<a4,u1>u1 ‘|‘<Cl4,’d2>u2 —|—<a4,u3>u3 —|—||U4||u4 4+ ...

coefficients of u,,
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Example 1: MATLAB gqr() function

SCp2_04e.11

-2 1 0
A= 1 0 2
0 1 1
A=[-2 10; 10 1; 06 2 1]"'; < square matrix
(:,1)=A(:,1); u(:,1)=v(:,1)/norm(v(:,1)); GSO
(:,2)=A(:,2)-A(:,2)"*u(:,21)*u(:,1); u(:,2)=v(:,2)/norm(v(:,2));
(:53)=A(:,3)-(A(:,3) " *u(:,1)*u(:,1)+A(:,3) "*u(:,2)*u(:,2));
u(:,3)=v(:,3)/norm(v(:,3)); ®
u 8
Q)
u = >
-0.8944  0.1826  ©.4082 6 S h 'd-'- <
0.4472  0.3651  ©.8165] ram- C m' 2
© 0.9129 -0.4082 -
[Q,R]=qr(A) -
(]
Q = ,‘//::\\\\‘\\ ~
-0.8944  -0.1826 -0.4082| e S I
R3 0.4472 -0.3651 -0.8165 PRy sesun] I
basis (%] -0.9129 0.4082 QR 0; f 3 3 5{
R = PSS Y o]
2.2361 -0.8944  0.8944 SIS ey A [
@ -1.0954 -1.6432 2 / =

0 0 -1.2247 S TA




Example 2: MATLAB gr() function ,_, ,

SCp2_04e.12

A=| 1 0
01
A=[-2 1 0; 10 1]';< regtangular matrix
v(:,1)=A(:,1); u(:,1)=v(:,1)/norm(v(:,1)); GSO
v(:,2)=A(:,2)-A(:,2) " *u(:,1)*u(:,1);5 u(:,2)=v(:,2)/norm(v(:,2));
v
u =
-0.8944  0.1826 "
0.4472  0.3651 o
@  0.9129 QR jg
[Q,R]=qr(A) P
0 - = £
-0.8944 -0.
Iﬁ(A) 0.4472 -0. -0.8165
basis %) -0. 0.4082 :
o <2 Gram-Schmidt | |_
2.2361 -0.8944 D
@ -1.0954 'l' §
0 0 ;‘
build a basis of R3 by means of | |5
R3= R(A) ® R(A)- s




Example 3: MATLAB gr() function _,

A=| 1

A=[-2 1 0; 1 0 1]"' ;<

rectangular matrix

v(:,1)=A(:,1); u(:,1)=v(:,1)/norm(v(:,1)); GSO
v(:,2)=A(:,2)-A(:,2) " *u(:,1)*u(:,1);5 u(:,2)=v(:,2)/norm(v(:,2));

u

u =
-0.8944 0.1826
0.4472 0.3651
(%] 0.9129

[Q,R]=qr(A,"econ™)

QR

% egonomy size

Q =
-0.8944 -0.18

0.4472 -0.3651
0 -0.9129

(Q)=%(A) -

2.2361 -0.8944
%) -1.0954

Gram-Schmidt

rank([A Q])

ans =
2

R: upper triangular matrix

SCp2_04e.13

Linear Algebra 3

(prof. M. Rizzardi)




