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Gilbert Strang: |professor-at MIT (Massachusetts Institute of Technology).

https://math.mit.edu/~gs/

His lectures on Linear Algebra are-freely available-at MITOPENCOURSEWARE ~
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Gilbert Strang: MIT course 18.065 =
“Matrix Methods in Data Analysis, Signal Processing, and Machine Learning” (2018) ‘81

[https://ocw.mit.edu/courses/18-065-matrix-methods-in-data-analysis-signal-processing-and-machine-learning-spring-2018/
https://www.youtube.com/playlist?list=PLUI4u3cNGP630MNUHXqglUcrkS2PivhN3k]
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Fundamental Theorem of Linear Algebra

SCp2_04c.2

If A is a matrix of size (mxn) then
MA)=R(AT)" and R(AT)=cHMA)"
MAN)=R(A)" and R(A)=cHMAT)"

Its proof is based on the definition of e4{A)

e (A) ={veR" : Av = 0}
It contains all the vectors (v) which are orthogonal to
the rows in A, so that it is orthogonal to Z(AT").
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For the other two subspaces we consider AT in place of A.




Graphical representation of 3
Fundamental Theorem of Linear Algebra | &
oA A(mxn)

| ' dim r
row spa;:?:\ % column space
all ATy .
XeR" X
nullspace N\ %
eMA) Ax=0 ;
dimension n—r dimension m—r 5
R"= R(AT) © eAA) R"= R(A) ® cA/TAT)




Lab.: compute the 4 fund. subspaces of A where
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1 4
T 3 - - L
A—lr 7 A(3x2) R(A), MA )gR2 . R(A) = MAT)
3 s R(AT), AMA)CR? © R(AT) = eMA):
oANAT) = R(A)-
MATLAB Symbolic Math Toolbox Grassmann Formula
A=sym([1 2 3; 4 7 5]"); dim[e#(AT))=3-dim[R(A) =
disp(rank(A)) — — ™
2 ﬁ the columns are independent g
colspace( y watag |3
% é, ﬂ @(A):span 2 ['l A=[1 2 3; 4 7 5]"; g
[ -11, 7] 3) (p disp(rank(A)) =
dlsp(rank(doub e([RA A]))) 2
two basis fopgfhe same subspace | RAT=orth(A')  ZR(AT)=IR?
NAT= null(A ) RAT =
NAT = 11 o -0.34998 0.93676 -
11 T\— _ 71l =lspan -0.93676 -0.34998 2
_z Q/WA ) Span| 1} p | 5* mﬁ:gull(A) @V(A):{Q} E
dé‘tsp(RA'*NAT) ;E —0 2x0@ empty double matrix s
ei q Bl LR (A) j ; 121
! 7118l V=0
R(A), oMAT) are orthogonal <5 y> eM(A) contains only the null vector




Fundamental Theorem and its applications

Gauss elimi

3 pivots

)

dim[ZR(A)] = 3 = dim[R?] “staircase" matrix S

R(A) =spani|o|| 2|.[olt  we can compute e MAT)

1) (-1 |1

S

without AT, as eMAT) = RIA)

— {Q} .. why?

SCp2_04c5
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Fundamental Theorem and its applications | :
I
[T 0] 2 [0 (D0 20 8
A=lof| 2| 2 |Jo|——]0 @D 1 0
=1 1[af T {0 0 o0
MATLAB Symbolic Math Toolbox Gauss-Jordan elimination
(row-reduced echelon form — SC2_02¢)
A=sym([1 0 2 0;0 2 2 0;1 -1 1 1]);
S=rref (A ™
3 =r-r'e (A) SR g
[ |2 0 2 0 | ] w 4l " : %
[ [e 1 1 0 ]* staircase” matrix S <
[ 0 0 0 1 | ] $
RAT=colspace(A')
RAT =
[ 1, o, 0]
[ 0, 1, 0] 3
[ 2, 1, o] 5
[ 0, 0, 1] _ N
RST=colspace(S') %(AT) = %(ST) =
RST = ;
[ 1, 0, 0] 2
[ 0, 1, 0] =
(21 0] The row subspaces are the same




Fundamental Theorem and its applications

A =

MATLAB Symbolic Math Toolbox

A=sym([1 © 206; 06 220; 1-111]);
S=rref(A)

1 0
0 2
2 2
0 O

1
—1
1
1

/

“staircase" matrix S
row-reduced echelon form

S
[ 1 0 0 ]
[ e 1 o ]
[ 0 0 1 ]
[ 0 0 0 ]
RA=colspace(A
RA = T, rank (RA)
[ 1, 0, O] ans =
[ 0, 1, @] 3 R(A) # R(S)
[ 2, 1, 0] rank([RA RS])
[ 0, 0, 1] ans =
RS=colspace(S) 4
RS =
[ 1, 0, 0] .
[ o (] The column subspaces differ
[ 6, 0, O]
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Example

Compute the components of U=(3,2)', along the directions of V
and w=V+, where V'=span{v}, v=(2, 1)".

V=R(v)
w = V= R(v)= A (V)
V+t=span{(-1,2)"}
tl‘/ tl‘zL
3

It

U=

A

‘/1.

linear system u=[3 2]';

uV=c(1)*V;

W=null(V'); A=[V W];

vV=[2 1]°';
c=A\u;
ul=c (2)*W;

<
{6

¢

P=[zeros(2,1) uV u uW];

figure; h=patch(P(1,:),P(2,:),'y");
set(h, 'LineStyle', ':", 'FaceAlpha',0.25)
axis equal; grid on; hold on; box on
h=compass(complex(u(1),u(2)),'b"');
h=compass(complex(uv(1),uv(2)),'r');
h=compass(complex(uW(1),uW(2)), 'm");

v

SCp2_04c.8

Linear Algebra 3

=
©
| .
(]
N
Ba,
o
Y
o
| -
Q.
 —




Example
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Compute, in R3, the angle between the planes:

e

=GBy 6220 =¥

=13 o] | -

—_ 3 0 3 1) | ¢

T,= Z_O ( j E
n,=| 3, n,=|0 100 2

m,=R(B), B=|o1| |

—6 1 0 0) |2

The coefficients of each cartesian
equation form a basis for Z(A)* and
R(B)+

eMAT) = R(A)- and oMBT) = R(B)+

[x,y]=meshgrid([-6 6]); zl=(3*x+5*y)/6;
z2=zeros(size(x)); surf(x,y,zl);
set(h, 'FaceAlpha',.5); hold on; h=surf(x,y,z2);
n1l=[3 5 -6]"; n2=[0 @ 1]'; % normals
cosTH=dot(n1,n2)/(norm(nl)*norm(n2));
TH=acos(abs(cosTH))*180/ i;
disp([TH subspace(nl, n2)*186/p1])

44,181 44,181
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