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Contents

> “Sum” and “direct sum” of two linear
subspaces.

> “Complementary” subspace and “or-
thogonal‘complement” subspace of a
given subspace:

> Grassmann Formula and other pro-
perties of linear subspaces.
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Definitions (1 of 2)

Let S be a Vector Space and U, V, W are subspaces of S.

The subspace U=V*+W is said to be the SUM of V
and W it

V+W={sES C S=v+w, VvEVAVweW}

The subspace U=V€|‘> W is said to be the dir'ec’r sum
Of V and W i

VoW =V+Ww r VW ={0}

They are subspaces of §
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Definitions (2 of 2)

Let S be a Vector Space and U, V, W are subspaces of S.

Vis a complementary subspace of Win S
if:
V : Vow=_§

V= W4isthe orthogonal complement of W
in S if:

Wt = {sES st,VwEW}
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In R3

we set

ffl\

V =spany|0
\b

1 0
A=(0 2
1 —1

Example 1

(0 (2) (0

2{t, W =spani|2|,|0|;
1) L
Y\planes/7

the Sum Subspace

2 0) of V.and Wis:
2 o EE) V+W = R(A)
1 1

/ Column Space of A
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UUV isnot a subspace of S because, in general,

YuelU, VveV utveg UUV

Example
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If

For each subspace in S, there are infinitely many

complementary subspaces in the same space S.

Example 2
V' = x-axis, then

R*=VOW w

nere W = y-axis

R°=VOW w

nere W={w : wlzwz}

W
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Example 3

If WCR>:W={weR’
complement V=W is

. w, =w, | then its orthogonal

V=WL={v : vlz—vz}

A

WJ_

SCp2_04a7

Linear Algebra 3

(prof. M. Rizzardi)

=



Properties (1/2)

V., W are subspaces of a vector space .S:

1 V+W and VAW are linear subspaces.

to remember: similar
to the area of C, UG,

2 [Grassmann formula
dim(V+W) + dim(VW) =dimV + dimW

@Q

Linear Algebra 3

3 dim(VEW) =dimV +dimW
4 S=VOW = VseS dlveV, AlwelW : s=v+w

5 8S=V®W = abasis of §is given by the union
of a basis of V" and a basis of V.
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Properties (2/2)

The zero-vector is orthogonal to all the vectors
in the space, and it is the only vector orthogonal
to itself.

The orthogonal complement is a subspace.

The orthogonal complement of Wis a comple-
mentary subspace of W, thatis W ®@W'-=§.

The orthogonal complement of W is unique.

(WL =w.
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Intersection of two subspaces

1. 1f S is a Linear Space and U, V are subspaces of .S,
then UMV is a subspace of S

Proof

We will apply to UNV the Theorem that gives a necessary and
sufficient condition for a subspace of a Linear Space:

UNV must contain the linear combinations of all its vectors.

Thesis:  Vx,yeUNV = oax+PByeUNV

The result immediately follows, because U and V are both
subspaces.

Vx,yeU = oax+pByclU
Vx,yeV = ox+pByeV
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