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(1 of 2)(1 of 2)

Let S be a Vector Space and U, V, W are subspaces of S.

The subspace U=V+W is said to be the sum of V
and W if:

The subspace U=V+W is said to be the sum of V
and W if:

  :  ,      V +W = s S s = v + w v V w W  :  ,      V +W = s S s = v + w v V w W

The subspace U=VW is said to be the direct sum
of V and W if:

The subspace U=VW is said to be the direct sum
of V and W if:

      V W =V +W V W = 0      V W =V +W V W = 0

They are subspaces of S
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(2 of 2)(2 of 2)

V is a complementary subspace of W in S
if:
V is a complementary subspace of W in S
if:

   :   V V W = S   :   V V W = S

V = W is the  orthogonal complement of W
in S if:

V = W is the  orthogonal complement of W
in S if:

:  ,    W = s S  s w  w W:  ,    W = s S  s w  w W

Let S be a Vector Space and U, V, W are subspaces of S.
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In 3

2 0

  span 2 , 0

1

1 0

span 0 , 2

1 11

,

                                 

                                    

W= =V

2 0

  span 2 , 0

1

1 0

span 0 , 2

1 11

,

                                 

                                    

W= =Vif

1 0

0 2

1 1

2 0

2 0

1 1

  



      
A =

1 0

0 2

1 1

2 0

2 0

1 1

  



      
A = V+W = (A)

we set

Column Space of AColumn Space of A

planesplanes

the Sum Subspace
of V and W is:

the Sum Subspace
of V and W is:
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in 2

UV is not a subspace of S because, in general,
uU,     vV u+v  UV

UV is not a subspace of S because, in general,
uU,     vV u+v  UV

  ,U = = yx V
 

  ,U = = yx V
  u+vUV

x

x


y

y

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If then

For each subspace in S, there are infinitely many
complementary subspaces in the same space S.
For each subspace in S, there are infinitely many
complementary subspaces in the same space S.

-a ,xisV = x-a ,xisV = x

 

2

2  :

-ax i w shere  

  whe e  r   


 1 2

=

=

W W = y

W W = w  

V

w wV


  

2

2  :

-ax i w shere  

  whe e  r   


 1 2

=

=

W W = y

W W = w  

V

w wV




VV

W W
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If then its orthogonal
complement V=W is

 2 2
1 2:  :  W W w w w       2 2
1 2:  :  W W w w w      

  :   1 2V = W = v  v v  :   1 2V = W = v  v v

WW
1

span
1

            
W =

1
span

1

            
W =

1
 :  

1


            
V = W = v  v

1
 :  

1


            
V = W = v  v

 
1

0
1

 0
       

 1 2v,  = v v 
1

0
1

 0
       

 1 2v,  = v v
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(1/2)(1/2)

1 V+W and  VW are linear subspaces.1 V+W and  VW are linear subspaces.

2 Grassmann formula
dim(V+W) + dim(VW) = dimV + dimW

2 Grassmann formula
dim(V+W) + dim(VW) = dimV + dimW

3 dim(VW) = dimV + dimW3 dim(VW) = dimV + dimW

4 S = VW  sS !vV, !wW : s=v+w4 S = VW  sS !vV, !wW : s=v+w

5 S = VW  a basis of S is given by the union
of a basis of V and a basis of W.

5 S = VW  a basis of S is given by the union
of a basis of V and a basis of W.

V, W are subspaces of a vector space S:

C1

C2

to remember: similar
to the area of C1 C2
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(2/2)(2/2)

6 The zero-vector is orthogonal to all the vectors
in the space, and it is the only vector orthogonal
to itself.

6 The zero-vector is orthogonal to all the vectors
in the space, and it is the only vector orthogonal
to itself.

7 The orthogonal complement is a subspace.7 The orthogonal complement is a subspace.

9 The orthogonal complement of W is unique.9 The orthogonal complement of W is unique.

10 (W)= W.10 (W)= W.

8 The orthogonal complement of W is a comple-
mentary subspace of W, that is W W = S.

8 The orthogonal complement of W is a comple-
mentary subspace of W, that is W W = S.
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1. If S is a Linear Space and U, V are subspaces of S,

then UV is a subspace of S.

1. If S is a Linear Space and U, V are subspaces of S,

then UV is a subspace of S.

Proof
We will apply to UV the Theorem that gives a necessary and
sufficient condition for a subspace of a Linear Space:
UV must contain the linear combinations of all its vectors.

, U V U Vx y x y     , U V U Vx y x y     

,
,
x y x y
x y x

U
V Vy

U 
 

   
   




,
,
x y x y
x y x

U
V Vy

U 
 

   
   




The result immediately follows, because U and V are both
subspaces.

Thesis:Thesis:


