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Induced matrix norm

By definition, a matrix norm is said induced by a

vector norm if

4] = s

=0 o
def
matrix norms the same as || = max |4 o vector norms

where A is a reQqgngular matrix of siz Xn).

An induced matri m satisfies all/the properties of a
vector norm and, in §ddi| he follgwing:

S. [N XAV

0. (4B <|i4| ||B|
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Examples of induced matrix norms

Euclidean norm HAH2 — \/maX‘eigenvalue‘ of A" A
' f
(Or 2-n0rm) max singular value of A
A=rand(3);
disp([norm(A) max(sqgrt(eig(A'*A)))])
1.4465 1.4465
Uniform norm , |
. p sum over Cols
(Or maximum norm HAHoo v Egéz;‘au‘ max over rows
or co-norm) i
disp([norm(A,inf) max(sum(abs(A),2))])
1.9389 1.9389
Taxicab norm y i o rows
(or Manhattan norm 4], = {Eﬁle‘af‘ max over cols
or 1'n0rm) disp([norm(A,1) max(sum(abs(A)))])

SCp2_03c.3

Linear Algebra 2

(prof. M. Rizzardi)

1.8795 1.8795

-



What is measured by a matrix norm? :
A vector norm gives the length of a vector. o
|A| le f >
ypropes 0=y |Av|<[Afe]. v=0 o FRsialn et
a matrix norm ||A|| gives the maximum amplification of ||x|| in Ax.
20 |Al
A= =2 2 =2
Example [0 2] = 1Ak =2
v, =Av 4 0 N
2 4 . oy 1Bl 56 s
V= [1] lvl, =2.24, v, = Bv 0 1] SOBLSE T, = 8
ve TF < o, T
— ~ 2. ~ 1. S
C=7} % lch=2s Iib=1s g
The matrix with maximum norm gives the longest transformed vector
_A=2*eye(2); B=diag([4 1]); C=[-2 2;1 1]; |

v=[2 1]'; vA=A*v; vB=B*v; vC=C*v;
compass(vB(1),vB(2),"'c'); hold on
compass(vA(1),vA(2),'b"); compass(vC(1),vC(2),'8s"');
compass(v(1),v(2),'r"); disp(norm(v))
2.2361
disp([norm(A) norm(B) norm(C); ...
norm(vA) norm(vB) norm(vC)])

2.0000 4.0000 2.8284
4.4721 8.0623 3.6056
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Example (contd.)

N=15; t=linspace(-pi,pi,N); z=(2+i)*exp(i*t);
v=[real(z);imag(z)]; vA=A*v; vB=B*v; vC=C*v;

180

figure; compass(vA(1,:),VvA(2,:),'b"'); hold on; compass(z,'r')
figure; compass(vB(1,:),vB(2,:),'c'); hold on; compass(z,'r')
figure; compass(vC(1,:),vC(2,:),'g"'); hold on; compass(z,'r"') | 2¢

q

L N
? | ol | |
3 max max

180

10
nv=vecnorm(v); T

nvA=vecnorm(vA);
nvB=vecnorm(vB);
nvC=vecnorm(vC);
figure; h=plot((1:N),[(nvA./nv)"' (nvB./nv)' (nvC./nv)'],'o-");
set(h(1), 'Color','b"');set(h(2),'Color', 'c");set(h(3), 'Color','g")
axis tight

compute the ||||, for each column in the matrix *

o o
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Lab: estimate ||A|| using the Symbolic Math Toolbox|

|A[;=2

def
|A4| = max

v=0 3

A 2 0 B_ 4 0 ::——2 2 25
0 2 0 1 1 1 i

A=2*eye(2); B=[4 0;0 1]; C=[-2 2;1 1]; 5
syms X y real; v=[x y]';
Anorm=simplify(norm(A*v)/norm(v)); ezsurf(Anorm) |
Bnorm=simplify(norm(B*v)/norm(v)); ezsurf(Bnorm)
Cnorm=simplify(norm(C*v)/norm(v)); ezsurf(Cnorm)

1Bl|,=4

gzw

|Avl,

2 4

disp([norm(A) norm(B) norm(C)])
2.8284

““’0‘.‘}0‘

0"00" S
““‘ oo’o‘o‘o:
00000 00

N

1.5

AX=axis; disp(AX(5:6))
1.0022

dlsp(zllm)

3.9995

approx of ||B]|,

< \“‘ “\“‘\\“““
\‘\‘\\\ “‘\\““ ‘
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B2
max ——- —
= o

def
|B]

Lab. (contd.)

syms X y real; v=[x y]'; B=diag([4 1]); 4 0

Bnorm=simplify(norm(B*v)/norm(v)); ;:[

ezsurf(Bnorm); colormap('jet") 0 1

G=simplify(gradient(Bnorm));

S=solve(G(1)==0, G(2)==
'ReturnConditions',true) % search stationary pts

|

’ :::' "‘:“,1
i

.
$++'

SCp2_03c.7

Linear Algebra 2

(prof. M. Rizzardi)

S = struct with fields: 09
2x1 sym ox,
%le sim% gradient of o: V(p(x;*,x;): (le
parameters: u 8T(p
conditions: [2x1 sym] 2
S.parameters
ans = u
S.conditions
ans = in(u, 'real') _ _
in(u, 'real’) stationary points:
S.X 1
ans = u [S.x(1);S.y(1)]=u X-axis

0 0
5.y 0
ans = 0 [S.x(2);S.y(2)]=u 1 y-axis

u
Vli=simplify(subs(Bnorm,{x,y},{S.x(1),S.y(1)}))
Vi = 4 max
V2=simplify(subs(Bnorm,{x,y},{S.x(2),S.y(2)})) | 2
V2 =1 min H=hessian(Bnorm,[x,y]); detH=det(H);

disp(subs(detH,{x,y},{S.x(1),S.y(1)}))

——> Bl =41,
(Hy)ig 7/

-4 -2 0 2 4 6

~ Bz, 0z, The Hessian matrix H can locate the local extrema. But if det(H) 0 nothing can be said.




How to highlight where it is HV@(XT,XZ) =0 top view
lgrad Bl lgrad Bl

G=simplify(gradient(Bnorm)); ezsurf(norm(G)) X4

If the surface is not negative, it may be preferable to draw its log,,

HV(p(xf,x;) = HV(p(xf,xz) , =
log, ,[llgrad BJ|] log, ,[llgrad BJ|]
6
; 4
0.5 9 - -
: clear!
-0.5 o
p g
15 5 (] H E
4 1
§
P ezsurf(loglo(norm(G))) | -
X 5 o -6 -4 2 0 2
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1 1

C:[—z 2] Lab. (COan.)

|Coll,

ol

C=[-2 2;1 1]; syms x y real; v=[xy]’;

Cnorm=simplify(norm(C*v)/norm(v));

ezsurf(Cnorm); colormap('jet"')

G=simplify(gradient(Cnorm));

S=solve(G(1)==0, G(2)==0, ...
'ReturnConditions',true) % search stationary pts

S = struct with fields: S=solve(G
= y eee
[2x1 sym] 'ReturnConditions',true)
[2x1 sym]
parameters: u
conditions: [2x1 sym] stationary points:
S.parameters 1
ans = Uu . —
S.conditions [5-x(1)35.y(1)] u[ 1]
ans = in(u, 'real') 1
in(u, 'real') [S.x(2);S.y(2)] =u
S.X 1
ans = -u
b detH=det(hessian(Cnorm,[x,y]));
S.y disp(subs(detH, {x,y},{S.x(1),S.y(1)}))
ans = u ® nothing can be said about this point
u

Vli=simplify(subs(Cnorm,{x,y},{S.x(1),S.y(1)}))
V1 = 2*2~(1/2)~2.8284 max
V2=simplify(subs(Cnorm,{x,y},{S.x(2),S.y(2)}))
V2 = 27(1/2) =1.4142 min

ICII = 2*sqrt(2)

i
ll/[f;’:ﬁff; ‘*ff.r:; ti

| ,;|':'Ef1"fffff;;_.?#;,¢&gf,,,

Go_to X-Z view:
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€]

C=[-2 231 1]; syms x y real; v=[x y]';

Cnorm=simplify(norm(C*v)/norm(v)); 28 “@lw
ezsurf(Cnorm); colormap('jet®) ”anz 2 5 “*\“‘f‘:?m\\\l”lm
How to highlight where it is Hch(x;",x;) =0 =

lIC*xl,/lixll,

G=simplify(gradient(Cnorm)); % gradient
Gnorm=simplify(norm(G))

% 2-norma of gradient
fsurf(loglo(Gnorm),[-1 1]); box on; view(2); axis equal

log,,llgrad(Cnorm)|, log,,llgrad(Cnorm)]|,
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Exercise: estimate the condition number
using MATLAB Symbolic Math Toolbox

“ZE H AUH ||Av||z
§4§—> M = max=r H'U‘ condition number,
S o 2 K 141 — %%%_ e
e, AT
N
disp([cond(A) cond(B) cond(C)]) 1

1.0000 4.0000 2.0000

3.5 ~

3~

2.5

2

1.5 4

14

el

"#*'ini!:’ﬁ. +"¢'fo %

i“‘ ‘Q 'i‘l‘
1‘;‘&; o5 5
&
% ;‘4,:.
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https://blogs.mathworks.com/cleve/2017/07/17/what-is-the-condition-number-of-a-matrix/

More on the “condition number”|of a matrix
Let A be any matrix (also rectangular)

A matrix norm measures ... HA’UH
how much a matrix can stretch vectors: M = max 2
=
but it may be important to know ... HAUH —
how much a matrix can shorten vectors: m = I})ligl H’UH 2
- 2
Let A be a square matrix
A singular square/matrix A is such that: m = mi(I)l Hf"ﬁ”z =0 Why?
v=0 vV ,

and the/condition numberiis infinity.

Let A be now a square and non-singular matrix: w = Av &&= v = A 'w

m — mid HAvuz _ i HWH2 NS 1 _ 1 condition number
=0 vauz HA—lw‘ HA—le HA—IH for inversion
o
more Qeneral “only for square invertible matrices
| ()= G (4)=]4]x]4|
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Orthogonal vectors

u,v are orthogonal ' '

Connection between independence and orthogonality

n (non-zero) vectors are mutually orthogonal

—

they are linearly independent

The vectors

The vectors

(

\
(

\

=

1\
O)
1)

0,

the reverse is not true

(
0
1] are orthogonal, therefore independent.
\

1

1] are independent, but not orthogonal.
\
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[RECALL

def
standard scalar product in R”: (u,v) =

n
E : U Uy
=1

Another definition of standard scalar product in R”:

Is its definition equal to: (u,v)=|u|x]|v]|xcos6 ?

V>

u

v

cos0,,

cos0,,

> c=cos(6)

Since two vectors lie on a plane, the proofis in R?

Y1 =
Y, =

u

v

sin 0,

sin 0,

_ (w)

-]

By the properties of right triangles we get:

—>

By def: (u,v) =x,x, +y,y, = H’U,HH’UH[C\OS 0, cos0, +sin0, sin 9%]

A4

cos(B, —6,)=cos6

Why is it sufficient to prove the formula in R??
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