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Scientific Computing
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Scientific Computing
(part 2 – 6 credits)
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By definition, a matrix norm is said induced by a
vector norm if
By definition, a matrix norm is said induced by a
vector norm if

5. ||Av||  ||A|| ||v||

6. ||AB||  ||A|| ||B||

matrix normsmatrix norms vector normsvector norms

where A is a rectangular matrix of size (mn).where A is a rectangular matrix of size (mn).

the same asthe same as  

def

1
  max


AA =

v
v

 def

0
  max



A
A =

v

v
v

 def

0
  max



A
A =

v

v
v

An induced matrix norm satisfies all the properties of a
vector norm and, in addition, the following:
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Euclidean norm
(or 2-norm)

Uniform norm
(or maximum norm
or -norm)

Taxicab norm
(or Manhattan norm
or 1-norm)

1
1

max
n

iji m
j

A a   
 

1
1

max
n

iji m
j

A a   
 

1 1
1

max
m

ijj n
i

A a
  

 1 1
1

max
m

ijj n
i

A a
  

 

sum over cols
max over rows

sum on rows
max over cols

A=rand(3);
disp([norm(A) max(sqrt(eig(A'*A)))])

1.4465    1.4465

disp([norm(A,inf) max(sum(abs(A),2))])
1.9389    1.9389

disp([norm(A,1) max(sum(abs(A)))])
1.8795    1.8795

eigenvalue ofA A A
2

  max Heigenvalue ofA A A
2

  max H

max singular value of A
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A=2*eye(2); B=diag([4 1]); C=[-2 2;1 1];
v=[2 1]'; vA=A*v; vB=B*v; vC=C*v;
compass(vB(1),vB(2),'c'); hold on
compass(vA(1),vA(2),'b'); compass(vC(1),vC(2),'g');
compass(v(1),v(2),'r'); disp(norm(v))

2.2361
disp([norm(A)  norm(B)  norm(C); ...

norm(vA) norm(vB) norm(vC)])
2.0000    4.0000 2.8284
4.4721    8.0623 3.6056

2
2

2

2 0
2, 2

0 2
AA A

       
 v

v
 2

2
2

2 0
2, 2

0 2
AA A

       
 v

v


A vector norm gives the length of a vector.

a matrix norm ||A|| gives the maximum amplification of ||x|| in Ax.

A vector norm gives the length of a vector.

a matrix norm ||A|| gives the maximum amplification of ||x|| in Ax.

2
2

2

2 2
2.8, 1.6

1 1
CC C

        
v
v

 2
2

2

2 2
2.8, 1.6

1 1
CC C

        
v
v



2
2

2

4 0
4, 3.6

0 1
BB B

       
v
v

 2
2

2

4 0
4, 3.6

0 1
BB B

       
v
v


2

2.2
2

1
4,

C

B

A

B

C

A    










 v

v
v

v
v

v

v
v

2
2.2

2

1
4,

C

B

A

B

C

A    










 v

v
v

v
v

v

v
v
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The matrix with maximum norm gives the longest transformed vectorThe matrix with maximum norm gives the longest transformed vector

,    0A A A
A

  
v

v v v
v

 scale factorscale factorby Propr. 5by Propr. 5

vv
AvAvBvBvCvCv
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...
nv=vecnorm(v);
nvA=vecnorm(vA);
nvB=vecnorm(vB);
nvC=vecnorm(vC);
figure; h=plot((1:N),[(nvA./nv)' (nvB./nv)' (nvC./nv)'],'o-');
set(h(1),'Color','b');set(h(2),'Color','c');set(h(3),'Color','g')
axis tight

...
N=15;  t=linspace(-pi,pi,N); z=(2+i)*exp(i*t);
v=[real(z);imag(z)]; vA=A*v; vB=B*v; vC=C*v;
figure; compass(vA(1,:),vA(2,:),'b'); hold on; compass(z,'r')
figure; compass(vB(1,:),vB(2,:),'c'); hold on; compass(z,'r')
figure; compass(vC(1,:),vC(2,:),'g'); hold on; compass(z,'r')

(contd.)(contd.)
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1.5

2

2.5

3

3.5

4

2

2

Av
v

2

2

Av
v

2

2

Bv
v

2

2

Bv
v

2

2

Cv
v

2

2

Cv
v

2
2A 

2
2A 

2
2.8C 

2
2.8C 

the matrix norm ||A|| gives the maximum elongation of ||v|| in ||Av||the matrix norm ||A|| gives the maximum elongation of ||v|| in ||Av||

2
4B 

2
4B 

compute the  for each column in the matrixcompute the  for each column in the matrix

max

max

max

max



(p
ro

f.
 M

. R
iz

za
rd

i)
Li

ne
ar

 A
lg

eb
ra

 2
SC

p2
_0

3c
.6Lab: estimate A using the Symbolic Math ToolboxLab: estimate A using the Symbolic Math Toolbox

 f

0

de

ma  x


A
=A

v

v
v

 f

0

de

ma  x


A
=A

v

v
v

-5

0

5

-5

0

5

1

1.5

2

2.5

3

3.5

4

x
1

||B*x||
2
/||x||

2

x
2

-5

0

5

-5

0

5

1

1.5

2

2.5

||C*x||
2
/||x||

2

-5

0

5

-5

0

5

1

1.5

2

2.5

3

||A*x||
2
/||x||

2

xx

2

2

Av
v

2

2

Av
v

2

2

Bv
v

2

2

Bv
v 2

2

Cv
v

2

2

Cv
v

2 0

0 2
A

     
 2 0

0 2
A

     
 2 2

1 1
C

      
2 2

1 1
C

      
4 0

0 1
B

      
4 0

0 1
B

      

A2=2

B2=4

C2=2.83

AX=axis; disp(AX(5:6))
1.0022       3.9995

disp([norm(A) norm(B) norm(C)])
2       4     2.8284

A=2*eye(2); B=[4 0;0 1]; C=[-2 2;1 1];
syms x y real;  v=[x y]';
Anorm=simplify(norm(A*v)/norm(v)); ezsurf(Anorm)
Bnorm=simplify(norm(B*v)/norm(v)); ezsurf(Bnorm)
Cnorm=simplify(norm(C*v)/norm(v)); ezsurf(Cnorm)

approx of B

disp(zlim) disp(zlim)
1.4142   2.8284
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syms x y real; v=[x y]'; B=diag([4 1]);
Bnorm=simplify(norm(B*v)/norm(v));
ezsurf(Bnorm); colormap('jet')
G=simplify(gradient(Bnorm));
S=solve(G(1)==0, G(2)==0, ...

'ReturnConditions',true) % search stationary pts
S = struct with fields:

x: [2×1 sym]
y: [2×1 sym]

parameters: u
conditions: [2×1 sym]
S.parameters
ans = u
S.conditions
ans = in(u, 'real')

in(u, 'real')
S.x
ans = u

0
S.y
ans = 0

u
V1=simplify(subs(Bnorm,{x,y},{S.x(1),S.y(1)}))
V1 = 4
V2=simplify(subs(Bnorm,{x,y},{S.x(2),S.y(2)}))
V2 = 1

Lab. (contd.)Lab. (contd.)
2

2

Bv
v

2

2

Bv
v

B = 4B = 4

maxmax

minmin

[S.x(1);S.y(1)][S.x(1);S.y(1)]
1

0
u
      

[S.x(2);S.y(2)][S.x(2);S.y(2)]
0

1
u
      

stationary points:stationary points:

x-axisx-axis

y-axisy-axis

Go to X-Z view:
the surface is all between 1 and 4

H=hessian(Bnorm,[x,y]); detH=det(H);
disp(subs(detH,{x,y},{S.x(1),S.y(1)}))
0

The Hessian matrix H can locate the local extrema. But if det(H)=0 nothing can be said.

4 0

0 1
B

      
4 0

0 1
B

      

 
 

 

1 2
1

1 2

1 2
2

,
,

,

x x
x

x x
x x

x






 

 

 

              

gradient of :

 f

0

de

ma  x


B
=B

v

v
v

 f

0

de

ma  x


B
=B

v

v
v



(p
ro

f.
 M

. R
iz

za
rd

i)
Li

ne
ar

 A
lg

eb
ra

 2
SC

p2
_0

3c
.8

0

5

5

10

5

||grad B||
2

15

x
2

0

x
1

20

0

-5 -5 -6 -4 -2 0 2 4 6

x
1

-6

-4

-2

0

2

4

6

||grad B||
2

-1.5

5

-1

-0.5

5

0

log
10

[||grad B||
2
]

x
2

0.5

0

x

1

0

-5 -5 -6 -4 -2 0 2 4 6

-6

-4

-2

0

2

4

6

log
10

[||grad B||
2
]

If the surface is not negative, it may be preferable to draw its log10

How to highlight where it is  1 2 2
, 0x x   

unclear!

clear!
x2=0, 
x10

x1=0, 
x20

top view

G=simplify(gradient(Bnorm)); ezsurf(norm(G))

ezsurf(log10(norm(G)))

   x x x x       1 2 10 1 22 2
, 0 log ,
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C=[-2 2;1 1]; syms x y real;  v=[x y]';
Cnorm=simplify(norm(C*v)/norm(v));
ezsurf(Cnorm); colormap('jet')
G=simplify(gradient(Cnorm));
S=solve(G(1)==0, G(2)==0, ...

'ReturnConditions',true) % search stationary pts
S = struct with fields:

x: [2×1 sym]
y: [2×1 sym]

parameters: u
conditions: [2×1 sym]
S.parameters
ans = u
S.conditions
ans = in(u, 'real')

in(u, 'real')
S.x
ans = -u

u
S.y
ans = u

u
V1=simplify(subs(Cnorm,{x,y},{S.x(1),S.y(1)}))
V1 = 2*2^(1/2)
V2=simplify(subs(Cnorm,{x,y},{S.x(2),S.y(2)}))
V2 = 2^(1/2)

max

Lab. (contd.)Lab. (contd.)
2

2

Cv
v

2

2

Cv
v

Go to X-Z view:
the surface is all between 1.4.. and 2.8..

2.8284

C = 2*sqrt(2)C = 2*sqrt(2)

maxmax

minmin1.4142

2 2

1 1
C

      
2 2

1 1
C

      

[S.x(1);S.y(1)][S.x(1);S.y(1)]
1

1
u
       

[S.x(2);S.y(2)][S.x(2);S.y(2)]
1

1
u
      

stationary points:stationary points:

detH=det(hessian(Cnorm,[x,y]));
disp(subs(detH,{x,y},{S.x(1),S.y(1)}))
0 nothing can be said about this pointnothing can be said about this point

S=solve(G, ...
'ReturnConditions',true)
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C=[-2 2;1 1]; syms x y real; v=[x y]';
Cnorm=simplify(norm(C*v)/norm(v)); 
ezsurf(Cnorm); colormap('jet‘)

-5

0

5

-5

0

5

1

1.5

2

2.5

x
1

||C*x||
2
/||x||

2

x
2

2

2

Cx
x

2

2

Cx
x

||C||2

y = x
y = -x

stationary pointsstationary points

How to highlight where it is

top view

G=simplify(gradient(Cnorm)); % gradient
Gnorm=simplify(norm(G)) % 2-norma of gradient
fsurf(log10(Gnorm),[-1 1]); box on; view(2); axis equal

 1 2 2
, 0x x   
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using MATLAB Symbolic Math Toolbox

condition number

-5

0

5

-5

0

5

1

1.5

2

2.5

3

||A*x||
2
/||x||

2

xx

2

2

Av
v

2

2

Av
v

2

2

Bv
v

2

2

Bv
v 2

2

Cv
v

2

2

Cv
v

disp([cond(A) cond(B) cond(C)])
1.0000    4.0000    2.0000

pr
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io
us
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ti
m
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pr
ev
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m
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ed

 
2

0
2

2

0
2

max

min










A

A

M

m

A M
m

v

v

v
v
v
v
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more generalmore general only for square invertible matricesonly for square invertible matrices

how much a matrix can stretch vectors:

https://blogs.mathworks.com/cleve/2017/07/17/what-is-the-condition-number-of-a-matrix/

how much a matrix can shorten vectors:

LetA be now a square and non-singular matrix:                     LetA be now a square and non-singular matrix:                     w Avw Av  A wv  A wv 

A singular square matrixA is such that:

and the condition number is infinity.

 A M
m A M
m    A AA -   A AA -

condition number
for inversion
condition number
for inversion

A matrix norm measures …

but it may be important to know …

LetA be a square matrixLetA be a square matrix

LetA be any matrix (also rectangular)LetA be any matrix (also rectangular)

 
2

0
2

2

0
2

max

min










A

A

M

m

A M
m

v

v

v
v
v
v

2

0
2

min 0


 
A

m
v

v
v

2 2
10

2 2

min min

max


   
A

A w
m

A A

w

11
v

v
v - -

w

w
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u,v are orthogonal
u  v

u,v are orthogonal
u  v u,v = 0u,v = 0defdef

n (non-zero) vectors are mutually orthogonal
they are linearly independent

n (non-zero) vectors are mutually orthogonal
they are linearly independent

The vectors are independent, but not orthogonal.
1 1

,  
0 1

              

Connection between independence and orthogonalityConnection between independence and orthogonality

the reverse is not truethe reverse is not true

The vectors are orthogonal, therefore independent.
1 0

,  
0 1

              
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Is its definition equal to: ?cos , =u v u v cos , =u v u v

Since two vectors lie on a plane, the proof is in 2

By the properties of right triangles we get:

1 1 1 1

2 2 2 2

cos , sin

cos , sin

x y

x y

 
 

 
 

u u
v v

1 1 1 1

2 2 2 2

cos , sin

cos , sin

x y

x y

 
 

 
 

u u
v v

 1 2 1 1 2 22 1cos cos sin si, nx x y y       u v u v  1 2 1 1 2 22 1cos cos sin si, nx x y y       u v u v

 2 1cos cos   2 1cos cos  
Why is it sufficient to prove the formula in 2?Why is it sufficient to prove the formula in 2?

standard scalar product in n:standard scalar product in n:
1

, =
n

k k
k

u v u v
1

, =
n

k k
k

u v u v
defdef

By def:
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
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xx

y
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


Another definition of standard scalar product in n:Another definition of standard scalar product in n:

  ,
c cos 


=

u v
u v

  ,
c cos 


=

u v
u v


