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Definition: dot product of real vectors

Let <X , R, 4+, >|<> be a Linear Space with real scalars.

The dot product (or scalar product or inner product)
of two real vectors is a map

o) 1 (X y)EXXxX —— (xy)eR

Cartesian product of X with itself

angle brackets

satisfying the following properties:
1' <ax+By9Z>:a<x9Z>+ﬁ<y,Z> Va,p € R,Vx,y,z € X

Linearity law

> < > vx,y € X Commutative law

Positive definiteness

2. (x,
<x,x>>0 Vxe X Ax =0
4.4

x,x> 0 & x=0
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Symmetric bilinear form
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A dot product <°,°> between real vectors is a real symmetric
bilinear form thatis positive definite.

This means that it is:
ocx—I—By, o{x,2)+PB(y,z
N ¢> > o (x,2)+B(7:2)

x ocy—l—Bz <x,y>+B<x,Z>
It is linear w.r.t. both of its arguments (x,y) <:> bilinear' for'm

Vo, € R,Vx,y,z € X

Linear Algebra 2

2. :> (x,y} = (y,x} v,y € X symmetric

(prof. M. Rizzardi)

:> < >>O weXnx=0 positive definite
4. (x,x)=0 < x=0 quadratic form




Example 1 3
C)I
s the following bilinear form a dot product? 3
It
/ <x>)’> — 2\x1)’1 +2\X1Y2 +)‘Cz)’1 TXY,
It can be written as: (x,y)=x"Ay Y
X 2 ?j
x=|"1, y= Y1 A= | .
X, Y, 1J1 5
Verify by means of
symi x* [2*1]*r'ea1 . e

MATLAB Symbolic Math Toolbox | T2 Jeeasrechy "X Yo% il 5
syms X y [2 1] real E2= 5 1] §
g;=y Q::E.)z/m%’:x:'l,][.%;l], 'real'); JEXE* , X1¥y2, x2*yl, x2*y2] 2
@ |y=sym('y',[2 1], 'real'); || R fAtnnec(O)s s clems: 5
y1_ expand(x"'*A*y) expand and simplify 27 =

));2 ans = expressions , 2]

2¥x1*yl + 2*x1*y2 + x2*yl + x2*y2 , 1]




[2 2] Example 1 (contd.)
11

MATLAB Symbolic Math Toolbox
A=[2 2; 1 1];

syms Xy z [2 1] real

syms a b real

E=g(x,y) X' *A*y <X,)’> > XTAY

function _handle with value:
@(x,y)x"*A*y

Verify
1. {ax+By,z) = a{x,2)+B(y,2) vapervayzex (bilinear)

expand( F(a*x+b*y,z) - ( a*F(x,z)+b*F(y,z) ) )
ans I simplify(F(a*x+b*y,z) == (a*F(x,z)+b*F(y,z))) ()l‘!

ans =
symtrue

2. (x,y) = (y,x) Vx,y € X it does not hold!  (Symmetric)

expand( F(x,y) - F(y,X) )
Xlty2 - x2ry1l | simpLify(expand(F(x,y) == F(y,X))) ‘ NO!

ans =
x1*y2 == x2*yl

» » » » It is not a dot product
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Example 1 (contd.)

Also if this bilinear form is not a dot product, now we go to verify if
it results positive definite anyway.

positive definite  ¢=) i 83 L i > % v; ey O
) ’ — X AX — X =

SCp2_03a.6

only the null vector gives a bilinear form equal o O

e..S=simplify(F(x,x),50 2 2
plify(F(x,x),50) [ Flxy) = A

S = A=
(x1 + x2)*(2*x1 + x2) 1
fsurf(S); hold on; AX=axis;
surf([AX(1:2);AX(1:2)],[AX(3:4);AX(3:4)]"',zeros(2,2))
X2=solve(S,x2) 2 lines
X2 =

-x1 200 |

-2*x1

disp(factor(S))
[X1 + x2, 2*x1 + x2]

Linear Algebra 2

where F(x,x)=0

r: x2=-x1
corresponds to = span-

S . x2=-2"x1
corresponds to s = spanj




isotropic cone of a quadratic form

r: x2 =-x1

corresponds to r = span

S : X2 =-2*x1

corresponds to s = span;

1

|2

oy
;_14

N
]>
J

A=[2 2; 1 1];
NA=null(A)
NA =

-0.7071

0.7071

NAT=null(A")
NAT =

-0.4472

0.8944

A=sym([2 25 1 1]);

NA=nulI(A)
NA =

-1

1

NAT=null(A")

NAT =
-1/2
1

What is the connection
between the lines r and s,
and the matrix A?

s = of/(AT)
Besides the null vector, there are
Infinitely many vectors x such that

XTAX =0

SCp2_03a.7

The equation XTAX = 0 is satisfied if
xecAH{A) [Xin the Null Space of A

X Ax =0
or

X xTA=0
or

X xl1l Ax

<~

-

<~

XEQ/V(AT) [X in the Left Null Space of A]

X and AX are orthogonal (or perpendicular)

Linear Algebra 2
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Positive definiteness

A quadratic form is positive definite if, and only if,
its associated matrix is positive definite.

A symmetric matrix is positive definite if, and only if, all its
leading principal minors* are strictly positive. it is not computationally conven

A symmetric matrix is positive definite if, and only
if, all its eigenvalues are > 0.

* The leading principal minors are the determinants of all the leading principal I
submatrices of order k. The leading principal submatrix of order k, of a matrix (nxn) is

obtained by deleting the last n—k rows and columns of the matrix.

2 2
A=[ ] A=[2 2; 1 1];
I 1) ldisp(eig(a))
semidefinite

3
(% h positive

The matrix is not positive definite

SCp2_03a.8
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Example 2 3
OI
s the following bilinear form a dot product? ?
Y
/ <an> =2Xy, F XY, + X9, — X, ),
It can be written as: (x,y)=x"Ay where E
<
g X1 L V1 A 2 1 symmetric g
_xz, y_yz’ 1 —1| matrix 5
MATLAB Symbolic Math Toolbox
syfis Xy [2 1] real
A=[2 1; 1 -1]; *x1*y1+x1*y2+x2*yl-x2*y2; ~
syms x y [2 1] real c,t] = coeffs(f) £
expand(x'*A*y) [2, 1, 1, -1] S
ans = :
s« vz s a4 b e |2
A = (reshape(c,n,n))"’ =
T2, 1]
[1, '1]




Example 2 (contd.) 2
A=[2 1; 1 -1]; 1 ¥
syms X y z [? 1] real; syms a b real A — )
E = @(x,y) x'*Aty 141
@(x,y)x" *A*y
1. {(ax+PBy,z) = o(x,2) +B(y,2) vapecrvryzex (bilinear)
expand( F(a*x+b*y,z) - (a*F(x,z)+b*F(y,z)) ) o
ans = " simplify(F(a*x+b*y,z) = (a*F(x,z)+b*F(y,z))) ()l(' g
|| symtrue Q&
2. {x,y)=(3,x) wyex (symmetric) || 5
expand( F(x,y) - F(y,x) )
a3 || SImplify(F(X,y) == F(¥,X)) OK!
|| symtrue ;g
3.4 (6%)>0 wexaeeo (xx)=0 < x—0 (positive definite) | <
disp(eig(A)) g

-1.3028

2.3028 h N()!




Example 2 (contd.)

Also if this bilinear form is not a dot product, now we go to verify if
it results positive definite anyway.

. o 3. o TA - L
positive definite @ . (X, ) =x"Ax >0 wexnx-o

'<xax>:xTAx:() < x=0

S=simplify(F(x,x),50)
S:

2*¥x172 + 2*¥x1*x2 - x27°2
fsurf(S); hold on; AX=axis; xlabel(...); ylabel(...)
surf([AX(1:2);AX(1:2)],[AX(3:4);AX(3:4)]"',zeros(2,2))
X2=solve(S,x2)
X2 =

R isotropic cone

r : x2=x1(1-V3) )
corresponds to r = span- Al

s : x2=x1(1+\3) 1
corresponds to s = Spani Al

SCp2_03a.ll
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isotropic cone of a quadratic form ;
r : x2=x1(1-v3) (1 ) g*l
corresponds to r=spany| What is the connection ||~
s © x2 = x1(1+V3) . « be;lrwien The.lme‘f r and s,
corresponds to s = span- » and the matrix A:
1++/3)
A=[2 1; 1 -1]; A=sym([2 1; 1 -1]); o~
NA=null(A) NA=null(A) @/V(A) - {O} g
NA = NA = » e E
Empty matrix: 2-by-@ || Empty sym: 1-by-© T\ _ N
NAT=null(A') NAT=null(A"') CD/V('A\ ) — {Q} E
NAT = NAT = . -
Empty matrix: 2-by-@ || Empty sym: 1-by-@ a linear subspace cannot be empty:
it contains the null vector at least!
No connection! 5
| . 2 1) » - 5
The symmetric matrix A= [1 1] is not positive definite %
B A=[2 1; 1 -1]; 5
disp(eig(A)) =

Why‘) -1.3028

2.3028




The matrix is not positive definite: why?

The equation x"Ax =0 is satisfied if:

in this case @V (A) = {0}
in this case e (AT) = {0}

X2=solve(S,x2) solve
X2 =
(1+37(1/2))*x1
(1-37(1/2))*x1

v=subs(x,x2,X2(1))

VvV = pu

¥V =

x1
(1+37(1/2))*x1
simplify(v'*A*v)
ans =
(%]

comj

2x; +2x,x,

1
span
|

tvonS

1
+V3

}, s = span{

|

yute vTAv

>

the vectors v and .
Av are orthogonal!

x 1 Ax < x and Ax are orthogonal

—x; =0 with respect to x,

************************

1.5

,,,,,,,,,

. |
“,y
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Example 3 5
Is the following bilinear form a dot product? 3
" v
<x>Y> =Xy, +5%,y, +12x,y;, —2x,y, —2x,y, +3x,y; +3x5y, —7x,y; — x5y,
X Y, 1 -2 3
(x,y) = x" Ay <:1I> i=|x,|, y=ly,|, A=|—2 5 —7
& Y, 3 =7 12
A=[1 -2 3;-2 5 -7;3 -7 12]; symme’rric matrix %l
syms a b real; syms xy z [3 1] real ‘«;
F = @(x,y) x"*A*y; <
expand( F(a*x+b*y,z) - (a*F(x,z)+b*F(y,z)) ) g
ans = simplify(F(a*x+b*y,z)==(a*F(x,z)+b*F(y,z)))
0 -
Symtrue OK!
eXpand( F(X:Y) B F(ny) ) 5
ans = . . S
o simplify(F(x,y)==(F(y,x)) X
O OK! :
all(eig(A) > O) H

ans =

e OK!




