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Dimension of a Linear Space

SCp2_02d.2

The dimension of a linear space X,
denoted by dim X, by definition, is the
number of vectors in any basis (its

cardinality).

Y @297 07 oV

5%, the Cubspace cant

By defn\f{lﬁo ,tfy subspace containing only the
zero vecto(\ha’s A )/ 127

: ﬁ/_ \fﬁhm%{b} 0.

(\J
/ \ J
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The%e %re)Hnear spaces with a finite dimension and

space}ﬁvith an infinite dimension.
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Examples

Scp2_02d.3

IT. is the Linear Space of at most n-degree real polynomials., It
contains vectors such as

P,(x)=a, +ax+ ax® +<. +ax"
Abasis of II is {1, x, x2, x3, ..., x"}> S0 that
dim Il = n+1

Linear Algebra 1

=/ is the Linear Space of real functions that are analytical* at
0. It contains-veetors suchas
f(x)=a, +ax+ax’+--+ax"+--
A basis of o=/ consists of all the power functions {x*} so that
dim /=
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*

a function is said analytical at a point if locally it is the sum of a power series



Properties of Linear Subspaces

SCp2_02d.4

N/

< |f Wis a subspace of X, then
dim W <  dim X

< |If Wis asubspace of X and dim W =dim X
then. > W.=X.

Linear Algebra 1

i)

 If dim X=nandthe vectors u®) u@ ... u
are linearly independent, then they form
a basis for X.

O
| -
(@]
N

Ba

o

=

Y-
(o)
| &
Q.

N/




Examples of basis and dimension

s

B The canonical basis of R? cantﬁiﬁ\s. the » :)fect

{(1,0)7, (Q,\W} )
Then dim R2—2 \( <’\/ /\’\//

\J _<’/

®m The canomcal 3bb?sifs. of R@ doot

K/ \
{(1,0,. 9@ (015220)" W

Theh f{\g):l ]Rn ,m O ),\ari)/

m Abasis QOrJT |§/u‘wéet 6f power functions
Q &Q‘\X Yj.
Tpén’ d ﬁ @

\\

s/t he vectors

fﬁéjl)T }

/

O If_M}zZ;,f {[: Bj’ OﬂBvMR} thenabasisis ... o

D7 and dim M, ,=... °

SCp2_02d.5
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Fundamental subspaces associated with a
matrix A(mxn): their dimension and a basis

The Null space of a matrix A: @MA) subspace of R
eMA)={xeR" Ax =0} eMA)cR"

» dim eA(A) = n—Fawhere © is the rank of A.
» A basis is obtained by solving the system Ax=0.

The Left null space of a matrix A: @%AT) subspace of R"
eMAT) = {yeR™ ATy =0} eMAT) c R"

» dim eA(A") = m—r where r is the rank of A.
> A basisis obtained by solving the system ATx=0.

Scp2_02d.6
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Fundamental subspaces associated with a
matrix A(mxn): their dimension and a basis

SCp2_02d.7

The Column space of @ matrix A: R(A) subspace of R”
R(A)=spanfA.,, A ... A,} R(A)<R"

» dim ?R(A) =r where r isthe rankof A.

» A basis is obtained by the columns in)A corresponding
to pivots.

Linear Algebra 1

The Row space of a matrix A: @(AT) subspace of R"
R(A") =span{A, , A, ... A,.} RAT) cR"

> dim R(AT) = F where r is the rank of A.

» A basis is obtained by the rows in A corresponding
to pivots.
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Example: Null Space and Left Null Space |
o
I
S
MATLAB Symbolic, N\a’rh oo1b/ox »
A=[1 @ 1;5 4 9;2 4 6]; solionofthe | fs=s m([1 0 1,5 4 9;2 4 61);
NASNULL(A) s hOMoOgeENeOUS i N =“”11(S)
©.57735 system Ax=0 J -1
9.57735 - S -1
_ -0.57735 . ) Y
disp(norm(NA)) \X -\, | disp(norm(NS))

1 -1 Qﬁ)lx S -
NAT=null(A') |n|,=1 (Y | NST=null(S"') o
NAT = aJ ~\\// | NST = &

-0.90453 A =154 9| ol 3 E;
9.30151 - | ch/ -1 <
-0.30151 [ 4 2 1 g
=) J () Y, (l - g
O VNG 2 ( 7 =
\\ l J " \/ \ f/{(/\'
< \// /\]tjj X L» 7 ay=-a

P AEIP\Y’ C]
syms a real; r = a*NS; S
ezplot3(r(1),r(2),r(3),[0 1], 'animate") b NS, S
axis tight; axis equal; box on; hold on . / &
h=quiver3(0,0,0,NA(1),NA(2),NA(3),1); ” NA =
set(h, 'Color', 'm', 'LineWidth',2) s
view(-78,23) =

= 7 DE-: o
<z e - 5 B s




Example: Column Space and Row Space |;
' S
|
. -
MATLAB Symbolic Math ' Toolbox |
A=[1 © 1;5 4 9;2 4 6]; S=sym([1 © 1;5 4 9;2 4 6]);
disp(rank(A)) disp(rank(S))
2 ‘ DR | ) |
RA =|orth(A) A +*ra | orthonormal || || RS=colspace(s) i
ans =
RA = ans - columns RS = [10, -3]
-0.091519  0.41646 1 t1.1te2e-16 | | [ 1, @] (3 2]
-0.82791 0.47293 || 1.1102e-16 1| [ o, 1] norm(RS(:,1)) -
-0.55335 -0.77646 || norm(RA(:,1)) o [ -3, 1] B e
RAT=orth(A") ans = RST=colspace(S') 107(1/2) {;
RAT = ! | | RST = =
-0.40119 0.71113 I 1, o] s
-0.41527 -0.70301 [ 0, 1] =
-0.81646 0.0081265 [ 1, 1] -
disp(rank([A RA double(RS) double(RS1)]))
dispgrref(A)) 2
1 3
0 0 RS1=simplify(orth(S) S
. RS1 = N
U The erthyfunction can also be | [3e~(1/2)/30, -(7%330~(1/2))/330] || &
. : . [ 307(1/2)/6, -3307(1/2)/66] =
applied to a symbolic matrix, [307(1/2)/15, (8*330~(1/2))/165] “
disp(A(:,1:2)) but COISpace cannot be | Rs1'#*Rs1 norm(RS1(:,1)) é
1 s applied to a numeric matrix. |0 ans. =
5 4 Pp - |01, e] 1
2 4 [ 6, 1]




Null Space and Row Space

eH(A) = {xeR™ Ax =0} O/VZA) c R",
R(AT) = span{A,, Ay, ., Ay} RA) R

AR 4 N | L I

A=[1 0 1;5 4 9;2 4 6]; S=rref(A)
91 1s =

4

4 6 Q.) (%] 1 . .

22 . O 1 linearly independent
0

@(bﬁ 0 0 rows
<;) 5, < |syms a b real; p=A([1 2],:)"'*[a b]";
; ()| fmesh(p(1),p(2),p(3),[-1 1]);
62/47ﬂ axis('equal')
N=null(A)*[-10 10]; % two points on cA#(A)
-j/” ‘/\J,r line(N(1,:),N(2,:),N(3,:), " 'Color','r'

\ " Unlike the plet function, line adds the line to the current axes without deleting
<\ _  other graphics objects: hold on doesn’t need )

c / - ‘
DD Gy’ O A @(AT)
“{p=A([1 2],:)'*[a b]'; *

A q=S([1 2],:)'*[a b]'; ] the same planel

fmeSh(p(l)Jp(z)Jp(3)}[-1 1])
axis('equal'); hold on

Fsurf(a(1),a(2),4(3), -5 51) /RS

SCp2_02d.10
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Left Null Space and Column Space\ 3
C>I
N (AT) = {yeR™ ATy = 0} H(A)cR™ |7
R(A) = span{A.,, A.,, ... - } R(A) cR"
\ N L d\
A= [1 ® 1;5 4 9;2 4 6]; S=rref(A)
S =

@ -
Q/"(AT) i %) é 1 linearly independent || ¢
) 0 o| cols S
isyms a b real; p=A(:,[1 2])*[a b]"'; ;
ezmesh(p(1),p(2),p(3)); axis('equal’) £
N=null(A')*[-10 10];% two points on oA#(AT) ||| -

liHE(N(l,:),N(Z,:),N(3,:))

a\‘(")

S 5
R(A)
\ o
p=A(:,[1 2])*[a b]"; different planes! || =
q=S(:,[1 2])*[a b]"'; ‘5
fmesh(p(1),p(2),p(3)); &

axis('equal') m(S')

hold on; fsurf(q(1),q(2),q(3))
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