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Coordinate systems in the p!dne

P(xp,yp) cartesian coordinates:

. abscissa of P (.
YP ordinate Of P ) 9
I\

SCp2_01b.2

P \\\\ ‘\/\‘/ Y

\f Ry, rﬁJ . er:)
OP zkn\nghe ana{e\)rde‘f" ned a{)‘e} ar{;??@ es of 2n (a round angle)
0 (>&3J > P(pp.,Bp) polar' coordinates:
<) o7 O\ ) pp- radial coordinate of P

2 < N7 ep angular coordinate of P

Brief notes on complex numbers

s aestans i R\
/An angle Q’g‘m'be RUred in: degrees or in radians.

; degme eq\uabt‘ﬁe 90t" part of a right angle.

] li'ddlun it is the angle subtended by an arc equal in length to
u ,_/’{) __“the radius of the circle. 6 in radians is computed as the ratio
< / between the AB arc length, and the OA radius of the circle.

to pass.frofn deg() to rad() and conversely: deg(e) +180 = rad(e) .

Y™y
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| =
S
N
—
o
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o
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a
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Passing from a coordinate system to another
(x.y) cartesian coordinates and [p,0] polar coordinates of P

SCp2_01b.3

P X = pcosH p=\/x2—l—y2

b
Q
Ne]
£
=
X
| r y %)-
— —_ £
y=psino 0=arctan= | |°
<
—— —— N W 5 o
v
s
P 2
_ Y
O X V y3k'L / i‘)
2.5 V4
1|‘>:=[4,3]; . x?Pglg; , 3),=p(2); 5 p /
igure; plot(P(1),P(2),'og’ _ .
axis equal; hold on theta=atan2(y,x); | 15 ~
rho=sqrt(x”~2+y~2); theta=atan(y/x); 1 / §
plot([x ],[0 y],"sr") os / N
quiver(09,0,rho*cos(theta),rho*sin(theta),0) ' &«
0 =
I
0 1 2 3 4x o
Q.

Quiz: do you know the difference between atan(..) and atan2(...)?




Complex Numbers|

A complex number z is an ordered pair of\reél numb},rg

C={z=(ab): a,belg\

C denotes the set of compleil}wembers\(@r«(,‘a#\pl QR{J

A \\/ “\ J C ) \
a complex number z as a ponr\t 0 < a/complex nvfoer Z as a vector of the
plane R? (euclidean affme\ﬁpace) Q) pla)'\ IR@ (no éq)llnear space) , with

with cartesian coordmatesﬂﬁand b. < \// - en;ﬁ(q) d b along the axes.

scp2_01b.4

Brief notes on complex numbers

cartesian coordinates z=(a,b) polar coordinates z=p,0]
where where

a=Rez (the real part of z) p=|z| (the modulus of z)
b=1mz (the imaginary part of z) 0 =arg z (the argument of z)

™
O
| &
o
N
Ba.
o
Yy
o
| .
o
A




Reptesentoﬁons of complex numbers \

SCp2_01b.5

7 l
z=[3421i;2;i;-3+2i;-3-2i]; ) \
a=real(z); b=imag(z); sin(@ v
disp([a b]) ( ) 3
g é + | syms a b real; z=a+i*b; £
o 1+—L |disp([real(z) imag(z)]) | | °
-3 2 a b 2
E- | | 0 5
‘ S
<
Euler’s formula‘le®=cos0-+ising| , s
* discovered around 1740 - _j \ S
9 0+ isin® by summing side to side by subtracting side to side k)
e’ =CosO+isIm - . C =
o . ll» cosB=1(e™ +e™®) sino=-L(e™—e™)
e =cosO—isin0 | ' 2 2i

———

N k3 [
(=}
II* }5: 3 vl z=[34213231;-3+21i3-3-21]; &
o r=abs(z); t=angle(z); <
disp([r t t*180/pi]) _
3.6056 0.588 33.69 S
2 0 0 &
syms a b real; z=a+i*b; _,l 1 1.5708 90 ~
disp([abs(z) angle(z)]) 3.6056 2.5536 146.31
[(a”2 + br2)~(1/2), atan2(b, a)] 3.6056 -2.5536 -146.31




The argument of a complex number is defined at less than multiples

of 2n. How does MATLAB handle arguments of complex numbers?

For a complex number z, MATLAB uses Argz, the
Principal Argument of z, i.e. it always “takes the

angles back to the interval |-, +1c.]3

rho=2; thetal=pi/6; zl=rho*exp(i*thetal);

theta2=pi/6+2*pi; z2=rho*exp(i*theta2);

theta3=pi/6-2*pi; z3=rho*exp(i*theta3);

disp[rad2deg)[angle(z1) angle(z2) angle(z3)]))
30 30 30

rad2deginstead of *180/pi

How to’ go'beyond the interval |-x, +x|?

disp(rad2deg([theta angle(z)

1 (%] %)
2 120 120
3 240 -120
4 360 -1.4033e-14
5 480 120
6 600 -120
7 720 -2.8067e-14

theta=(0:2*pi/3:4*pi)'; z=exp(i*theta); compass(z)

unwrap

0
120
240
360
480
600
720

(angle(z))]))

IL

| [ strip between —1t and +7
=B theta
| =@ angle(z)
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if z = (a,b) = [p,0] then the |Imz

4\
scp2_01b.7

complex conjugate of z, |

denoted as Z, is |
— | m
= (a,~b) = [p,—#) I
ErT la Re z g
I S
e L :
D —Df - - Z
e Z —a o -
Z is the symmetric of 7| ¢

w.r.t. the real axis

. . -
z1=3+21i; z2=conj(zl); [z1;z2] «“

marag |CONB(Z) | | srooes - 2.come




Operations on complex numbers | 3
z) = a, +ib, 3
addmon —a, +ib,
(subtmchon) the same as summméﬂ;))vg vecthQ)m the rez‘aI’ ol he
\‘ \ s : (j\ 4 /
Pf'OdUCf \\\\/ \\/ v <<))/

cartesian coor'dm@*e’s :z}ﬁ le/Z\#:/\(;a1+ iby)(a, +ib,) =
.,9') o )/ —%dépi\ﬂz ’[ab +ayb)]

| ‘ates (exponential
polar coordi tg( ponegf fop"ﬁ'f)

((\

)?3 = 21% P1Pze e ;‘®e

- Z3F 2K = [Plpza 91+‘2+2k“]

Brief notes on complex numbers

product of sum of
moduli arguments

(Wlé
cartesian coordinates: = z;=1/z,=1/(a+ib,)=(a,— ib,)/|a,+ib,
poldr coordinates: = z,=1/z,=1/(pe®)= (1/p) e~
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Integer power of a complex number |

NN NN
AW N

nt root of a complex number: z : z"=w |

A - \ _J
z=[1.5+1, 3+21], w=z."2; . K) 4 \\(J z=[1+.6i;.6+i]; w=z.”5;
disp([z  w.~(1/2)]) N7 \gﬁz disp([z w.~(1/5)1)
1.5 +1i = 1.5 + 1i €= = > 1+0.6i = 1+ 0.61
3420 % 3 -2 € ?%J > .6+ 1i % 1.1365 -  0.26162i
R € £ 4

W. ;"(1/ n) returns a single value not always equal to the original root

SCp2_01b.9
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In order to compute all the nt? roots of z#0, we have: fromthe eq. w'=z

& wh= el = 2 = [p,0] & r"=p, ne = 0+2k5 > solving w.r.t. r, @
we obtain the following formula:

SCp2_01b.10

T}":Q/B
W =Xz = o] = v 07 2kR>A
. : (pk:n_l_ n 'y k=01.n=1

where k must assume n .consecutive integer values: for instance,

\

k=0,1,2,...,n~1, or k==2,-1,0,1,..,,n=3, or k=n,n+1)...2n-1, ... .

Examples cubic rootsof 2 +i

Brief notes on complex numbers

r= 2+ - o
__3f s __ | .
w, =32+ ={r,e(|= arg(24i) 2km

¢, = + s k=012 =
= | 3 3 270 _é
(=}
Z=2+1; n=3; k=(0:(n-1))"; 1w3+ 0w2+ le -zl =0 N
[x,y]=pol2cart(angle(z)/n+2*pi/n*k, abs(z)”(1/n)); rk=roots([1 © 0 -z]) &
wk=complex(x,y); disp([wk wk.”n]) % check they give back z rk = polynomial coeffigients =
1.2921 + 0.201291 2 + 1i -0.82036 + 1.0183i) | \\ 1 AR %
-0.82036 + 1.0183i 2 + 1i 3 =D &i -0.47171 - 1.2196i <
-0.47171 - 1.2196i 2 + 1i Wi equals =2+ 1.2921 + 0.20129i roots || &

T the roots are the same, but not in the same order




\/_ \/ﬁ 1&, ké\%

A

The nt roots of the unit are placed on the vertlcesﬁ' he n-sige regdar DO ygo IhSﬁrlbed
s 1; w\h n is

in the unit circle. Among these roots there is’

B

)y/)l \\

others

complex and conjugate; when n is even, in Qd(i}q n to th}e’ Lsori reaI root.

Examples

z=1; n=.; k=(0:(n-1))'; wk= exp(21*p1*k/n), compass(wk)
>
wk:%/I \g \/{/_ r)/ ()/ Wk:Q/I
f i@k_O the oﬁfamedlr'o,o*r isdl w\ays 1
(>€ J Q % 1
e ML i — .

180

270

equi]ateral triangle pentagon

106 4
o

0

250 LT 00
270

hexagon

< /\,‘/
\w\
@ =
=}

. (prof. M. Rizzardi)

are
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Why the nt roots of unity are important y
o“' The nt roots of a complex number can be obtained by multiplying a ;L'
ﬂ“ particular root of the complex number by all the nth of unity. - by
— 3 ey [
Y2+51 umm) z,=2,-€,
. where
2,6 = |zp|\ exp(iargz,)e; * z,,is.a particular cubic root of 2+5i
T o e, = 1 aré the cubic roots of 1
rotation || n=3; 7=2+5i; z=roots([1,zeros(1,n-1),-(2+5%i)]); % roots

zp=Z~(1/n); % a particular root
e=roots([1,0,0,-1]); % cubic roots of unity
compass(zp*e,'b'); hold on; h=compass(zp, 'm'); compass(e,'r"')

homothety
lengthen or shorten vector length

Brief notes on complex numbers

\ rotation by arg z,,

homothety of |z,|
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DEFINITION A

A primitive n'" root of unity £ is a particular nt" root of unity such

that n is the smallest integer > 0 for which:
k%1 Yk : 0<k<n, and they are all distinct I:>

(Ck msan"ﬁr’oot of l)& /(c) s V,‘k—() 1,..
Example: which roots am\pmml\?i’vp’)/ )

n=4; k=(0:n-1)"; r=exp(2i*k*pi/n); disp(r.")

1+ 0i 6.1232e-17 + 1i -1 + 1.2246e-16i -1.837e-16 - 1i
J=find(abs(real(r))<1le-10); r(J)=zeros(size(J)) + i*imag(r(3J));
J=find(abs(1mag(r))<1e-10); r(J)=real(r(J)) + i*zeros(size(J));
disp([r."; (r.").~[k;n]])

SCp2_01b.13
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~k 1+ 0i 0 + 1i -1 + 0i @ - 1i roots
0 1+ 01 1+ 01 1+ 01 1+ 01
1 1+ 01 0 + 1i -1 + 0i 0 - 1i
2 1+ 01 1+ 01 1+ 01 -1 + 0i
3 1+ 01 0 - 1i -1 + 0i 0 + 1i
4=n 1+ 01 1+ 01 1+ 01 1+ 01
" =1 no JF=ivyes .  r=1. no F=1i. yes
[ ¢*| Among the n roots of unity S
S w,=41= [1 Zk“], k=0,1,..,n—1 &
[a'4
ﬁ the primitive ones w, are such that n and k are primes between ||| =
— them, i.e. ged(n, k) = 1. disp([k ged(k,n)]) 2
N 1 1 r—&l Vnez <
‘ 3 ged(): greater common divisor 2 2 ke
3 1 r=i: yes




Among the nt" roots of unity

7

®, in Ql)if '
Inverse Discr )6'9 Fourugr ‘(jﬁ;ﬁém

SCp2_01b.14
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Complex functions of a real variable

frteR— f(1)= x(B)+iy(t)eC

real part of f 1imaginary part of f

scp2_01b.15

rs

Examples 5

e :

ft)=1+i2 f(t)=cost+isint ,,
x(t)=t, y(t)=2t x(t)=cost, y(t)=sint| 2
— 1 | 3
)=1 +id F()=e" :

[
. y(t):l x(t)=cost, y(t)=sint
’ t




How to display a complex funchggj(t
of a real variable t /) a)
> %

Example: f(t) = x(¢)+iy(¢) —f,ixl[i ztza Kzf')e IRQ Vi
(’<) \() \]DJ
‘f
1) plot of (x(t), (1)), t€R \\\ 2) plf‘ojig (fCo), ,)> (ER
syms t real; f =t + 1i*t~2; | syms t real, f = t + 1i*t~2;

ezplot(real(f),imag(f),[-2 2]); || ezplot3(real(f),imag(f),t,[-2 2], "animate’);
axis equal : axis equal

N\
— ﬁ—)/ —
fplot(real(f),imag(f),[-2 2]); fplot3(rea1(f),imag(f),t,[-2 2]);
axis equal i/) axis equal
, Skty=8) j

SCp2_01b.16
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35

|

2.
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51
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—
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05T | the plot of a complex-valued

function of a real argument
is a curve




Examples: curves in the plane as
complex functions of a real vanable

2= f(t)=x(t)+iy(t) =2t Jg\i} ..

Jl — Et; 'Cj())/\B )j ffffffffffff e
y=J \\\\\/ \\'/8/ s
\ . N . ) X(t)
C \( \\jj) ,”
N 00
sm 2t it
j()ff ) Q))g(i* )+
AN ks
~~ /,\"/ , VJQ
) J '\\(J
7 o
M\ VJ (\/J

()/ \\/

10~ i+ o0 cone) i)

R)/

i
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Complex functions of a complex variable |

SCp2_01b.18

[1z2=x+iyeC— f(2) = flxy) =ulx,») + iv(x,y)eC
TRejf(z) Timf(z)

| 2 real variables |

mbers

Examples f@)=2"=(x+iy) =x’-y +i 2y |:

flz)=¢* =e**"” =e*cosy+ie*siny uxy)  vxy) :
u(%y) v(X,y)

T ?

ﬂ@-‘Z'—\/x +y —l\/x '+yj+i (Q.») g

-— T - g = i ux,y Vx,y 5

fO=E=x-ip= X +i(y) -

u(x.y)




How to display a complex function f(z)
of a complex variable z

Example: f(z)=2z"=x*—y* +2ixy syms x y real; z=xtity; f=2/2;
on a square grid

SCp2_01b.19

ezsurf(real(z),imag(z),real(f),[-2 2]) ezsurf(real(z),imag(z),imag(f),[-2 2])

1/
ey
50550080
‘ AN
550505
L2550 X/

SR % 20,0,%, X/
RN Y 755525580580 KAX RN
N 255555205825 )
R eI
SRR SIS
RS SRS
IR b0l

oS
SIS
OSSOSO

S5

55555525 o SISt
(50555555555 S SSSSSSSSSITISN
S oS S SOSSoTISSCTT S

R
LRI

Brief notes on complex numbers

ezsurf(real(z),imag(z),abs(f),[-2 2])

parts, of the modulus and

? argument of a complex-valued
function of a complex argu-
ment are surfaces

4
~
24 O
S ‘\\“:::‘::‘::\ ‘6
9 O NN
o8 % " %, () 9 B SSROSOSSOR N
SISO 600, 04 AN
(RS 5 KK, > N ' ARINSEEN N
TR AR ERSCSCS 9200262, s, ), BSOS OSSO SSSTSITSSSIOI, .—
N . LR LR EERESTRESRE0 00 e RS I SSERSSTSSSSSSISED
\ LTRUERESROESS XX 4 DK SO SISSSISSSEISIIS I [a'4
\SQQ““‘ X 0r et 2 P
N ' - s
:"‘f‘;‘""t. N
R i H -4l Y=
S plots of the real and imaginary 3 o
S
o
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How to display a complex function f(z)
of a complex variable z

e**¥ =e*[cosy+isiny| [syms x y real; z=x+i*y; f=exp(z);

SCp2_01b.20

Example: f(z)=¢*
on a rectangular grid

ezsurf(real(z),imag(z),real(f), ... ezsurf(real(z),imag(z),imag(f), ...
[-2 2 -3*pi 3*pi]) [-2 2 -3*pi 3*pi]) ‘g
— : 9
T 1‘“ =
6 // ’0{“\“\ “‘ =
4 /// ,@t‘f{ﬁ“&{\\\‘\‘?y‘“\\“‘\"~ i
2L — () f(;fs\&‘\\\\\‘“‘g!:f(“\\“‘\“\ gl 3
g “:‘“\‘:“““\‘}\\\\\\!‘!{:‘Q‘\““‘\\\“““/‘!{‘\‘\“ a
~ 0+ 4 “\""“\\\\\““:"::‘8:“‘\:%‘\‘“!‘!:‘;::‘\\‘ E
2 e S
al—" = \‘“\\\\\‘\\\\ o
-6\/ 7] g
v
)
> 1 2 2 o
0 o <
5 . Y4
y 2 9
X v -2 m%
ezsurf(real(z),imag(z),abs(f), ... ezsurf(real(z),imag(z),angle(f), ...
[-2 2 -3*pi 3*pi]) [-2 2 -3*pi 3*pi])

i
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Uil

217 sty gy
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How to display a complex function f(z)
of a complex variable z

Example: f(z)=7"= [pﬁf — ple?®
on a circular grid

scp2_01b.21

syms rho positive; syms th real;
z=rho*exp(i*th); f = z~2;

ezsurf(real(z),imag(z),real(f), ... ezsurf(real(z),imag(z),imag(f), ...
[0 2 -pi pi]) [0 2 -pi pi])

<
N e Z |||“ I
N :;,',;};':'}H}h':'l
W/”%”%/

I

i
'/llllll%l

Brief notes on complex numbers

ezsurf(real(z),imag(z),abs(f), ... ezsurf(real(z),imag(z),angle(f), ...
[0 2 -pi pi]) [0 2 -pi pi])
! N
3l —" o
NN R
RN N
| ™ u\\\’\\’\ﬁWM =
NN o
1 / T s
«“
0l (o]
2 -
) 2 2 <
0 1
0
1 B
2 2




	Diapositiva numero 1
	Diapositiva numero 2
	Diapositiva numero 3
	Diapositiva numero 4
	Diapositiva numero 5
	Diapositiva numero 6
	Diapositiva numero 7
	Diapositiva numero 8
	Diapositiva numero 9
	Diapositiva numero 10
	Diapositiva numero 11
	Diapositiva numero 12
	Diapositiva numero 13
	Diapositiva numero 14
	Diapositiva numero 15
	Diapositiva numero 16
	Diapositiva numero 17
	Diapositiva numero 18
	Diapositiva numero 19
	Diapositiva numero 20
	Diapositiva numero 21
	Diapositiva numero 22

