
Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 20 Aprile 2020

Campi Elettromagnetici

a.a. 2019-2020  - Laurea “Triennale” – Secondo semestre - Secondo anno

Corso di Laurea in Ingegneria Informatica, 
Biomedica e delle Telecomunicazioni

Stefano Perna

Università degli Studi di Napoli “Parthenope”



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 20 Aprile 2020

New formulas, important considerations, 
important formulas, important concepts

Memo

Mathematical tools to be exploited

Mathematics

Color legend

Very important for the discussion



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 20 Aprile 2020

   ( , ) , ,t t t s r e r h r
    

Poynting vector   2
:
Watt

m
s


  ˆ,
A

dA t  s r n
   ,

V

dV w t
t



  r

    0, ,j

V V

dVp t dV p t  r r
 

Poynting theorem (TD)
Hypotheses on the medium

- Local (TND & SND)

- Linear

- Time-invariant

- Isotropic

  2
,jp t r e
 

Power density delivered by the sources to the field

Power density dissipated in the conducting medium

Energy density of the e.m. field    ,
V

dV w t W t r


   ,j j

V

dVp t P t r


   0 0,
V

dV p t P t r


 
2 21 1

,
2 2

w t   r h e
 

 0 0,p t  r j e
 

Power dissipated in the
conducting medium

Power delivered by the
sources to the field

Energy of the e.m. field

       0, , , ,jt w t p t p t
t


    


s r r r r
    

       0S jP t W t P t P t
t


  


Electromagnetic 
power flux



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 20 Aprile 2020

   ( , ) , ,t t t s r e r h r
    

Poynting vector   2
:
Watt

m
s


  ˆ,
A

dA t  s r n
 

Poynting theorem (TD)

Hypotheses on the medium

- Local (TND & SND)

- Linear

- Time-invariant

- IsotropicElectromagnetic power flux

A

n̂

PEC   ˆ,
A

dA t  s r n
      ˆ, ,

A

dA t t     e r h r n
   0   ˆ , ,

A

dA t t     n e r h r
  

                 A B C C A B B C A
       



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 20 Aprile 2020

Poynting theorem (PD)

                            A r B r B r A r A r B r
         

           
*

*
00 0

1 1

2 2
j j            H r B r E r D r J r J r

         

   *
0

1

2
j  H r B r

  

( )S r


       * *1 1

2 2
            H r E r E r H r

         *1

2
     E r H r
  

   *1
( )

2
   S r E r H r
    Poynting vector 2

:
Watt

m
  S


       
**1 1

2 2
            H r E r E r H r

      
Phasor domain

   
       
     
 

0

00

0

0

j

j





 

  

   

   

  

E r B r

H r D r J r J r

D r r r

B r

  
      
   
 

   *

0

1

2
j E r D r

          * *
0

1 1

2 2
   E r J r E r J r

     



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 20 Aprile 2020

Poynting theorem (PD)

   *
0

1

2
j  H r B r

  
( )S r


   *1
( )

2
   S r E r H r
    Poynting vector 2

:
Watt

m
  S


   *

0

1

2
j E r D r

          * *
0

1 1

2 2
   E r J r E r J r

     
   
   
 

( , ) ,

( , ) ,

( , ) ,

t t

t t

t t







 
 




d r r e r

b r r h r

j r e r

    
   
   

Hypotheses on the medium (TD)

- Local (TND & SND)

- Linear

- Time-invariant

- Isotropic



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 20 Aprile 2020

Poynting theorem (PD)

   *1
( )

2
   S r E r H r
    Poynting vector 2

:
Watt

m
  S
 Hypotheses on the medium (TD)

- Local (TND & SND)

- Linear

- Time-invariant

- Isotropic

     
     

 ( )







 
 




D r r E r

B r r H r

J r E r

   
   
  

:

:

:

real

real

real











   *
0

1

2
j  H r B r

  
( )S r
    *

0

1

2
j E r D r

          * *
0

1 1

2 2
   E r J r E r J r

     



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 20 Aprile 2020

Poynting theorem (PD)

   *1
( )

2
   S r E r H r
    Poynting vector 2

:
Watt

m
  S
 Hypotheses on the medium (PD)

- Linear

- Time-invariant

- Isotropic

     
     

 ( )







 
 




D r r E r

B r r H r

J r E r

   
   
  

:

:

:

real

real

real











   *
0

1

2
j  H r B r

  
( )S r
    *

0

1

2
j E r D r

          * *
0

1 1

2 2
   E r J r E r J r

     

-Time-Dispersive

-Space-Nondispersive



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 20 Aprile 2020

Poynting theorem (PD)

   *1
( )

2
   S r E r H r
    Poynting vector 2

:
Watt

m
  S
 Hypotheses on the medium (PD)

- Linear

- Time-invariant

- Isotropic

     
     

 ( )







 
 




D r r E r

B r r H r

J r E r

   
   
  

   *
0

1

2
j  H r B r

  
( )S r
    *

0

1

2
j E r D r

          * *
0

1 1

2 2
   E r J r E r J r

     

1 2

1 2

:

j

j

real

  
  


 
  



* * **
00 0

1 1 1 1

2 2 2 2
j j          S H B E D E J E J

      

-Time-Dispersive

-Space-Nondispersive



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 20 Aprile 2020

Poynting theorem (PD)

   *1
( )

2
   S r E r H r
    Poynting vector 2

:
Watt

m
  S
 Hypotheses on the medium (PD)

- Linear

- Time-invariant

- Isotropic

     
     

 ( )







 
 




D r r E r

B r r H r

J r E r

   
   
  

1 2

1 2

:

j

j

real

  
  


 
  



 *
0 1 2j j       H H
 

*
0j H B
  2 2

0 1 0 2j     H H
 

2 2

0 1 0 2

1 1

2 2
j     H H

 

* * **
00 0

1 1 1 1

2 2 2 2
j j          S H B E D E J E J

      

-Time-Dispersive

-Space-Nondispersive



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 20 Aprile 2020

Poynting theorem (PD)

   *1
( )

2
   S r E r H r
    Poynting vector 2

:
Watt

m
  S
 Hypotheses on the medium (PD)

- Linear

- Time-invariant

- Isotropic

     
     

 ( )







 
 




D r r E r

B r r H r

J r E r

   
   
  

1 2

1 2

:

j

j

real

  
  


 
  



*

0j E D


 
*

0 1 2j j      E E
 

  *
0 1 2j j      E E
  2 2

0 1 0 2j    E E
 

* * **
00 0

1 1 1 1

2 2 2 2
j j          S H B E D E J E J

      

2 2

0 1 0 2

1 1

2 2
j     H H

  2 2

0 1 0 2

1 1

2 2
j    E E

 

-Time-Dispersive

-Space-Nondispersive



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 20 Aprile 2020

Poynting theorem (PD)

   *1
( )

2
   S r E r H r
    Poynting vector 2

:
Watt

m
  S
 Hypotheses on the medium (PD)

- Linear

- Time-invariant

- Isotropic

     
     

 ( )







 
 




D r r E r

B r r H r

J r E r

   
   
  

1 2

1 2

:

j

j

real

  
  


 
  



*  E E
 *

 E J
 2

  E


21

2
 E

 *
0

1

2
 E J



* * **
00 0

1 1 1 1

2 2 2 2
j j          S H B E D E J E J

      

2 2

0 1 0 2

1 1

2 2
j     H H

  2 2

0 1 0 2

1 1

2 2
j    E E

 

-Time-Dispersive

-Space-Nondispersive



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 20 Aprile 2020

Poynting theorem (PD)

   *1
( )

2
   S r E r H r
    Poynting vector 2

:
Watt

m
  S
 Hypotheses on the medium (PD)

- Linear

- Time-invariant

- Isotropic

     
     

 ( )







 
 




D r r E r

B r r H r

J r E r

   
   
  

1 2

1 2

:

j

j

real

  
  


 
  



* * **
00 0

1 1 1 1

2 2 2 2
j j          S H B E D E J E J

      

1 2( ) ( ) ( )j S r S r S r
  

1 2( ) ( ) ( )j     S r S r S r
  

1 S
2

0 2

1

2
  H

 2

0 2

1

2
  E

 21

2
 E

  *01
Re

2
 E J



2 S
2

0 1

1

2
  H

 2

0 1

1

2
  E

  *01
Im

2
 E J



21

2
 E

2 2

0 1 0 2

1 1

2 2
j     H H

  2 2

0 1 0 2

1 1

2 2
j    E E

  *
0

1

2
 E J



-Time-Dispersive

-Space-Nondispersive



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 20 Aprile 2020

Poynting theorem (PD)

   *1
( )

2
   S r E r H r
    Poynting vector 2

:
Watt

m
  S
 Hypotheses on the medium (PD)

-Time-Dispersive

- Linear

- Time-invariant

- Isotropic

     
     

 ( )







 
 




D r r E r

B r r H r

J r E r

   
   
  

1 2

1 2

:

j

j

real

  
  


 
  



1 2( ) ( ) ( )j S r S r S r
  

1 2( ) ( ) ( )j     S r S r S r
  

1 S
2

0 2

1

2
  H

 2

0 2

1

2
  E

 21

2
 E

  *01
Re

2
 E J



2 S
2

0 1

1

2
  H

 2

0 1

1

2
  E

  *01
Im

2
 E J



-Space-Nondispersive

1S
2

0 2

1

2
  H

 2

0 2

1

2
  E

 21

2
 E

  *01
Re

2
  E J



2S
2

0 1

1

2
  H

 2

0 1

1

2
  E

  *01
Im

2
  E J





Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 20 Aprile 2020

Poynting theorem (PD)

   *1
( )

2
   S r E r H r
    Poynting vector 2

:
Watt

m
  S
 Hypotheses on the medium (PD)

-Time-Dispersive

- Linear

- Time-invariant

- Isotropic

     
     

 ( )







 
 




D r r E r

B r r H r

J r E r

   
   
  

1 2

1 2

:

j

j

real

  
  


 
  



1 2( ) ( ) ( )j S r S r S r
  

-Space-Nondispersive

1S
2

0 2

1

2
  H

 2

0 2

1

2
  E

 21

2
 E

  *01
Re

2
  E J



2S
2

0 1

1

2
  H

 2

0 1

1

2
  E

  *01
Im

2
  E J



 2 2 2 *
01 0 2 0 2

1 1 1 1
Re

2 2 2 2V V V

dV dV dV                      S H E E E J
    

    ˆ
V S

dV dS   A r A r n
  

1
ˆ

A

dA  S n


  2 2 2 *
00 2 0 2

1 1 1 1
Re

2 2 2 2V V

dV dV                   H E E E J
   



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 20 Aprile 2020

Poynting theorem (PD)

   *1
( )

2
   S r E r H r
    Poynting vector 2

:
Watt

m
  S
 Hypotheses on the medium (PD)

-Time-Dispersive

- Linear

- Time-invariant

- Isotropic

     
     

 ( )







 
 




D r r E r

B r r H r

J r E r

   
   
  

1 2

1 2

:

j

j

real

  
  


 
  



1 2( ) ( ) ( )j S r S r S r
  

-Space-Nondispersive

1S
2

0 2

1

2
  H

 2

0 2

1

2
  E

 21

2
 E

  *01
Re

2
  E J



2S
2

0 1

1

2
  H

 2

0 1

1

2
  E

  *01
Im

2
  E J



 2 2 2 *
01 0 2 0 2

1 1 1 1
ˆ Re

2 2 2 2A V V

dA dV dV                     S n H E E E J
    



    ˆ
V S

dV dS    A r A r n
  

 2 2 *
02 0 1 1

1 1 1
ˆ 2 Im

4 4 2A V V

dA dV dV                  S n H E E J
   





Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 20 Aprile 2020

Poynting theorem (PD)

   *1
( )

2
   S r E r H r
    Poynting vector 2

:
Watt

m
  S
 Hypotheses on the medium (PD)

-Time-Dispersive

- Linear

- Time-invariant

- Isotropic

     
     

 ( )







 
 




D r r E r

B r r H r

J r E r

   
   
  

1 2

1 2

:

j

j

real

  
  


 
  



1 2( ) ( ) ( )j S r S r S r
  

-Space-Nondispersive

 2 2 2 *
01 0 2 0 2

1 1 1 1
ˆ Re

2 2 2 2A V V

dA dV dV                     S n H E E E J
    



 2 2 *
02 0 1 1

1 1 1
ˆ 2 Im

4 4 2A V V

dA dV dV                  S n H E E J
   





Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 20 Aprile 2020

Poynting theorem (PD)

   *1
( )

2
   S r E r H r
    Poynting vector 2

:
Watt

m
  S
 Hypotheses on the medium (PD)

-Time-Dispersive

- Linear

- Time-invariant

- Isotropic

     
     

 ( )







 
 




D r r E r

B r r H r

J r E r

   
   
  

1 2

1 2

:

j

j

real

  
  


 
  



1 2( ) ( ) ( )j S r S r S r
  

-Space-Nondispersive

 2 2 2 *
01 0 2 0 2

1 1 1 1
ˆ Re

2 2 2 2A V V

dA dV dV                     S n H E E E J
    



  ˆ,
A

dA t  s r n
  2 21 1

2 2V

dV
t

        h e
  2

0

V V

dV dV    e j e
 

Power delivered
by the sources
to the field

Power dissipated
in the conducting
medium

Time derivative
of the energy of
the e.m. field

Power flux associated
to the e.m. field

TD



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 20 Aprile 2020

Poynting theorem (PD)

   *1
( )

2
   S r E r H r
    Poynting vector 2

:
Watt

m
  S
 Hypotheses on the medium (PD)

-Time-Non Dispersive

- Linear

- Time-invariant

- Isotropic

     
     

 ( )







 
 




D r r E r

B r r H r

J r E r

   
   
  

1 2

1 2

:

j

j

real

  
  


 
  



1 2( ) ( ) ( )j S r S r S r
  

-Space-Nondispersive

 2 2 2 *
01 0 2 0 2

1 1 1 1
ˆ Re

2 2 2 2A V V

dA dV dV                     S n H E E E J
    



  ˆ,
A

dA t  s r n
  2 21 1

2 2V

dV
t

        h e
  2

0

V V

dV dV    e j e
 

Power delivered
by the sources
to the field

Power dissipated
in the conducting
medium

Time derivative
of the energy of
the e.m. field

Power flux associated
to the e.m. field

TD

2

2

0

0





 



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 20 Aprile 2020

Poynting theorem (PD)

   *1
( )

2
   S r E r H r
    Poynting vector 2

:
Watt

m
  S
 Hypotheses on the medium (PD)

-Time-Non Dispersive

- Linear

- Time-invariant

- Isotropic

     
     

 ( )







 
 




D r r E r

B r r H r

J r E r

   
   
  

1 2

1 2

:

j

j

real

  
  


 
  



1 2( ) ( ) ( )j S r S r S r
  

-Space-Nondispersive

 2 *
01

1 1
ˆ Re

2 2A V V

dA dV dV          S n E E J
  



  ˆ,
A

dA t  s r n
  2 21 1

2 2V

dV
t

        h e
  2

0

V V

dV dV    e j e
 

Power delivered
by the sources
to the field

Power dissipated
in the conducting
medium

Time derivative
of the energy of
the e.m. field

Power flux associated
to the e.m. field

TD

2

2

0

0





 

1( )S r
    *1

Re
2

   
 

E r H r
    Re S r

      *1
Re

2
 E r H r

  

   , ,t t e r h r
    ,t s r

 

Time averaged power flux
associated to the e.m. field



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 20 Aprile 2020

Poynting theorem (PD)

   *1
( )

2
   S r E r H r
    Poynting vector 2

:
Watt

m
  S
 Hypotheses on the medium (PD)

-Time-Non Dispersive

- Linear

- Time-invariant

- Isotropic

     
     

 ( )







 
 




D r r E r

B r r H r

J r E r

   
   
  

1 2

1 2

:

j

j

real

  
  


 
  



1 2( ) ( ) ( )j S r S r S r
  

-Space-Nondispersive

 2 *
01

1 1
ˆ Re

2 2A V V

dA dV dV          S n E E J
  



  ˆ,
A

dA t  s r n
  2 21 1

2 2V

dV
t

        h e
  2

0

V V

dV dV    e j e
 

Power delivered
by the sources
to the field

Power dissipated
in the conducting
medium

Time derivative
of the energy of
the e.m. field

Power flux associated
to the e.m. field

TD

2

2

0

0





 

Time averaged power
delivered by the sources
to the field

   *
0

1
Re

2
   
 

E r J r
      0 , ,t t  j r e r

   

Time averaged power flux
associated to the e.m. field



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 20 Aprile 2020

   *1
( )

2
   S r E r H r
    Poynting vector 2

:
Watt

m
  S
 Hypotheses on the medium (PD)

-Time-Non Dispersive

- Linear

- Time-invariant

- Isotropic

     
     

 ( )







 
 




D r r E r

B r r H r

J r E r

   
   
  

1 2

1 2

:

j

j

real

  
  


 
  



1 2( ) ( ) ( )j S r S r S r
  

-Space-Nondispersive

 2 *
01

1 1
ˆ Re

2 2A V V

dA dV dV          S n E E J
  



  ˆ,
A

dA t  s r n
  2 21 1

2 2V

dV
t

        h e
  2

0

V V

dV dV    e j e
 

Power delivered
by the sources
to the field

Power dissipated
in the conducting
medium

Time derivative
of the energy of
the e.m. field

Power flux associated
to the e.m. field

TD

2

2

0

0





 

Time averaged power
delivered by the sources
to the field

  21
Re

2
 E r

 

  2
,t e r

 

Time averaged power flux
associated to the e.m. field

 
21

2
 E r

     , ,t t e r e r
   

    *1
Re

2
 E r E r
  

Time averaged power
dissipated in the
conducting medium

Poynting theorem (PD)
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Where is the energy?
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Remember that the energy is a state function

Poynting theorem (PD)
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Poynting theorem (PD)
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Poynting theorem (PD)
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Poynting theorem (PD)
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Poynting theorem (PD)
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Poynting theorem (PD)
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