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Radiation problem

Stefano Perna — Universita Parthenope — Ingegneria Informatica, Biomedica e delle TLC Corso di Campi Elettromagnetici 17 Maggio 2021



An antenna (or aerial) is an
electrical device which
converts electric power into
radio waves, and vice versa.
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Radiation problem

 We approach the radiation problem of an antenna assuming that the sources are known and the
media in which propagation occurs is simple.

 Mathematically we exploit the potentials solution.

Phasor domain

Medium: linear, isotropic, V X E:—ja),uH
homogeneous (time-invariant ,
and space-invariant), non- J VxH=josE+J
dispersive in space and time V-cE= D
V-uH =0
\
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Radiation problem & potentials

J P (Sourcg

r VxE=—jouH
< VxH=jocE+J
V-eE=p
\ V-uH =0

-~
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E H (Fields)
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.. mathematical tools that we will exploit today...

VxC=0 = 10 : C=Vo

V-C=0 = JA : C=VxA
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Potentials

- ; p— o,

A | @ (Potentials)

\ EYH (Fieldy
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Potentials

K
V’A+k’A=—-uJd  Vector Helmholtz equation

N

VA +K*A =—uJ

2 2
VA +kTA, =—pud,
VA +kA =—pJ

yA

Stefano Perna — Universita Parthenope — Ingegneria Informatica, Biomedica e delle TLC Corso di Campi Elettromagnetici 17 Maggio 2021



Potentials

V2A +k*A =-uJ

2 2
VA +k"A,=-puJ,
kVZAZ +k*A =—puJ

z

/N

Let us address the solution of the following scalar Helmholtz equation

VA +k*A =—uJ

X
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Potentials
VA +k’A =—uJ

X
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Potentials
VA +k’A =—uJ

X
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Potentials
VA +k*A =—puJ

X

# I S i B
A4, (F)=[-uJ, (F)g(F-F)d¥ =Eij(r)Wdr
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Potentials
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Potentials

Stefano Perna — Universita Parthenope — Ingegneria Informatica, Biomedica e delle TLC Corso di Campi Elettromagnetici 17 Maggio 2021



Elementary electrical dipole

* A d-source radiating element is also known as elementary electrical dipole.

J=1Az5(F)i, = 1Az 5(x)8(»)d(2)1,

- Why are we inferested in such a
radiating element?

- Why is such a radiating element
referred to as elementary electrical
dipole?

- How can we physically approximate

J=I1Az5(F)i an elementary electrical dipole?
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Elementary electrical dipole

* A d-source radiating element is also known as elementary electrical dipole.

J=1Az5(F)i, = 1Az 5(x)8(»)d(2)1,
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Elementary electrical dipole

* A d-source radiating element is also known as elementary electrical dipole.

J=1Az5(F)i, =14z 5(x)5(»)d(2)1,

g

1
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Elementary electrical dipole

* A d-source radiating element is also known as elementary electrical dipole.

J=1Az5(F)i, =14z 5(x)5(»)d(2)1,

g

1
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Elementary electrical dipole

* A d-source radiating element is also known as elementary electrical dipole.

J=1Az5(F)i, =14z 5(x)5(»)d(2)1,

g

1
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Elementary electrical dipole

* A d-source radiating element is also known as elementary electrical dipole.

J=1Az5(F)i, =14z 5(x)5(»)d(2)1,
"
A
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Elementary electrical dipole

* A d-source radiating element is also known as elementary electrical dipole.

J=1Az5(F)i, =14z 5(x)5(»)d(2)1,
"
A
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Elementary electrical dipole

* A d-source radiating element is also known as elementary electrical dipole.

J=1Az5(F)i, = 1Az 5(x)8(»)d(2)1,

lJ

V?A+K A=—ud  Vector Helmholtz equation

—jkrA
l A= 145§

A r
H-lvxA and E——joa+YY A
H Josu
1 £
H

Stefano Perna — Universita Parthenope — Ingegneria Informatica, Biomedica e delle TLC Corso di Campi Elettromagnetici 17 Maggio 2021



Elementary electrical dipole

* A d-source radiating element is also known as elementary electrical dipole.
J=1Az5(F)i, = 1Az 5(x)8(»)d(2)1,

The E.M. field radiated by the elementary electrical dipole

E, :é/IZL:Z-Z :2 +j181r3jcoslgeXp(_jﬂr)
E(F)=E, (r,9)i, +Eg(r.9)ig raz(jg 1 1)
. A s Eg=¢ ey +r2+jﬂr3]51n196xp(—j,8r)
H(r):H(p(r,S)z¢ 4l 8 1

H,= 47[( » +r2jsingexp(—jﬂr)

\

Because of the problem symmetry there is no dependence on the azimuth angle ¢.
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Elementary electrical dipole

* A d-source radiating element is also known as elementary electrical dipole.

J=14z5(F)i, = Az 5(x)0()d(2)1,

All  the quantities, included the
expressions of the fields, can be ~F
provided in ferms of dipole moment U

[Az = jwQAz = joU

It can be easily shown that this electric current density is
the same as that of an electrical dipole such that:

1) the two charges, of opposite sign, have equal time
variation;

’ 2) in the spectral domain, the relation between / and the
y time-varying charge Q is:

X JoQ =1
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Elementary electrical dipole

The E.M. field radiated by the elementary electrical dipole

-
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1Az 1 1
g, =L : >+ T [cosdexp(—jfr)
2 \ r jpBr
1Az j 1 1 :
s Eg=¢ a ]'B+ & sin exp(—jLfr)
4z \ r * B
IAz(jB 1. :
H,= +— |sindexp(—jfr)
4z \ r r

JoQ =1
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Elementary electrical dipole: static case

The E.M. field radiated by the elementary electrical dipole

E, =§]wQAZ 1 + : cos Fexp(—jpr)
27 2 jﬂr3 .
JoQ =1
_ L JjoQAz[jp 1 1 . .
s Eg=¢ e » +r2 +jﬂr3 sin Jexp(—jfr)
H, = J”Qﬁz(m+ ! jsin&*exp(—j,b’r)
4 roop?

... for ®=0 simplifies as
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Elementary electrical dipole: static case

The E.M. field radiated by the elementary electrical dipole
E, :gj(zgjz X+ ;)3jcos.9|exp(—j,8r)

jQAZ
T Eg=¢ % X ]sm%exp( jpr) — i
(XK

Az 1
Q Z—cosS

" 2 7

.. for ©=0 simplifiesas |k, = ¢ RAz1 g
NI

H,=0

joQ =1
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Elementary electrical dipole: static case

The E.M. field radiated by the elementary electrical dipole
E, :gj(zgjz X+ ;)3jcos.9|exp(—j,8r)

jQAZ
T Eg=¢ % X ]sm%exp( jpr) — i
(XK

Az 1
Q Z—cosS

" 2 7

.. for ©=0 simplifiesas |k, = ¢ RAz1 g
NI
H,=0 g

4

joQ =1
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Elementary electrical dipole: static case

The E.M. field radiated by the elementary electrical dipole
E, :gj(zgjz X+ ;)3jcos.9|exp(—j,8r)

jQAZ
T Eg=¢ % X ]sm%exp( jpr) — i
(XK

joQ =1

E 4 QAZLC <9 Q4az 1

.= ——cos 9
\/E 27 3 27 e’
.. for ®=0 simplifiesas | g,--% QAZ%sinS Qﬁz%smg
1/Iug 4 r 4 Er
H,=0 =)
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Elementary electrical dipole: far field

The E.M. field radiated by the elementary electrical dipole

E, =¢

N

Eg=¢

H

1Az

1

27

1”2

+ j,81r3 J cos Fexp(—jpr)

144

1 1

4|r

I 2 o j,Br3 ]Isin@exp(—jﬂr) =

Jﬂ

IAZ(
¢47z

r

j sin $exp(—jfr)
7

IAz jf

1
27 r (],Br [],Br]

Jcos gexp(—jpr)

é’gﬂ( + ! + ! 2Jsin&exp(—jﬂr)

r

_1Az jp

jpr | jpr]

4 r

(1 F— 1 Jsin Fexp(—jpr)
jBr
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Elementary electrical dipole: far field

The E.M. field radiated by the elementary electrical dipole
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IAz jp

- +
jpr|jpr]
1Az jp

> ] cos dexp(—jpr)

Az

_1Az jp

r Az(1 1
g, =L ‘ >+ T [cosdexp(—jfr)
22\ 2 jpr
1Az j 1 1 :
SEg=¢ = ]'B+ + sindexp(—jpr) =4
4z \ r * B
IAz(jB 1. :
H,= +— |sindexp(—jfr)
4z \ r r

+ : 2 Jsin gexp(—jpr)
7]

(1 + j;r j sin dexp(—jpr)
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Elementary electrical dipole: far field

The E.M. field radiated by the elementary electrical dipole

, Az(1 1 . 1Az jj 1 .
g, =4 o | 2 + I ]cosgexp(—]ﬂr) = 4’57[%+ %J cos dexp(—jpfr)
S Eg= ;14471: jf o ,,12 n j'31r3 jsingexp(—jﬂr) = (%%[1+%+%]sin9exp(—jﬂr)
H :IAZ(j’B+ 1 jsin&exp(—jﬂr) Ly 1 Z |si 9 /
R R +% sin $exp(—jpr)

relESET N ool

2rf =w

E =0

.. for gr>>1 simplifiesas | g, = j¢ IAZEin.Qexp(—jﬂr) =j§%sinz9exp(—jﬂr)
r T

_ H, = s exp(n = 2 =1/
] r 4r 4
A=clf
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Elementary electrical dipole: far field

The E.M. field radiated by the elementary electrical dipole

( Iaz(1 1 . _ 1Az jB I i

E =¢ > r2+jﬂr3jcosl9exp(—]ﬂr) —{27[ » {}B{+%]cosgexp( jpr)
L, -gl2(iB, 1, .13jsin196xp(—j,8r) _ 18z jp 1+%+% sin Sexp(—j r)

A\ r r° jBr 4 r [j
14z(jB 1) . . IAz | 1) . .
H(P: 47[( 7 +r2j81ngexp(_]ﬂr) ZE%(I‘F%jSlngexp(_]ﬂr)
0 2rxf 2r
PEONHESTUST0 | Pofus
E =0

.. for fr>>1 simplifies as | k, =j§£4ﬁsingexp(—jﬁr) :jg%singexp(_jlgr) 2nf=w
r T r

IAz B Eg c=1/Jue

H, = j—-=—sindexp(—jfr) =—
r 4r
A=c/f
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Elementary electrical dipole: far field

The E.M. field radiated by the elementary electrical dipole

-

H(p:mz(m+ 1
Az \ r r

L

... for r>>)\ simplifies as

1Az | 1 1
g, =L ‘ >+ T [cosdexp(—jfr)
22\ jpr
1Az 1 1 :
s Eg=¢ a ]'B+ >+ T [sindexp(—jfr)
4\ r jpr

> j sin $exp(—jfr)

E. =0

r
Az . .
Eg = J§ S sin9exp(~j )

E
H,=-%

7 ¢
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Elementary electrical dipole: far field

In the far-field case (r>>A) the elementary electrical dipole behaves as follows

—_—

H(F)=H,(r,9)i,

560
9 ’E% L,
J:IAZé(F)IZ \’a’:’ i 1:':9

v
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1Az .

Eq= 7 ——sinGexp(—jplr
9 J(w p(—jpBr)

® the e.m. field propagates along i,

® the e.m. field lies on the plane
orthogonal to the propagation direction

® |E| and |H| exhibit the decaying factor 1/r
® |E| and |H| are proportional through ¢
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Elementary electrical dipole: far field

In the far-field case (r>>A) the elementary electrical dipole behaves as follows

E(f) =Egq (I”,l9)lig Eg = j{%sin&exp(—jﬂr)
S —
H(r) =H,(r.9)1, H,=~%

® the e.m. field propagates along i

® the e.m. field lies on the plane
orthogonal to the propagation direction

® |E| and |H| exhibit the decaying factor 1/r
® |E| and |H| are proportional through ¢

(H=i xE
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Elementary electrical dipole: far field

In the far-field case (r>>A) the elementary electrical dipole behaves as follows

E(¥)=Eg4(r,9)ig

—_

H(F)=H,(r,9)i,
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Ey = j¢ 22 sin Sexp(— j )
2Ar

® the e.m. field propagates along i

® the e.m. field lies on the plane
orthogonal to the propagation direction

® |E| and |H| exhibit the decaying factor 1/r
® |E| and |H| are proportional through ¢

cH=i.xE
— =12 A - 12 A
S=_L|E i,,:é‘ i
20 2
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Elementary electrical dipole: far field

—_—

H(F)=H,(r,9)i,

F 3
59"
g ﬁ% "
-7 O\
\ _ - i i
PR & :
______________________________ ﬁ '
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In the far-field case (r>>A) the elementary electrical dipole behaves as follows

Eg = jé’gsingexp(—jﬂr)
2Ar

® the e.m. field propagates along i,

® the e.m. field lies on the plane
orthogonal to the propagation direction

® |E| and |H| exhibit the decaying factor 1/r

® |E| and |H| are proportional through ¢

(H=i xE
— —12 A~ - 12 A
S=_L|E irzé‘H i
20 2
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Elementary electrical dipole: far field

In the far-field case (r>>A) the elementary electrical dipole behaves as follows

—_—

H(F)=H,(r,9)i,

e

\

Eg = ¢ 2% sin Sexp(—jBr)
2Ar

® the e.m. field propagates along i,

® the e.m. field lies on the plane
orthogonal to the propagation direction

® |E| and |H| exhibit the decaying factor 1/r

r - ) ,

® |E| and |H| are proportional through ¢

I E~)(i\ :H~)|(i\ E—gﬂxﬁ~g{1} ) |/gnd ’;’ﬁ—ﬁxE'va(l“ as r—w PD ‘
| \r) o] kr, \ \r)) ‘
\i-E=i H=0 ) (H=i xE
/
— 1 —>2A — 2/\
S=—I|E irzé‘H i
20 2
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MEMO.......Uniqueness (PD-Exterior Problem)

A -
=== ﬁxE(or ﬁxH)

\ =N =
|f P . E(r),H(r)
\ @™

S o - |

—_—

| Consider a source distribution J(F) with its associated electromagnetic field E(f),ﬁ(f)

Il Consider a (smooth) surface A with an everywhere defined unit normal n

|V Consider the values of the tangential component of the electric (or magnetic) field upon the surface A; that is,
consider nx E (or n x Hj on the boundary

The Uniqueness Theorem states that the electromagnetic field produced by the source in (I) within the infinite volume V outside
the surface Ain (ll), enforcing the boundary condition in (IV) as well as the radiation condition at infinity is unique.



Elementary electrical dipole: far field

In the far-field case (r>>A) the elementary electrical dipole behaves as follows

==\ A [ Az . ,
E(F)=Eg(r.9)ig Eg = j¢ ~—=sin Sexp(—jpr)
) 2Ar
—_— A E
r)= / H ==2
H(F) =H,(r.9)i, A
4 ® the e.m. field propagates along i,
: ® the e.m. field lies on the plane
. orthogonal to the propagation direction
9 c%*’r . " .
e A -~ . |E| and |H| exhibit the decaying factor 1/r
J=14z600)i, | N_ -2 N ying
r - ® |E| and |H| are proportional through ¢
""""""""""""""" P (H=i. xE

. . o] a2 . .
Unigueness is guaranteed S=7IE ir:%‘H
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Elementary electrical dipole: far field

In the far-field case (r>>A) the elementary electrical dipole behaves as follows

e\ 5 [ 1Az ,
E(r)—Eg(r,S)zg Eg = jd——sin3exp(—jpr)
< 2Ar
. A E
r)= / H ==2
H(F) =H,(r.9)i, ?"
\
A ® the e.m. field propagates along i,
: ® the e.m. field lies on the plane
. orthogonal to the propagation direction
9 af%"r . N .
A -7 . El and |H| exhibit the decaying factor 1/r
J=14z06(r)i, \’a’ Vg = e e
r - ® |E| and |H| are proportional through ¢
cH=i.xE
=1 =12 .12 .
S=—IE irzi\H i
24 2
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....MEMO......

LY

O’e, 1 O’e, 0
o> o c:\/l_
LE
O S e (z=ct) . e
; “ Ve
{e ) e(era),
= é’ 1

el '}

{e .h;

Plane Waves (TD)

826y ~ 1 azey 3

ozr 2 o

e} e;(zétct)r :
{e;,h;} _=—|ey(Z;Ct)2f

RN

{e;,h;} {e;,hx_}

In all these 4 cases the electric and magnetic fields are related each other through the

where i , points

following relation:

gﬁ:fpxé

to the propagation direction

Source-free
Medium
- Linear
- Local (TND & SND)
- Isotropic

- Homogeneous (Tl — Sl)

- Lossless
9_0 _
ox Oy

e}

Ve Independent
each other

{ex,hy}



.MEMO... Plane Waves (Phasor Domain)  scurcefee

Medium
. _ - Linear
k(@,)=aype = B@,) _ : ;
- Space non-dispersive
@y - Isotropic

_ @y 1 \/;
y = = = =C — =
LB Do HE  \JHE d g - s

Efe /P > e;(z,t) =|E" COS(G)Ot—,BZ+¢+) = e; (z—vpt) Time nondispersive & lossless
Progressive plane wave D
) . ) ureal
S(F) ZEE(f)xH (F) o =0
2 &
S TN 1 ©) I LA C I
S'(r)=—E"(Ff)xH" (r) === = g '
E H
{ y? x} Independent
{ E H } each other
x?2 y




Elementary electrical dipole: far field

In the far-field case (r>>A) the elementary electrical dipole behaves as follows

=\ 5 [ 1Az ,
E(F)=Eg(r.9)ig Eg = j¢ == sin exp(~jpr)
< 2Ar
. A E
r)= / H ==2
H(F) =H, (r.9)i, ?"
\
N ® the e.m. field propagates along i,
; ® the e.m. field lies on the plane
. orthogonal to the propagation direction
= %I,.
P 5(1;);; .\‘QA’ - - p ® |E| and |H| exhibit the decaying factor 1/r
t e - r R ® |E| and |H| are proportional through ¢
---------------------- P’ CH=i xE
. — s- Uil Sl
In the far field case, this field locally behaves as a plane wave S=2E L =5‘H iy
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