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New formulas, important considerations, 
important formulas, important concepts

Memo

Mathematical tools to be exploited

Mathematics

Color legend

Very important for the discussion
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Plane Waves

Time domain (TD)

Spectral domains
Phasor Domain (PD)

Fourier Domain (FD)

Dispersive media: attenuation, distortion, phase velocity and group velocity

General expression of plane waves (PD)

Incidence 
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Plane Waves

Time domain
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Plane Waves (TD)

 
 

,

,

y x

x y

e h

e h
Independent 
each other

Medium

- Local (TND & SND)

- Linear

- Homogeneous (TI – SI)

- Isotropic

- Lossless

0
x y

 
 

 

   , , 0z ze z t h z t 

   , ,t z te r e
  

   , ,t z th r h
 

1
c




2 2

2 2 2

1
0x xe e

z c t

 
 

 

2 2

2 2 2

1
0y ye e

z c t

 
 

 

yx

y x

he

z t
h e

z t






   

     

y x

yx

e h

z t
eh

z t





 
  

    

     ,y y ye z t e z ct e z ct    





     ,x y yh z t e z ct e z ct           ,y x xh z t e z ct e z ct     

     ,x x xe z t e z ct e z ct    

Source-free

 ,x ye h  ,y xe h

0

y

x

z



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 23 Aprile 2021

Plane Waves (TD)

and     are proportional through 

the e.m. field lies on the plane xy orthogonal to the propagation direction
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Plane Waves

Spectral domains
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Plane Waves (Spectral Domains)
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Rationale

Time domain

Nondispersive & lossless 
media

Phasor domain

Dispersive & lossy
media

Phasor domain

Nondispersive & lossless 
media
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Plane Waves (Phasor Domain)
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Plane Waves (Phasor Domain)
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Electromagnetic spectrum
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Plane Waves (Phasor Domain)
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Rationale

Time domain

Nondispersive & lossless 
media

Phasor domain

Dispersive & lossy
media

Phasor domain

Nondispersive & lossless 
media
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Plane Waves (Phasor Domain)
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Plane Waves (Phasor Domain)
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Plane Waves (Phasor Domain)
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Plane Waves (Phasor Domain)
 ,x yE H






   0 0 0k      

0
pv




 0

0


 


1


 c

Progressive plane wave

0

2 c

f




 

0z zE H 

Medium

- Time nondispersive

- Linear

- Homogeneous (TI – SI)

- Isotropic

- Lossless

0
x y

 
 

 

Source-free

- Space non-dispersive

   , ,t z te r e
  

   , ,t z th r h
 

 
 

,

,

y x

x y

E H

E H
Independent 
each other

02o f 

     , cosx o x pe z t E t z e z v t          j zE e  

  j z
yH z E e    

  j z
xE z E e   

:

:

0

real

real








 

Time nondispersive & lossless

1
c






Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 23 Aprile 2021

Plane Waves (Phasor Domain)

0z zE H 

Medium

- Time dispersive

- Linear

- Homogeneous (TI – SI)

- Isotropic

- Lossy

0
x y

 
 

 

Source-free

- Space non-dispersive

   , ,t z te r e
  

   , ,t z th r h
 

 
 

,

,

y x

x y

E H

E H
Independent 
each other

 ,x yE H






   0 0 0k      

0
pv




 0

0


 


1


 c

Progressive plane wave

0

2 c

f




 

02o f 

     , cosx o x pe z t E t z e z v t          j zE e  

  j z
yH z E e    

  j z
xE z E e   

:

:

0

real

real








 

Time nondispersive & lossless

1
c






Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 23 Aprile 2021

Plane Waves (Phasor Domain)

0z zE H 

Medium

- Time dispersive

- Linear

- Homogeneous (TI – SI)

- Isotropic

- Lossy

0
x y

 
 

 

Source-free

- Space non-dispersive

   , ,t z te r e
  

   , ,t z th r h
 

 
 

,

,

y x

x y

E H

E H
Independent 
each other

 ,x yE H






   0 0 0k      

0
pv




 0

0


 


1


 c

Progressive plane wave

0

2 c

f




 

02o f 

     
     

0 1 0 2 0

0 1 0 2 0

:

j

j

real

     

     



  


 



Time dispersive (lossy)     , cosx o x pe z t E t z e z v t          j zE e  

  j z
yH z E e    

  j z
xE z E e   

:

:

0

real

real








 

Time nondispersive & lossless

1
c






Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 23 Aprile 2021

Plane Waves (Phasor Domain)

0z zE H 

Medium

- Time dispersive

- Linear

- Homogeneous (TI – SI)

- Isotropic

- Lossy

0
x y

 
 

 

Source-free

- Space non-dispersive

   , ,t z te r e
  

   , ,t z th r h
 

 
 

,

,

y x

x y

E H

E H
Independent 
each other

 ,x yE H




0
pv




 0

0


 


1


 c

Progressive plane wave

0

2 c

f




 

02o f 

         0 0 0 0 0 0k j           

     , cosx o x pe z t E t z e z v t          j zE e  

  j z
yH z E e    

  j z
xE z E e   

     
     

0 1 0 2 0

0 1 0 2 0

:

j

j

real

     

     



  


 



Time dispersive (lossy)

:

:

0

real

real








 

Time nondispersive & lossless

1
c






Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 23 Aprile 2021

Plane Waves (Phasor Domain)

0z zE H 

Medium

- Time dispersive

- Linear

- Homogeneous (TI – SI)

- Isotropic

- Lossy

0
x y

 
 

 

Source-free

- Space non-dispersive

   , ,t z te r e
  

   , ,t z th r h
 

 
 

,

,

y x

x y

E H

E H
Independent 
each other

 ,x yE H






Progressive plane wave

02o f 

         0 0 0 0 0 0k j           

     , cosx o x pe z t E t z e z v t          j zE e  

  j z
yH z E e    

  j z
xE z E e   

     
     

0 1 0 2 0

0 1 0 2 0

:

j

j

real

     

     



  


 



Time dispersive (lossy)

:

:

0

real

real








 

Time nondispersive & lossless

1
c






Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 23 Aprile 2021

Plane Waves (Phasor Domain)

0z zE H 

Medium

- Time dispersive

- Linear

- Homogeneous (TI – SI)

- Isotropic

- Lossy

0
x y

 
 

 

Source-free

- Space non-dispersive

   , ,t z te r e
  

   , ,t z th r h
 

 
 

,

,

y x

x y

E H

E H
Independent 
each other

 ,x yE H

Progressive plane wave

02o f 

         0 0 0 0 0 0k j           

     , cosx o x pe z t E t z e z v t          j zE e  

  j z
yH z E e    

  j z
xE z E e   

     
     

0 1 0 2 0

0 1 0 2 0

:

j

j

real

     

     



  


 



Time dispersive (lossy)

:

:

0

real

real








 

Time nondispersive & lossless

1
c




   
 

0
0

0

 
 

 




Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 23 Aprile 2021

     , cosx o x pe z t E t z e z v t          j zE e  

  j z
yH z E e    

  j z
xE z E e   

Plane Waves (Phasor Domain)

0z zE H 

Medium

- Time dispersive

- Linear

- Homogeneous (TI – SI)

- Isotropic

- Lossy

0
x y

 
 

 

Source-free

- Space non-dispersive

   , ,t z te r e
  

   , ,t z th r h
 

 
 

,

,

y x

x y

E H

E H
Independent 
each other

 ,x yE H

Progressive plane wave

         0 0 0 0 0 0k j           

     
     

0 1 0 2 0

0 1 0 2 0

:

j

j

real

     

     



  


 



Time dispersive (lossy)

:

:

0

real

real








 

Time nondispersive & lossless

1
c




02o f    
 

0
0

0

 
 

 




Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 23 Aprile 2021

Plane Waves (Phasor Domain)

0z zE H 

Medium

- Time dispersive

- Linear

- Homogeneous (TI – SI)

- Isotropic

- Lossy

0
x y

 
 

 

Source-free

- Space non-dispersive

   , ,t z te r e
  

   , ,t z th r h
 

 
 

,

,

y x

x y

E H

E H
Independent 
each other

 ,x yE H

jkzE e  

  jkz
yH z E e   

  jkz
xE z E e  

02o f 

         0 0 0 0 0 0k j           

   
 

0
0

0

 
 

 


     
     

0 1 0 2 0

0 1 0 2 0

:

j

j

real

     

     



  


 



Time dispersive (lossy)

:

:

0

real

real








 

Time nondispersive & lossless

1
c






Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 23 Aprile 2021

Plane Waves (Phasor Domain)

0z zE H 

Medium

- Time dispersive

- Linear

- Homogeneous (TI – SI)

- Isotropic

- Lossy

0
x y

 
 

 

Source-free

- Space non-dispersive

   , ,t z te r e
  

   , ,t z th r h
 

 
 

,

,

y x

x y

E H

E H
Independent 
each other

 ,x yE H

0
pv






jkzE e  

2




02o f 

         0 0 0 0 0 0k j           

   
 

0
0

0

 
 

 


jkzE e 

jE E e   j j z zE e e e    

 cosz
oe E t z       

0cosze E z t  


    
     

  
 cosz

pe E z v t         

   0, Re j tj j z z
xe z t E e e e e      

 j j zE e     j z zE e    j z zE e e   

jkzE e 

   , cosz
oe z t e E t z        

  jkz
yH z E e   

  jkz
xE z E e  

     
     

0 1 0 2 0

0 1 0 2 0

:

j

j

real

     

     



  


 



Time dispersive (lossy)

:

:

0

real

real








 

Time nondispersive & lossless

1
c






Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 23 Aprile 2021

Plane Waves (Phasor Domain)

0z zE H 

Medium

- Time dispersive

- Linear

- Homogeneous (TI – SI)

- Isotropic

- Lossy

0
x y

 
 

 

Source-free

- Space non-dispersive

   , ,t z te r e
  

   , ,t z th r h
 

 
 

,

,

y x

x y

E H

E H
Independent 
each other

 ,x yE H

0
pv






2




02o f 

         0 0 0 0 0 0k j           

   
 

0
0

0

 
 

 


jkzE e      , cosz
oe z t e E t z        

     
     

0 1 0 2 0

0 1 0 2 0

:

j

j

real

     

     



  


 



Time dispersive (lossy)

:

:

0

real

real








 

Time nondispersive & lossless

1
c




  jkz
yH z E e   

  jkz
xE z E e  

Progressive plane wave



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 23 Aprile 2021

Plane Waves (Phasor Domain)

0z zE H 

Medium

- Time dispersive

- Linear

- Homogeneous (TI – SI)

- Isotropic

- Lossy

0
x y

 
 

 

Source-free

- Space non-dispersive

   , ,t z te r e
  

   , ,t z th r h
 

 
 

,

,

y x

x y

E H

E H
Independent 
each other

 ,x yE H

0
pv






2




02o f 

         0 0 0 0 0 0k j           

   
 

0
0

0

 
 

 


2



0

2
pv





0

pv

f


  j z
yH z E e    

  j z
xE z E e   

     
     

0 1 0 2 0

0 1 0 2 0

:

j

j

real

     

     



  


 



Time dispersive (lossy)

:

:

0

real

real








 

Time nondispersive & lossless

1
c




0

pv

f


jkzE e      , cosz
oe z t e E t z        

Progressive plane wave



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 23 Aprile 2021

Plane Waves (Phasor Domain)

0z zE H 

Medium

- Time dispersive

- Linear

- Homogeneous (TI – SI)

- Isotropic

- Lossy

0
x y

 
 

 

Source-free

- Space non-dispersive

   , ,t z te r e
  

   , ,t z th r h
 

 
 

,

,

y x

x y

E H

E H
Independent 
each other

 ,x yE H

0
pv






0

2 pv

f




 

02o f 

         0 0 0 0 0 0k j           

   
 

0
0

0

 
 

 


jkzE e      , cosz
oe z t e E t z        

     
     

0 1 0 2 0

0 1 0 2 0

:

j

j

real

     

     



  


 



Time dispersive (lossy)

:

:

0

real

real








 

Time nondispersive & lossless

1
c




  jkz
yH z E e   

  jkz
xE z E e  



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 23 Aprile 2021

Plane Waves (Phasor Domain)

0z zE H 

Medium

- Time dispersive

- Linear

- Homogeneous (TI – SI)

- Isotropic

- Lossy

0
x y

 
 

 

Source-free

- Space non-dispersive

   , ,t z te r e
  

   , ,t z th r h
 

 
 

,

,

y x

x y

E H

E H
Independent 
each other

 ,x yE H

0
pv






0

2 pv

f




 

02o f 

         0 0 0 0 0 0k j           

   
 

0
0

0

 
 

 


jkzE e      , cosz
oe z t e E t z              

     
0 1 0 2 0

0 1 0 2 0

:

j

j

real

     

     



  


 



Time dispersive (lossy)

     , cosx o x pe z t E t z e z v t          j zE e  

:

:

0

real

real








 

Time nondispersive & lossless

1
c




   0 0 0k      

  j z
yH z E e    

  j z
xE z E e   

0
pv









0

2 pv

f




 

02o f 

  jkz
yH z E e   

  jkz
xE z E e  



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 23 Aprile 2021

z

     , cosx o x pe z t E t z e z v t         

1t t

2t t

Plane Waves (Phasor Domain)

0
pv




 

Time nondispersive & lossless medium



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 23 Aprile 2021

z

Plane Waves (Phasor Domain)
Time dispersive & lossy medium

0
pv






     , cosz z
x o x pe z t E e t z e e z v t            



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 23 Aprile 2021

z

Plane Waves (Phasor Domain)



 cos ot z    

Time dispersive & lossy medium

0
pv






     , cosz z
x o x pe z t E e t z e e z v t            



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 23 Aprile 2021

z

Plane Waves (Phasor Domain)



 cos ot z    

ze 

Time dispersive & lossy medium

0
pv






     , cosz z
x o x pe z t E e t z e e z v t            



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 23 Aprile 2021

z

Plane Waves (Phasor Domain)





 cos ot z    

ze 

Time dispersive & lossy medium

0
pv






     , cosz z
x o x pe z t E e t z e e z v t            



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 23 Aprile 2021

z

Plane Waves (Phasor Domain)



1t t

Time dispersive & lossy medium

0
pv






     , cosz z
x o x pe z t E e t z e e z v t            



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 23 Aprile 2021

z

Plane Waves (Phasor Domain)





2t t

1t t

Time dispersive & lossy medium

0
pv






     , cosz z
x o x pe z t E e t z e e z v t            



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 23 Aprile 2021

Plane Waves (Phasor Domain)

0z zE H 

Medium

- Time dispersive

- Linear

- Homogeneous (TI – SI)

- Isotropic

- Lossy

0
x y

 
 

 

Source-free

- Space non-dispersive

   , ,t z te r e
  

   , ,t z th r h
 

 
 

,

,

y x

x y

E H

E H
Independent 
each other

 ,x yE H

0
pv





  jkz

yH z E e   

  jkz
xE z E e  

0

2 pv

f




 

02o f 

         0 0 0 0 0 0k j           

   
 

0
0

0

 
 

 


jkzE e      , cosz
oe z t e E t z              

     
0 1 0 2 0

0 1 0 2 0

:

j

j

real

     

     



  


 



Time dispersive (lossy)

     , cosx o x pe z t E t z e z v t          j zE e  

:

:

0

real

real








 

Time nondispersive & lossless

1
c




   0 0 0k      

  j z
yH z E e    

  j z
xE z E e   

0
pv









0

2 pv

f




 

02o f 



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 23 Aprile 2021

Plane Waves (Phasor Domain)

0z zE H 

Medium

- Time dispersive

- Linear

- Homogeneous (TI – SI)

- Isotropic

- Lossy

0
x y

 
 

 

Source-free

- Space non-dispersive

   , ,t z te r e
  

   , ,t z th r h
 

 
 

,

,

y x

x y

E H

E H
Independent 
each other

 ,x yE H

0
pv





  jkz

yH z E e   

  jkz
xE z E e  

         0 0 0 0 0 0k j           

jkzE e      , cosz
oe z t e E t z              

     
0 1 0 2 0

0 1 0 2 0

:

j

j

real

     

     



  


 



Time dispersive (lossy)

     , cosx o x pe z t E t z e z v t          j zE e  

:

:

0

real

real








 

Time nondispersive & lossless

1
c




   0 0 0k      

  j z
yH z E e    

  j z
xE z E e   

0
pv








Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 23 Aprile 2021

Plane Waves (Phasor Domain)

0z zE H 

Medium

- Time dispersive

- Linear

- Homogeneous (TI – SI)

- Isotropic

- Lossy

0
x y

 
 

 

Source-free

- Space non-dispersive

   , ,t z te r e
  

   , ,t z th r h
 

 
 

,

,

y x

x y

E H

E H
Independent 
each other

 ,x yE H

0
pv





  jkz

yH z E e   

  jkz
xE z E e  

         0 0 0 0 0 0k j           

jkzE e      , cosz
oe z t e E t z              

     
0 1 0 2 0

0 1 0 2 0

:

j

j

real

     

     



  


 



Time dispersive (lossy)

     , cosx o x pe z t E t z e z v t          j zE e  

:

:

0

real

real








 

Time nondispersive & lossless

1
c




   0 0 0k      

  j z
yH z E e    

  j z
xE z E e   

0
pv




 0

0


 

 1


 c

    
0

0 0 0Re



    


    0 0

1

Re    
  0pv 



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 23 Aprile 2021

Plane Waves (Phasor Domain)

0z zE H 

Medium

- Time dispersive

- Linear

- Homogeneous (TI – SI)

- Isotropic

- Lossy

0
x y

 
 

 

Source-free

- Space non-dispersive

   , ,t z te r e
  

   , ,t z th r h
 

 
 

,

,

y x

x y

E H

E H
Independent 
each other

 ,x yE H

0
pv





  jkz

yH z E e   

  jkz
xE z E e  

         0 0 0 0 0 0k j           

jkzE e      , cosz
oe z t e E t z              

     
0 1 0 2 0

0 1 0 2 0

:

j

j

real

     

     



  


 



Time dispersive (lossy)

     , cosx o x pe z t E t z e z v t          j zE e  

:

:

0

real

real








 

Time nondispersive & lossless

1
c




   0 0 0k      

  j z
yH z E e    

  j z
xE z E e   

0
pv




 0

0


 

 1


 c

    
0

0 0 0Re



    


    0 0

1

Re    
  0pv 



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 23 Aprile 2021

z

1t t
2t t

Plane Waves
pv cTime nondispersive & lossless medium

…
…

…
…

+

+

+

+

…
…

…
…

+

+

+

+



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 23 Aprile 2021

z

1t t
2t t

Plane Waves
 0p pv v Time dispersive medium

…
…

…
…

+

+

+

+

…
…

…
…

+

+

+

+



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 23 Aprile 2021

Plane Waves (Phasor Domain)
:

:

0

real

real








 

Time nondispersive & lossless

1
c




   0 0 0k      

0
pv c




 





dipersive

nondispersive

1

1

2

2

         0 0 0 0 0 0k j           

     
     

0 1 0 2 0

0 1 0 2 0

:

j

j

real

     

     



  


 



Time dispersive (lossy)

 0
0p pv v

 


 

Distortion

0 

Attenuation

0
pv c




  0
0p pv v

 


 

Brillouin diagram



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 23 Aprile 2021

Plane Waves (Phasor Domain)
:

:

0

real

real








 

Time nondispersive & lossless

1
c




   0 0 0k      

0
pv c




 

         0 0 0 0 0 0k j           

     
     

0 1 0 2 0

0 1 0 2 0

:

j

j

real

     

     



  


 



Time dispersive (lossy)

 0
0p pv v

 


 

Distortion

0 

Attenuation 



dipersive

nondispersive

2

2

1

1

0
pv c




  0
0p pv v

 


 

Brillouin diagram



Stefano Perna – Università Parthenope – Ingegneria Informatica, Biomedica e delle TLC                                                                           Corso di Campi Elettromagnetici 23 Aprile 2021

Plane Waves (Spectral Domains)
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Plane Waves (Fourier Domain)
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