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Poynting theorem (TD)

n -+ Watt Hypotheses on the medium
S(F,1) = &(F,t)xh(F,¢) Poynting vector [5]:— - Linear
- Local (TND & SND)
- - - - - Isotropic
Vs (r,t) " aw(r’t) TP, (r’t) — Po (r’t) - Time-invariant

A
n

il wte0) sfffavp, (70) = [[fav pu (0 £

d A
B ()+—W()+E(1)=F 1) ’
w(f,t) = %,u‘ﬁ‘z + %g‘é‘z Energy density of the e.m. field == _[_UdV W(f,t) = W(t) Energy of the e.m. field
V

Power dissipated in the

_ 2 .
D, (F,1) = o"e‘ Power density dissipated in the conducting medium wp IlIdej (¥,r)= P, (1) conducting medium

Power delivered by the

12 (f,f) == jo ‘€ Power density delivered by the sources to the field == ”jdV Po (f,t) = P(t) sources to the field
V
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Poynting theorem (PD)

Hypotheses on the medium (PD)

= e 1 = 7 —> % s, . = . Watt
S(r) = E[E(r)XH (r)] Poynting vector [S] - Linear

- Isotropic
g(f) = gl(f) + ]§2 (r) - Time-invariant

-Time-Dispersive
-Space-Nondispersive
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Poynting theorem (PD)

5]

Hypotheses on the medium (PD)

- Linear

S(F) = %[E(F) xH" (f)] Poynting vector
- Isotropic
g(f) = gl(f) + ]§2(i~’) -:imegr'lvariar.lt
-Time-Dispersive

-Space-Nondispersive

TD
s(r —|2 < -
fass(en) s + L fffar] 3ol ekt | fforele —{ffvi <
A v v
| 1 Y Y Y
\ N Voo N
Power flux associated Time derivative _Power d|s3|pa?ed Power delivered
to the e.m. field of the energy of in the conducting by the sources
T the e.m. field medium to the field
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Poynting theorem (PD)

5]

Hypotheses on the medium (PD)

- Linear

S(F) = %[E(f) xH" (f)] Poynting vector
- Isotropic
S(F) = §1(i-') n jgz(f) - Time-invariant
-Time-Non Dispersive

-Space-Nondispersive

TD
s(r —|2 < -
CfggdAs(r 3] +—j”dV[ ‘h‘ +— g|e| }+J‘”dVo-|e| =_J'J'jdVJ0.e
A v v
| 1 Y Y Y
\ N Voo N
e G SRR Time derivative _Power d|s3|pa?ed Power delivered
to the e.m. field of the energy of in the conducting by the sources
o the e.m. field medium to the field
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. ...MEMO : phasors and time averages
Poynting theorem :

f(f,)) — F()
f,(F,/) —— E,(F)

<ﬁ(f,z)~f2(f,t)>—%fﬁ(f,z)~fz(f,t)dz :%Re{E@)-F;(f-)}

<ﬁ(f,z)xfz(f,t)>:Hf,(f,z)xfz(f,t>dt %Re{ﬂ(f)xﬁ;(f)}

pats(e0)i + L {[fav | Sulif + el }+dea|é|2=—jﬂdeo.é "

J \

T T \ T Y J
\ N ‘o
Power flux associated Time derivative _Power d|s3|pa?ed
: of the energy of in the conducting
to the e.m. field - -
the e.m. field medium
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Poynting theorem (PD)

5]

Hypotheses on the medium (PD)

S(F) = %[E(f) xH" (i")] Poynting vector - Linear

- Isotropic

- Time-invariant

S(F) =S, (F) + /S, (F) e
-lime- vispersive

-Space-Nondispersive

LOSSES
(&) electric losses
(1) magnetic losses

>0, 14,>0;,0>0

Dispersion and losses are related each other: a (time) dispersive medium
presents losses
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Poynting theorem (PD)

Hypotheses on the medium (PD)

= e 1 = 7 —> % s, . = . Watt
S(r) = E[E(r)XH (r)] Poynting vector [S] - Linear

- Isotropic
g(f) = gl(f) + ]§2 (r) - Time-invariant

-Time-Dispersive
-Space-Nondispersive
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Poynting theorem (PD)

Hypotheses on the medium (PD)

= e 1 = 7 —> % s, . = . Watt
S(r) = E[E(r)XH (r)] Poynting vector [S] - Linear

- Isotropic
g(f) = gl(f) + ]§2 (r) - Time-invariant

-Time-Dispersive

-Space-Nondispersive
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...MEMO : phasors and time averages

f,(f.1) —— F(¥) ]ting theorem (PD)

f,(r,1) — T,(F)

~1 Watt Hypotheses on the medium (PD)
(ienten)=glten fena = reffw B 1ting vector [S]i m? - Linear
- Isotropic

<E(f,t)xf2(f,t))=%Ifl(f,t)xf2(f,t)dt :éRe{E&)xF;(f)}

= Time-invariant

-Time-Nondispersive

-Space-Nondispersive
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...MEMO : phasors and time averages
i) —— E0 1iting theorem (PD)
£,(f,1) —— KE(r)
Watt Hypotheses on the medium (PD)

<f'1(f,t)~f2(f,t)>—%Tfl(f,t)-fz(it)dt :%Re{ﬂ(f)-fi‘;(f)} ting vector [S]i 2 Linear

- Isotropic

({EOEED) =7 [EEOEGENd = Re(FE*E®)

= Time-invariant

-Time-Nondispersive

-Space-Nondispersive
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Poynting theorem (PD)

i 1 _ .+ Watt Hypotheses on the medium (PD)
S(F) = [ E(7)xF"(F) Poynting vector S|

2
- Isotropic

g(f) = gl(f) + ]§2 (r) - Time-invariant
-Time-Nondispersive

-Space-Nondispersive

Time averaged magnetic
energy density
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Poynting theorem
TD

S(F,t) =&(F,¢)xh(F,¢t)

paas(r.z
A

)i 2 flfar (e

) +J£Idej(f,t)

P(1)+ L (1) + P (1)=B,(1)

dt

Linear

Linear

Isotropic

Space- Nondispersive Time-Nondispersive

=S, (¥) + jS,(F)

a)o,uz‘H r‘ - a)ogz‘ ‘

:jﬂdeO(f',t)

Time-invariant

PD
(¥ H :'[VUdV{—%Re{E(F)
V..dV[iﬂl‘ﬁ(f)‘z 2ol || I dV{—%Im{E(f)-iZ(F)}}

Isotropic Space- Nondispersive Time-Dispersive Time-invariant
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Mathematical tools that we will exploit today
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Uniqueness (TD)

| Consider a source distribution j(F,¢) with its associated electromagnetic field (é’,ﬁ)
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Uniqueness (TD)

O &(£.1).h(F
() (F.2).h(F.2)

| Consider a source distribution j(F,¢) with its associated electromagnetic field (é’,ﬁ)
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Uniqueness (TD)

al
r-° \
| A B
. O n ¢(F.1).h(F.1)
~ j(¥.0) )

| Consider a source distribution j(F,¢) with its associated electromagnetic field (é’,ﬁ)

Il Consider a (smooth) surface A with an everywhere defined unit normal n
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Uniqueness (TD)

| Consider a source distribution j(F,¢) with its associated electromagnetic field (é’,ﬁ)

Il Consider a (smooth) surface A with an everywhere defined unit normal n

Il Consider the values of the electromagnetic field everywhere in the finite volume V bounded by the surface A at the initial
time; that is, consider €(¥,z,),h(¥.z,)
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Uniqueness (TD)
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| Consider a source distribution j(F,¢) with its associated electromagnetic field (é’,ﬁ)

Il Consider a (smooth) surface A with an everywhere defined unit normal n
Il Consider the values of the electromagnetic field everywhere in the finite volume V bounded by the surface A at the initial
time; that is, consider €(¥,z,),h(¥.z,)

Consider the values of the tangential component of the electric (or magnetic) field upon the surface A at any time after
the initial one; that is, consider nx€é (or nxh ) on the boundary at any time
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C
=

queness (TD)

TT==- Interior Problem

| Consider a source distribution j(F,¢) with its associated electromagnetic field (é’,ﬁ)

Il Consider a (smooth) surface A with an everywhere defined unit normal n
Il Consider the values of the electromagnetic field everywhere in the finite volume V bounded by the surface A at the initial
time; that is, consider €(¥,z,),h(¥.z,)

Consider the values of the tangential component of the electric (or magnetic) field upon the surface A at any time after
the initial one; that is, consider nx€é (or nxh ) on the boundary at any time

The Uniqueness Theorem states that the electromagnetic field produced by the source in (1) within the finite volume V bounded
by the surface A in (1), enforcing the initial condition in (lll) and the boundary condition in (V) is unique.
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Uniqueness (TD)

A =
——'—_“\ﬁxé(or ﬁxh) ) T
lf no\ ) é(r,t),h(r,¢) €(F.4,)h(F.z,)
. S o i)
~ /

et Exterior Problem

| Consider a source distribution j(F,¢) with its associated electromagnetic field (é’,ﬁ)

Il Consider a (smooth) surface A with an everywhere defined unit normal n
Il Consider the values of the electromagnetic field everywhere in the infinite volume outside the surface A at the initial
time; that is, consider €(¥,z,),h(¥.z,)

Consider the values of the tangential component of the electric (or magnetic) field upon the surface A at any time after
the initial one; that is, consider nx€é (or nxh ) on the boundary at any time

The Uniqueness Theorem states that the electromagnetic field produced by the source in (1) within the infinite volume V outside
the surface Ain (1), enforcing the initial condition in (lll) and the boundary condition in (V) is unique.
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=

queness (TD-Interior Problem)
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-
=

queness (TD-Interior Problem)
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Uniqueness (TD-Interior Problem)

A N _ Medium
/— o ‘\ nxe =0 e(r,to)—O - Linear
| e(r,t ,h(l‘,t) | h(f,to)=0 - Isotropic
'—> n - Space-Nondispersive
\ ~ jo(f, t)=0 Let’s apply the Poynting theorem (TD) -Time-Nondispersive
S~ - o - - Time-invariant

A[BxC|=CAxB]|=BCxA]
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Uniqueness (TD-Interior Problem)

Medium
- Linear
- Isotropic
- Space-Nondispersive
-Time-Nondispersive

= Time-invariant

(F,t)=0 on the boundaryJ
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Uniqueness (TD-Interior Problem)

_ - o é(i:,l‘o) —0 - Medium
1:‘ NN nxe =0 - Linear
V' e(l‘,t ,h(l‘,t) | fl(f,to) =0 - Isotropic
| I—» n - Space-Nondispersive
\ ~ o jo(f, t)=0 Let’s apply the Poynting theorem (TD) -Time-Nondispersive
e

= Time-invariant

€(F,1)=¢ (F,1)—¢,(F,1)

>
X
o2}

(F,t)=0 on the boundaryJ
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Uniqueness (TD-Interior Problem)

_ - o é(i:,fo) —0 - Medium
1:‘ NN nxe =0 - Linear
V' e(l‘,l‘ ,h(l‘,t) | fl(f,to) =0 - Isotropic
| I—» n - Space-Nondispersive
\ ~ o jo(f, t)=0 Let’s apply the Poynting theorem (TD) -Time-Nondispersive
e

= Time-invariant

eé(r,z)=¢ (r,t)—¢, (r,z? -
€(F.1) =& (F.r) =& (1) [Source distribution jo(f,t)=0}
‘)

[A x€(F,t)=0 on the boundaryJ
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Uniqueness (TD-Interior Problem)

Medium
—— - - Linear
r e (f,l‘ - Isotropic
| - Space-Nondispersive
\ S o i Let’s apply the Poynting theorem (TD) -Time-Nondispersive
—_—

= Time-invariant

(1) =€ (r,r)—¢&(F,)

[A x€(F,t)=0 on the boundaryJ

(favelef = ()20 [far|ute ' 5efe

z}zW(t)ZO
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Uniqueness (TD-Interior Problem)

A N _ Medium
g ~\ nxe=0 e(r,l‘o)—o - Linear
' é(f,t ,h(f,l‘) , fl(f,to)=0 - Isotropic
| '—> n - Space-Nondispersive
\ ~ o i, (t,6)=0 / Let’s apply the Poynting theorem (TD) -Time-Nondispersive
e

= Time-invariant

(1) =€ (r,r)—¢&(F,)

>
X
o2}

(F,t)=0 on the boundaryJ

IﬂdVa|é|2 =P (t) >0 J.IJ/‘J‘dV[%y‘E(F,t)

2 1 .,
+55‘e(r,t)

w020 (v L)+ deletea ) [ a)-0
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Uniqueness (TD-Interior Problem)

A N _ Medium
g ~\ nxe=0 e(r,to)—O - Linear
' é(f,t ,h(f,l‘) , fl(f,to)=0 - Isotropic
| '—> n - Space-Nondispersive
\ ~ o i, (t,6)=0 / Let’s apply the Poynting theorem (TD) -Time-Nondispersive
e

= Time-invariant

(1) =€ (r,r)—¢&(F,)

>
X
o2}

(F,t)=0 on the boundaryJ

Stefano Perna — Universita Parthenope — Ingegneria Informatica, Biomedica e delle TLC Corso di Campi Elettromagnetici 9 Aprile 2021



queness (TD-Interior Problem)

Un

| Consider a source distribution j(F,¢) with its associated electromagnetic field (é’,ﬁ)

Il Consider a (smooth) surface A with an everywhere defined unit normal n
Il Consider the values of the electromagnetic field everywhere in the finite volume V bounded by the surface A at the initial
time; that is, consider €(¥,z,),h(¥.z,)

Consider the values of the tangential component of the electric (or magnetic) field upon the surface A at any time after
the initial one; that is, consider nx€é (or nxh ) on the boundary at any time

The Uniqueness Theorem states that the electromagnetic field produced by the source in (1) within the finite volume V bounded
by the surface A in (1), enforcing the initial condition in (lll) and the boundary condition in (V) is unique.
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queness (TD-Interior Problem)
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Uniqueness (TD-Interior Problem)

A = = . Medium
-=— T 7=\ Aixh =( e(r,to)—() - Linear
Ve é(f,l‘ ,h(f,t) , ﬁ(fato) -0 - Isotropic
| I—» n - Space-Nondispersive
\ ~ i (F1) = / Let’s apply the Poynting theorem (TD) -Time-Nondispersive

= Time-invariant
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queness (TD-Interior Problem)

Un

| Consider a source distribution j(F,¢) with its associated electromagnetic field (é’,ﬁ)

Il Consider a (smooth) surface A with an everywhere defined unit normal n

Il Consider the values of the electromagnetic field everywhere in the finite volume V bounded by the surface A at the initial
time; that is, consider €(¥,z,),h(¥.z,)

Consider the values of the tangential component of the electric (or magnetic) field upon the surface A at any time after
the initial one; that is, consider nx€é (or nxh ) on the boundary at any time

The Uniqueness Theorem states that the electromagnetic field produced by the source in (1) within the finite volume V bounded
by the surface A in (1), enforcing the initial condition in (lll) and the boundary condition in (V) is unique.
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Uniqueness (TD-Exterior Problem)

é(f’t‘))’ﬁ(f’to) S A ﬁxé(or ﬁxfl)
— \ B
If no| 3 é(F,7),h(F,z)
\ ‘—l O j(F’t)
S o - |

| Consider a source distribution j(F,¢) with its associated electromagnetic field (é’,ﬁ)

Il Consider a (smooth) surface A with an everywhere defined unit normal n

Il Consider the values of the electromagnetic field everywhere in the infinite volume outside the surface A at the initial
time; that is, consider €(¥,z,),h(¥.z,)

Consider the values of the tangential component of the electric (or magnetic) field upon the surface A at any time after
the initial one; that is, consider nx€é (or nxh ) on the boundary at any time

The Uniqueness Theorem states that the electromagnetic field produced by the source in (1) within the infinite volume V outside
the surface Ain (1), enforcing the initial condition in (lll) and the boundary condition in (V) is unique.
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Uniqueness (TD-Exterior Problem)
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Uniqueness (TD-Exterior Problem)

e \ .
e(r,to)z() /-4_ - \Ap ' Medium
L — - -\nxe:0 - Linear
h(l‘,to):() 7 P é(f l‘) ﬁ(f t) \ - Isotropic

| — jo (f,t) -0 e ’ I - Space-Nondispersive

\ I O ] -Time-Nondispersive

S~ —~ ,I . / - Time-invariant
- - Let’s apply the Poynting theorem (TD) /

3 é(r,7,)=0 o
[Source distribution j, (T.¢) = 0} S x€(F,t)=0 on the boundary
H = h(r,z,)=0
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Uniqueness (TD-Exterior Problem)

—0 A \ A Medium
— - — = Aixe=0 \ - Linear
=0 / ) — (= (= \ - Isotropic
hol é(r,t),h(F,1) :
| <—| j-’o (i‘, t) -0 | - Space-Nondispersive
\ . ] -Time-Nondispersive
S e S ,I . / - Time-invariant
- - Let’s apply the Poynting theorem (TD) /

A[BxC|=CAxB|=B[CxA]
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Uniqueness (TD-Exterior Problem)

r,t,)=0 A \ A Medium
— - — = Aixe=0 \ - Linear

_’t)=0 Vd S — (= v \ - Isotropic
Il hoy é(r,t),h(F,1) o

| <—| j-’o (i‘, t) -0 I - Space-Nondispersive

\ . ] -Time-Nondispersive

S~ — ,I ) / - Time-invariant
- - Let’s apply the Poynting theorem (TD)
/

é(r,7,)=0
0} nxé(¥,r)=0 on the boundary

€(r,1)=¢ (F,7)—¢(r.t i
6(F,1)=&(F.1)~%(F.1) [Sourcedistribution Jo (1)
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Uniqueness (TD-Exterior Problem)

r,t,)=0 A \ A Medium
— - — = Aixe=0 \ - Linear

_’t)=0 Vd S — (= v \ - Isotropic
Il hoy é(r,t),h(F,1) o

| <—| j-’o (i‘, t) -0 I - Space-Nondispersive

\ . ] -Time-Nondispersive

S~ — ,I ) / - Time-invariant
- - Let’s apply the Poynting theorem (TD)
/

é(r,7,)=0
0} nxé(¥,r)=0 on the boundary

€(r,1)=¢ (F,7)—¢(r.t i
6(F,1)=&(F.1)~%(F.1) [Sourcedistribution Jo (1)

Corso di Campi Elettromagnetici 9 Aprile 2021

Stefano Perna — Universita Parthenope — Ingegneria Informatica, Biomedica e delle TLC



Uniqueness (TD-Exterior Problem)

é(f’t‘))’ﬁ(f’to) S A ﬁxé(or ﬁxfl)
— \ B
If no| 3 é(F,7),h(F,z)
\ ‘—l O j(F’t)
S o - |

| Consider a source distribution j(F,¢) with its associated electromagnetic field (é’,ﬁ)

Il Consider a (smooth) surface A with an everywhere defined unit normal n

Il Consider the values of the electromagnetic field everywhere in the infinite volume outside the surface A at the initial
time; that is, consider €(¥,z,),h(¥.z,)

Consider the values of the tangential component of the electric (or magnetic) field upon the surface A at any time after
the initial one; that is, consider nx€é (or nxh ) on the boundary at any time

The Uniqueness Theorem states that the electromagnetic field produced by the source in (1) within the infinite volume V outside
the surface Ain (1), enforcing the initial condition in (lll) and the boundary condition in (V) is unique.
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