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New formulas, important considerations,
important formulas, important concepts

Very important for the discussion

Memo

Mathematical tools to be exploited
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Constitutive relationships

Time domain - Differential form

Vxé(?,t) = _Gb(r,t)
ot
IV xh(F,t)= @dg,t) +j(F,1)+ j, (F.1)
V-d(F,t)=p(¥,t)+ p, (F.1)
V-b(F,t)=0
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Even assuming knowledge of the
impressed sources j, (¥.2); 0, (¥.?)

Number of independent scalar equations: 7

Number of unknown scalar quantities: 16

Maxwell equations involve a number of
unknowns larger than the number of
equations!

The additional missing equations are
provided by the constitutive relationships,
which describe interaction of fields and
matter from a macroscopic point of view
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Constitutive relationships

Inductions and currents must be represented in terms of fields

d=.2¢h|
-5 [e5] @iy~ 21 ()
i=[&h]

Inputs Output

D|[-],-F[-]and_g[-] are functionals which depend upon the medium in
which the electromagnetic field is considered and upon the fields

themselves.
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Constitutive relationships

Linear media
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Constitutive relationships

Linear media

Local (hon-dispersive) media

Anisotropic media

d(¥,t)=g(F,t)-&(F,7)

b(¥,t)=p(F,t)-h(F,¢)
i
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Local (non-dispersive) media

Isotropic media

d(¥,t)=¢&(F,t)é(F,¢t)
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Constitutive relationships

Linear media

Class Property Effect on the 1-O relation
Time-dispersive
Time-nondispersive
Time-variant

Time-invariant
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Constitutive relationships

Linear media

Class Property Effect on the 1-O relation
Space-dispersive
Space-nondispersive
Space-variant

Space-invariant
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Constitutive relationships

Linear media

Class Property
Time-dispersive

Time-nondispersive
_ . The output at time 7 depends
Time-variant only on the value of the input

Time-invariant at the same time ¢
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Constitutive relationships

Linear media

Class Property
Time-dispersive

Time-nondispersive
The output at time 7 depends
Time-variant on the values of the input

: . . throughout a time-interval.
Time-invariant
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Constitutive relationships

Linear media

Class Property

Time-dispersive

Time-nondispersive
A time translation of the input x(t-T)
Time-variant implies the same translation . 2(") .

of the output

Time-invariant
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Constitutive relationships

Linear media

Class Property
Time-dispersive

Time-nondispersive
A time translation of the input

Time-variant does not imply the same

L. : translation of the output
Time-invariant
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Constitutive relationships

Linear media

Class Property
Space-dispersive

Space-nondispersive
. The output at space r
Space-variant depends only on the value of

Space-invariant the input at the same spacer
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Constitutive relationships

Linear media

Class Property
Space-dispersive

Space-nondispersive

The output at space r
Space-variant depends on the values of
the input throughout a

Space-invariant )
space-interval
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Constitutive relationships

Linear media

Class Property

Space-dispersive

Space-nondispersive

A space translation of the S R . o=

- - ~-R
Space-variant input implies the same =iy ] 90 _.y<r )
translation of the output

Space-invariant
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Constitutive relationships

Linear media

Class Property
Space-dispersive

Space-nondispersive
A space translation of the
Space-variant input does not imply the
same translation of the

Space-invariant output
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Constitutive relationships

Linear media

Class Property Effect on the 1-O relation
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Constitutive relationships

Linear & Anisotropic media

.

Input Output
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Memo: linear systems

X(t)  —

g()

— y(?)

x(t)and y(¢) are scalar

Time-dispersive (TD)

Time-variant (TV) y(t):jdt’g(t,t')x(t')

Time-invariant (TI) ()= jdt'g(t—t’)x(t’)
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Time-nondispersive (TND)

y(t)=g(t)x(¢)

y(t)=gx(1)
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Linear systems

X(t) —

(")

— Y(©)

X(¢)andy(¢) are vectors

Time-dispersive (TD)

Time-variant (TV) y()= Jdt’g(t,t')-i(t’)

Time-invariant (TI) y()= jdt'g(t—t’)-i(t’)
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Time-nondispersive (TND)

y(1) =g(t)-X(¢)

y(O=8-x(t)
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Linear systems

X(r) —|  g() [— ¥

x(r)andy(r) are vectors

Space-dispersive (SD) Space-nondispersive (SND)
Space-variant (SV) y()= de’g(?,?’) X(F') y(¥) =g(F)-X(F)
Space-invariant (Sl) y(r)= de’g(f—?')-i(f") y(F)=8 X(F)
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Time-dispersive (TD) Time-nondispersive (TND)

Time-variant (TV) y()= _[dt 4\ (. t (t) y(©) :g(t)'i(t)
Time-invariant (TI) y(t)= Idt’g(t —1")-X(t") y()=8-X(t)
Space-dispersive (SD) Space-nondispersive (SND)

Space-variant (SV)

Space-invariant (Sl) ?(F)zjdf’g(?—?’)-i(?’) y(F)=8 X(F)
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Constitutive relationships

Linear & Anisotropic & Dispersive media

ol

Il

S
=

d(F,0)= [d¥' [ dr'g, (F,¥,1,1')-&(¥,t')

=
Il

Gt |
Il
@3 —
! |
[ e I |

b(¥,0)= [dr'[dt'g, (F,F,1,')-h(

i(E,0)=[dr'[dr'g, (F,F,0,0)-(

Linear & Isotropic & Dispersive media

el

Il

S
=

d(¥,0)= [dF' [ dt' g, (F.F,0.t')é(F.¢)

=
Il

Comie |
Il
Sﬁ
(X} |
—

b(F,t)= °df’jdt’gb(f,?’,t,t’)ﬁ(i',t’)

i(,0)=[dar j dt' g, (¥,¥,1,t')8(
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Constitutive relationships

In the following, just for the sake of simplicity,
we will consider isotropic media
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SV-TV

SV-TI

SI-TV

SI-TI

Time: dispersive
Space: dispersive

Space-Dispersive (SD)
Time-Dispersive (TD)

d(¥,0)= [dr'[dr' g, (F,F,6,0')é(F.0)
d(r,0)=[dr'[dt' g, (¥, ¥t —t")&(F,t')
d(r,0)= [dr'[dr' g, (F—F,1,0')é(F,¢)

d(¥,0)=[dv'[dt'g, (F—F't—1)&(F.t")
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Time: nondispersive
Space: dispersive

Space-Dispersive (SD) Space-Dispersive (SD)
Time-Dispersive (TD) Time-Nondispersive (TND)

SV-TV  d(F,0)=[dr'[dr' g, (F,F..0)é(F.0)  d(F.0=[dF'g, (F,F.0)é(Ft)
sv-Tl A= [dF'[dl' g, (EF,1~1)(F,r)  d(F.0)=[di'g, (F.¥)e(¥1)
STV d(F,0)=[dr'[d' g, (F-F.0.t)é(F.r')  d(F,0)=[dF'g, (F—F,1)é(F,1)

SITL  d(F.0)=[dF [dr'g, (F-F.t—1)e(¥.r)  dFn)= [av'g, (F-¥)e(¥.0)
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Time: dispersive
Space: nondispersive

Space-Dispersive (SD) Space-Nondispersive (SND)
Time-Dispersive (TD) Time-Dispersive (TD)

SV-TV  d(F,0)=[dF'[dr' g, (F.F..0)é(F.0)  d(F,0)=[dr g, (F.0,t')&(F.0)
SV-TI  d(F.0)=[dF [dr' g, (F.,i~1)&(F.r')  d(E.0)=[dr'g, (F.o—1)E(F.1")
STV d(F,0)=[dF'[di' g, (F-F,0,0)e(F.1)  d(F.0)=[dr'g, (t.t')&(F.r')

STl d(F,0)= [ dF [dr' g, (F—F,t~')é(F.r') d(F,0)=[dt' g, (t—1)&(¥.0')
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Dispersive (time & space) vs. nondispersive (time & space)

Space-Dispersive (SD) Space-Nondispersive (SND)
Time-Dispersive (TD) Time-Nondispersive (TND)
SV-TV  d(F,0)=[dr'[dr' g, (F.F,0.0')é(F.0) d(¥,0)=&(F,1)é(F,1)
SV-Tl  d(F,0)=[d¥'[dr' g, (F,F,t—1')&(¥,1') d(¥,0)= &(F)e(F,7)
STV d(F,0)=[dr'[dt' g, (F—F.0,0')é(F.1') d(F,0)= &(1)é(E.¢)
SITL d(F,)=[dF [di' g, (F~F,t~1')é(¥1') d(¥,1)= é(F,1)
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SV-TV

SV-TI

SI-TV

SI-TI
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Permittivity

SND+TND: Local

d(F,1)= e (¥,t)8é(

d(¥,t)=&(¥)&(¥,?)

[E(F,t)] _ Volt [a(?,t)}z Coulomb

d(F.0)= £ (1)8(F.1) Z m’

C q Farad — Coulomb
AV Volt

d(¥,t)=c&(F,¢t)
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Permeability

SND+TND: Local

SV-TV  b(F,1)= u(F,t)h

SV-TI  b(F,0)= (7 )h(F,?)

= Web ~ A
[b(l‘,t)]= ;er [h(r,t)]= mpere

SI-TV B(i:,l‘)Z/l(t)ﬁ(i:,l‘) m

% Henry = Weber
]

2l b(¥,1)= ,Ufl(f,f) Ampere
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SV-TV

SV-TI

SI-TV

SI-TI

Conductivity

SND+TND: Local

i@ 0=0(r,1)é(

j(®,0=0c(7)é(¥.)

P A o Volt
# el Ame o)Ll
(@)= o (1)8(F,1) "

Av= Ri O Volt 1

. . - TS
i(F,5)= O'e(r, t) Ampere iemens
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Exercise n.1

Linear+ Isotropic + Space-Variant (SV) + Time-Variant (TV)

Space-dispersive (SD) +Time-dispersive (TD) Farad
d(¥,1)= jdf’jdt'gd (F,r,2,¢')e(r',t) 2] = s-m*
Space-dispersive (SD) +Time-nondispersive (TD) .
. 8al=
d(f,t):Idf'gd(f,f',t)é(f',t) 2] m’
Space-nondispersive (SND) +Time-dispersive (TD) Farad
_ 2] ==
d(F,t):jdt’gd(F,t,t’)é(?,t’) >
Space-nondispersive (SND) +Time-nondispersive (TD) [ ] Farad
E|l =
m

d(F,1)=&(F,1)&(F.¢)
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Exercise n.2

Linear+ Isotropic + Space-Variant (SV) + Time-Invariant (TI)

Space-Dispersive (SD) +Time-Dispersive (TD)

[ ] __ Henry
b(F.0)=[dF'[dt' g, (F.F,t~¢')h(Ft') )= o
Space-Dispersive (SD) +Time-Nondispersive (TD) [g ]: Henry
b(F,t)= j dr'g, (¢,¥')h(¥',7) P m
Space-Nondispersive (SND) +Time-Dispersive (TD) [ ] _ Henry
b
b(F,t)= jdt’gb (¥, —¢)h(F,1) S
Space-Nondispersive (SND) +Time-Nondispersive (TD) [ ] Henry
. . HI=
b(F,1)= (¥ )h(F.1) m
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Conductors

j(®,0)=08(¥,1)

Metal Conductivity ¢ [siemens/m]
Silver, 99.98% pure 6.14 x 107
Copper, annealed 5.80 x 107
Copper, hard drawn 5.65 x 107
Gold, pure drawn 4.10 x 107
Aluminum, commercial hard drawn 3.54 x 107
Magnesium TS0
Tungsten 1.81 x 107
Zinc 1.74 x 107
Nickel 1.28 x 107
Tron, 99.98% pure 1.00 x 10°
Steel 1.00-0.5 x 10_’
ltead 0.48 x 10_"
Mercury 0.10 >10°

From G.Franceschetti, ‘Electromagnetics, Theory, Techniques, and Engineering paradigms’, Plenum Press

Perfect Electric Conductors (PEC)
c—>0 mmp é=0 mmp h=0
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Vacuo
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