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Introduction

¢ Goal in network training

k Model the underlying generator of the data

e General and complete description of the generator
joint probability input-target space

p(x,t) = p(t|x)p(x)
p(0 = [ p(txdt
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Likelihood

» Training data
{x", t"}

¥ Likelihood

c=] [oem e =| [peixmpan

§ ®» Maximizing the likelihood
g
=
= E=—-InL= —Elnp(tnlx")—zmp(x")
N n n
=
The term does not depend on
% the network parameters
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sum-of-squares error

» Consider c targets t,
Cc
p(to) = | [t
k=1

» Assume distribution of target data is Gaussian
deterministic function

tr, = hk(x) + €k Gaussian noise

¥ Distribution of the error

p(ek) — (27_[0_2)1/2 e
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sum-of-squares error
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¥ Considering

Vie(X, W) = hy(x)

» Probability distribution of target

1 {Yk(x:w)z_tk}z
p(tle) — (27_[0_2)1/2 e 20

¥ The overall error function
Terms independent from the weights

N
E = ! Ei{ (x", w) — t'}? + Ncl +1vc1 2
=53 1klykx,w K clno > n(2m)
n= =



sum-of-squares error

¥ Sum of squares error function

ZZE{MX W) — 6’

nlk

- zz”ﬂx w) =t
n=1
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Interpretation of NN output

¢ Limit of number N to infinity
;&
E = li_)mooﬁz z{yk(x W) — th)2 =
n=1 k
1
52 f j{yk(x”, w) — ti Y p(tr, X)dtidx
k

» Moreover

22 j j {yie ™, W) — t2}p(ty, | X)p(X)dt,dx
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Interpretation of NN output

¢ Defining
(6l %) = [ tep (el

(t21) = [ ehptelnde

¥ Moreover
vk — ti}* = {yr — (te] X) + (tr| X) — ti}?

= {yr — (tr] X)}* + 2{yr — (tr| X)H(tx| x)
— ti} + {(t] X) — t;}°
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Interpretation of NN output

ML — Error functions

0o
4

E*
Ffoen

¥ The error
E —

1
52 j{yk(x”, w) — (t| X)}*p(x)dx +
k

1
=3 [{(6#1%) = (@0} peoax+
k

» First integrand positive

Vi (X", W*) = (ty| X)

Regression ot f; conditioned on x



Interpretation of NN output

» Regression

t y(x)

p(tlx)
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Considerations

» Three key assumptions

e Data set must be sufficiently large that is approximates
an infinite data set

¥ The network output function must be sufficiently general
that there exists a choice of parameters (hidden units
sufficiently large) which makes th error sufficiently small

 The optimization of the network parameters is
performed in such a way as to find the appropriate
minimum of the cost function
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Example

1.0 :

Solid curve: MLP with 5 hidden
units and sum-of-squares error

7
0.0 & il

0.0 05 1.0
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General error functions
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¥ Generalization of the Gaussian distribution

ngl/R
2T(1/R)

Gamma function

e_ﬁlelR

p(e) =

r By negative log-likelihood the error function is
N
F= ) ) Iy, w) - tIF
n=1k=1

Minkowski-R error
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General error functions

¥ The derivatives

OE
aWji
N C
. 0Yy
= 2 2 [y (X", w) =t |F Esign(y(x™, w) — t7)
aWji
n=1k=1

» Evaluated using the standard back-propagation
procedure

B sensitivity to outliers
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Classification
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¢ Density function

1-of-c coding

p(tylx) = 2 6(tx — 6P (Cr|x)
=1

¥ by sum-of-squares error function the conditional
average

V() = (t] X ) = j tep (Ll dy, = P(Cel X)
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Hidden units

¥ Considering the error

N ¢ (M %
1 A | \ A
E = E 4 Z Wk] i tk >
n=1k=1 \Jj=1 J
¢ Defining
Mk =tk (W) = wy; (D) = 2"

¥ Mimimizing the error with respect the weights
)

<ZW .zt —th bz =
aWk] Z kj] k J
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Hidden units

¥ In matrix notation
ZTZWT —72TT =0
¥ with solution

Wli=27'T =0

¥ The error becomes

E = %Tr{(ZWT —T)(ZWT —T)T}
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Hidden units

e After simple matrix manipultation

1 T —1
E=Tr{T'T —$pS7
e with covariance matrix of the last hidden layer
Sy = 217 = Z(z" — 7" —2)T
n

between class covariance matrix

S = ZITT"Z
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Hidden units

¥ Minimizing the sum-of-squares error is equivalent
to maximizing the discriminant

1 -1
E = ETT{SBST }

Similar to Fisher discriminant
¥ Result
B The weights in the final layer are adjusted to produce

an optimum discrimination of the classes of input vectors
by means of a linear transformation
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Hidden units

¥ Minimizing the sum-of-squares error is equivalent
to maximizing the discriminant

1 -1
E = ETT{SBST }

Similar to Fisher discriminant
¥ Result
B The weights in the final layer are adjusted to produce

an optimum discrimination of the classes of input vectors
by means of a linear transformation
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Cross-Entropy

¥ Network with single output y

P(Ci|x) =y P(G]x)=1—-y

e Probability
p(tlx) = y*(1—y)**

Bernoulli distribution

¥ Likelihood

c=] Jomra-ymre
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Cross-Entropy
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¢ Cross-entropy error function
E=—-InL
== ) (M Iny™ + (1= ) In(1 - y))
n

» Differentiating
OE _ (" —t%)
oy™  y™(1-y™)

r Absolute minimum

yr*=t" Vn
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Cross-Entropy for multiple class

¥ Conditional distribution

p(tx™) = n(yz’})t?
k=1

» Differentiating

C
E = —zzt};‘lny}}
n k=1
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