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Introduction

¥ Linear discriminant functions

# Linear functions of the input variables

¥ Generalization

# Consider a non-linear function
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Linear discriminant function

activation function

y(x) = a(W'x + w)

output

bilas
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Multiple linear discriminant

r K> 2 classes

Vi(X) = a(w,.'x + wyg)
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The rules of Probability

¢ Sum rule - il
joint probability
p(X) = Z])(va)
Y
» Product rule p(X,Y) =p(Y,X)

p(X.Y) =p(Y[X)p(X)

» Bayes’ theorem
p(X|Y)p(Y')
p(X)

p(Y[X) =
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Probabilistic view

¥ Classification

 probabilistic view of classification

# models with linear decision boundaries arise from
simple assumptions about the distribution of the data

:

z: » Posterior probability of class C,

% _ - likelihood a prior probability

E a posterior probability

% p(cl|x> _ p(X’61>p(Cl)

7 p(x[C1)p(C1) + p(x|C2)p(C2)

2 1 normalization factor
2 — — a

2 1+ exp(—a) 7(a)
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Probabilistic view

¥ Making decision
B X-ray image x
B P(C,) probability that a person has cancer

 P(C, | x) probablity that a person has cancer after
oberving information of X-ray
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Minimizing the misclassification rate

¥ Decision boundaries

p(mistake) = p(x € Rq1,Ca) + p(x € Ro,(C4)
= / p(x,Cq) dx + / p(x,C1)dx
Rl RQ
K
p(correct) = Zp(x € Ry, Cr)

k

—1
K

= Z/ p(x,Ck) dx
k=1 R

ML — Single Layer Neural Network

o
o AN
PSS



Minimizing the misclassification rate
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Probabilistic view

¥ wWhere

. pxlcop(Cy)
p(xIC)p(C2)

a =

» and logistic sigmoid function

- 1+ eXp(—CL) (] TR ................... ]
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Logistic sigmoid

¥ Symmetry property

o(—a)=1—o0(a)

¥ Inverse (logit)

a-ln( 7 )
N l—0
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Probabilistic view

r K> 2

p(x|Cx)p(Ck)

p(Cr[x) >, p(x[C;)p(Cy)
exp(ag)

.expnla. normalized exponential
Z] p( J ) or softmax function

ar = In p(x|Cr)p(C)-

p(Crlx) ~ 1
p(Cj|x) ~ 0

ap > Qa;
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Probabilistic view

¥ Gaussian class-conditional density

| 1 1 1 e
PXIC) = g7 g7 0 § 50— ) = - ) |
§ » Posterior probability
C p(C1lx) = o(w*x + wp)
:% W = E_l(ﬁh — o)
! 1 N 1 N p(Cy)
= Wo = _§M,1r2 lpl + 5@;2 1/,1,2 + In p(Cg)
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Probabilistic view

Class-conditional densities C
for two classes p( 1 |X)
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Probabilistic view

r K> 2
o T
ap(X) = Wi, X + Wko

5 ® Where
Z
IS
o _
- wr = Xy,
()
>~
% W — —l TZ_l 111 (C)
2 .
|
=
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Probabilistic view
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Class-conditional densities
for three classes
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Fisher's linear discriminant

¢ Curse of dimensionality

¥ The design of a good classifier becomes rapidly more
difficult as the dimensinality of the input space
increases

B Pre-processing

To reduce its dimensionality

Fisher discriminant aims to achieve an optimal linear
dimensionality reduction
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Fisher's linear discriminant

Classification by voting in the cells
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Fisher's linear discriminant
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The number of regions of a regular grid grows exponentially with the
dimensionality of D
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Fisher's linear discriminant

» Projection

Y = wix. y = —wy as class Cq

» Projection that maximizes the class separation
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Fisher's linear discriminant

ML — Single Layer Neural Network
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Fisher's linear discriminant

¢ within-class variance

2= 3 (o — mi)?

nECy

¥ Fisher criterion

(Mg — my)?

J(w) =

2 2
S{ + S5
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Fisher's linear discriminant

¥ Fisher criterion

wlSgw

J(w) =

wlSww
B BGTWGGH-C'GSS COVCII’iCInCG
S o T
B — (m2 — ml)(mQ — ml)

¥ within-class covariance

SW — Z (Xn — ml)(xn — ml)T + Z (Xn — m2)(xn — mQ)T

neCq neCq
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Fisher's linear discriminant

¢ Differentianting with respect to weights

direction of (my, — m,)
(W Spw)Sww = (W' Sww)Sgw

scalar factor scalar factor

W X ngl(mg —m;)

Fisher linear discriminant
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Sum-of squares error

¥ Quadratic error function

N ¢
1
Ew) =5 ) > ™ w) — ()2

n=1k=1
=
g Geometrical representation M
(0]
B y =) W)
0 j=0
Z
] a =0=¢;(y—1)
- = U = —t
© aW] j VY
(@)
C
=
|
=
y=t” Solution
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Gradient descent

¥ Error function

N
1
E(w) = z E™ (w)
n=1

» Stocchastic gradient descent algorithm

W(T+1) — W(T) . 77VEn

T+) = w® — g ——
w w T ow
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The perceptron algorithm
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r Output
y(x) = f (W o(x))

¥ Activation function

)+, a=0
fla) =« —1, a<O0




The perceptron algorithm

¢ Classification
wligp(x,) > 0 C1
WTqb(Xn) < 0 CQ

t € {—1,+1}

» Perceptron criterion

EP(W) — — Z WTantn
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The perceptron algorithm

¥ Gradient descent algorithm

wlT = w(™ — pVEp(w) =w'" + 16, t,

» Perceptron convergence theorem

k if there exists an exact solution (if the training data set
is linearly separable) then the perceptron learning
algorithm is guaranteed to find an exact soultion in a
finite number of steps

ML — Single Layer Neural Network

o
'4\'.‘ \

\E“
& foen

29



The perceptron algorithm
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Linear separability

¢ Linearly separble

# The points can be classified correclty by a linear
decision boundary

¥ No linearly separable
B exclusive-OR (XOR) problem

o O
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