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Stability of the closed loop systems

ñ Let us consider a closed loop system with a proportional control action 

ñ In the following we will classify the closed loop systems depending on their 
stability behavior when 𝑘 varies from 0 to +∞
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Regular stability of closed loop systems

ñ The stability  of a closed loop system 𝑇(𝑠) is said to be regular  when

ò  T(s) is unstable for high values of the proportional gain 𝑘

ò 	T(s) is asymptotically stable for low values of the proportional gain 𝑘

ñ Closed loop systems with regular stability are usually 
characterized by an open loop function 𝐹(𝑠) with:

ò No poles with positive real part                       
(𝑇(𝑠) asymp. Stable iff 𝒩 = 0)

ò A Nyquist plot that intersect only once the 
negative x-axis

𝑅𝑒(𝐹(𝑗𝜔))

𝐼𝑚(𝐹(𝑗𝜔))

−𝟏

There exists a critical gain /𝒌 such that the closed loop system is unstable for 𝒌 > /𝒌 
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Regular stability of closed loop systems

ñ Let us consider the transfer function 

𝝎 = 𝟎!

𝝎 → +∞

∠𝐹 𝑗𝜔 = −
3
2𝜋 𝝎 = 𝟎"

𝝎 → −∞

∠𝐹 𝑗𝜔 =
3
2𝜋

𝑻 𝒔 𝒂𝒔𝒚𝒎𝒑𝒕𝒐𝒕𝒊𝒄𝒂𝒍𝒍𝒚 𝒔𝒕𝒂𝒃𝒍𝒆 𝒇𝒐𝒓 𝒌 < 𝟖 𝑻 𝒔 𝒖𝒏𝒔𝒕𝒂𝒃𝒍𝒆 𝒇𝒐𝒓 𝒌 > 𝟖

𝓝 = 𝟎, 𝒕𝒉𝒆 𝒄𝒓𝒊𝒕𝒊𝒄𝒂𝒍 𝒈𝒂𝒊𝒏 𝒊𝒔 /𝒌 ≈ 𝟖

F 𝑠 = !
!"# ! → 𝑛$" 𝐹 𝑠 = 0
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Inherent stability of closed loop systems

ñ The stability  of a closed loop system 𝑇(𝑠) is said to be inherent when

ò 𝑻(𝒔) is asymptotically stable for  all possible  𝒌

ñ Inherently stable closed loop systems are usually 
characterized by an open loop function 𝐹(𝑠) with:

ò No poles with positive real part                       
(𝑇(𝑠) asymp. Stable iff 𝒩 = 0)

ò A Nyquist plot that doesn’t intersect the negative 
x-axis

𝑅𝑒(𝐹(𝑗𝜔))

𝐼𝑚(𝐹(𝑗𝜔))

−𝟏

The closed loop system is asymptotically stable regardless the value of  the 
proportional gain
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Inherent stability of closed loop systems

ñ Let us consider the transfer function F 𝑠 = !
!"#

→ 𝑛$" 𝐹 𝑠 = 0

𝝎 = 𝟏

𝝎 = 𝟎!𝝎 → +∞

𝝎 → −∞

𝝎 = −𝟏

𝝎 = 𝟎"

𝓝 = 𝟎 𝒇𝒐𝒓 𝒂𝒍𝒍 𝒑𝒐𝒔𝒔𝒊𝒃𝒍𝒆 𝒗𝒂𝒍𝒖𝒆𝒔 𝒐𝒇 𝒌
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Paradoxical stability of closed loop systems

ñ The stability  of a closed loop system 𝑇(𝑠) is said to be paradoxical  when

ò  𝑻(𝒔) is unstable for low values of the proportional gain 𝒌

ò 	𝑻(𝒔) is asymptotically stable for high values of the proportional gain 𝒌

ñ Paradoxically stable closed loop systems are usually 
characterized by an open loop function 𝐹(𝑠) with:

ò Poles with positive real part                       
(𝑇(𝑠) asymp. Stable iff 𝒩 > 0)

ò A Nyquist plot that intersect only once the 
negative x-axis

𝑅𝑒(𝐹(𝑗𝜔))

𝐼𝑚(𝐹(𝑗𝜔))

−𝟏

There exists a critical gain /𝒌  after which the closed loop system becomes 
asymptotically stable
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Paradoxical stability of closed loop systems

ñ Let us consider the transfer function 

𝑻 𝒔 𝒂𝒔𝒚𝒎𝒑𝒕𝒐𝒕𝒊𝒄𝒂𝒍𝒍𝒚 𝒔𝒕𝒂𝒃𝒍𝒆 𝒇𝒐𝒓 𝒌 > 𝟐 𝑻 𝒔 𝒖𝒏𝒔𝒕𝒂𝒃𝒍𝒆 𝒇𝒐𝒓 𝒌 < 𝟐

𝓝 = 𝟏 𝒇𝒐𝒓 𝒌 𝒈𝒓𝒆𝒂𝒕𝒆𝒓 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒄𝒓𝒊𝒕𝒊𝒄𝒂𝒍 𝒈𝒂𝒊𝒏 /𝒌 = 𝟐

F 𝑠 = !%(!"#)
(("#)(#)!%)

→ 𝑛$" 𝐹 𝑠 = 1
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Conditional stability of closed loop systems

ñ The stability of a closed loop system 𝑇(𝑠) is said to be conditioned when

ò 𝑻(𝒔) is asymptotically stable for  a limited interval of  𝒌

ñ Conditionally stable closed loop systems are 
usually characterized by an open loop 
function 𝐹(𝑠) with:

ò No poles with positive real part                       
(𝑇(𝑠) asymp. Stable iff 𝒩 = 0)

ò A Nyquist plot that intersect the negative 
x-axis  more than one time

𝑅𝑒(𝐹(𝑗𝜔))

𝐼𝑚(𝐹(𝑗𝜔))

−𝟏
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Conditional stability of closed loop systems

ñ Let us consider the transfer function F 𝑠 = 01111(345)(347)
53*(043)(3458)(3491)

𝒛𝒐𝒐𝒎

ñ For 𝑘 ≤ 𝑘1the critical point moves in the first circle 𝒩 = −2 → 𝑇(𝑠)  unstable

ñ For 𝑘1 < 𝑘 < 𝑘2 the critical point moves in the second circle 𝒩 = 0 → 𝑇(𝑠)  asymp. stab.

ñ For 𝑘 > 𝑘2 the critical point moves in the third circle 𝒩 = −2 → 𝑇(𝑠)  unstable

1 2 3
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Conditional stability of closed loop systems

ñ Let us consider the transfer function F 𝑠 = 01111(345)(347)
53*(043)(3458)(3491)

𝒌 < 𝒌𝟏 𝒌𝟏 < 𝒌 < 𝒌𝟐 𝒌 > 𝒌𝟐


