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Transient and Steady-state

A Let us consider an asymptotically stable LTI system.

A Given an input signal u(t) and an initial condition x(0), we define

< steady-state response Y¢5(t), the regular behavior of the total response
y(t) (if exist) after an infinite time from the application of the input.

<+ transient rvesponse y¢(t), the difference between the total response of
the system and the steady-state response V¢(t) = y(t) — yq4(t).
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Transient and Steady-state

A The steady-state response of asymptotically stable system is independent

from the initial condition.

A Tt depends on the patticular input applied to the system
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Step response: Transient and Steady-state

A The step response is characterized by "decaying" exponential functions related
to the system evolution modes and a constant value
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A The "decaying" exponential functions determine the tramsient part of the
response while the constant term is the steady-state value.
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Step response: Transient and Steady-state

A Different evolution modes determine different transient responses.

1.8 ! ! ! g !
16y .......................... .......................... .......................... .......................... =041
: : 1 ' |7 "&=038

1 ab g —— S — .......................... .......................... s -

1.2

1

y(t)

0.8

06L /. i - S — ........................ 4

o4l S— S—— o e e -

0 5 10 15 20 25 30




LTI system response to exponential inputs

Let us consider input signal
belonging to the class of complex
exponential functions:

cult) =eSt,s=a+jw
Recall that
o oSt = e(a+ja>)t
= e%(cos(wt) + j sin(wt))
Many signals may be written as

a linear combination of complex
exponential functions.

Amplitude

After an initial transient, the
LTI response is proportional to
the input (i.e. exhibits the same
form of the input).

LTL: y(6) + 2 y(£) = 3u(t)

a=0, =0 a=10.5, o=0

Amplitude

Time (sec) Time (sec)



LTI system response to exponential input

* A SISO system of n-th order, £,=0, x(0)=x,:

x(t) = Ax(t) + Bu(t) L sX(s)—x9=AX(s)+ BU(s)
y(t) = C x(t) + D u(t) # Y(s) =CX(s)+DU(s)

X(s) = (sl — At xpt(sl —A)T'BU(s) W(s)=C(sI —A)"1B+D

Y(s) =C(sI — A)1xy + / U(s)

Y, Y,
For exponential input:
2 5 ¥() = WU = W(s) —— = ot —
u(@) =e™,t 20 mmp rS)=WISULS) =WIS) —> = s—A
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LTI system response to exponential input

* Initial condition x(0) that nullifies the evolution modes
m) x(t) = x(0)e

By using the state equation

x(t) = Ax(t) + Bu(t) mm) Ax(0)e?t = Ax(0)e?t + Bett

# (Al —A)x(0) =B # x(0) = (Al — A)71B, if A is not an eigenvalue of A
Then,
x(t) = x(0)e?t = (Al — A)~'Be*,t >0

y(t) = Cx(t) + D u(t)=C(Al — A)~'Be* + De?* = (C(AI — A)™*B + D)e’= w(a)e?.
If the system is asymptotically stable, x(t) = (Al — A)71Be™, y(t) = W(d)e*,

these functions represent the asymptotic movements of the state and the
output of the system, for any initial condition x(0).
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Steady state response at sinusoidal inputs

A Let us consider an asymptotically stable LTI system with a transfer function
W (s) subject to a sinusoidal input signal

u(t)=U, sin(wyt + @) (@
W(s) :

A 4

A The evaluation of the steady state response of LTI system to sinusoidal
inputs 1s very interest taking into account that any signal can be decomposed
in the sum of a finite (peviodic signal) and infinite number (aperviodic
stgnal) of sinusoids by means of the Fourier series.
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Steady state response at sinusoidal inputs

A Tt is possible to prove that the steady state response of an LTI system with

transfer function W (s) to a sinusoidal inputs u(t) = Ugsin(wgt + ¢) can
be written in the time domain as

V. (t) =U, |W(s)( sin(a)ot +o+ LW (s), _ o )

S=jay

where

+ [W(S)ls=jw, is the magnitude of the Laplace transform of W (s)
evaluated in § = jwy.

+ £W(S)|s=jw, is the phase of the Laplace transform of W (s) evaluated
ins = jwg.
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LTI system response to sinusoidal input

For a sinusoidal input,

. 2
u(t) = sin(wt) ,t =2 0,w = ?n,

we exploit the results achieved for an exponential input.
Indeed, sin(wt) = Im(e/®*). Recall that e/®t = cos(wt) + j sin(wt).

For ii(t) = el ot if A without eigenvalues in tjw, then there is an initial state

x(0) = (jwl — A)~1B, such that the movements of the state and the output:

o %(t) = x(0)e/?t = (jwl — A)"IBe/®t t > 0

= (C(wl — A)_lB + D)elwt — W(ia))ef“)t

_ |W(]-w)|ejarg(W(jw))ejwt _ |W(ja))|ej(“’t+arg(w(j“’)))

Recall that z= a + ib = r(cos 0 + isin 8) = re/? with 6 = arg (z) = tan™?! g + 2km
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LTI system response to sinusoidal input

#(6) = (ol — A)-1BeJt,  §(t) = [W(jw)|e/(@trareWUe) ;- g

These functions represent the asymptotic movements, for LTI asymptotically
stable with %(t) = e/®t.

For u(t) = sin(wt) = Im(e/®?), then

x(£)= Im(£(1)), y(t) = Im (5(t)) = |W(jw)| sin (wt + arg(W(jw))), t > 0

In general for u(t) = Usin(wyt + @), t > 0,

there is an initial state such that the output is a sinusoidal signal:

y(t) = Ysin(wot + ), t > 0

with Y = |W({wy)|U,

where W(jw,) = C(jwol —A)"1B+D, and ¥ = ¢ +arg(W(jw)).

If the system is a.s. y(?) (and x(#)) represents the asymptotic movement of the
output (state).

12



Steady state response at sinusoidal inputs

Total response of system W (s) = 1/(s?+s + 1) to the input u(t) = sin(2t) - 1(¢t).
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A The proposed result can be summarized as follows:

+ The magnitude of a sinusoidal input signal u(t) = sin(wgt + ¢p) is
amplified or reduced by a linear system depending on the value of

|W(S)|S=](l)0

+ An input signal u(t) = sin(wgt + @) is phase shifted by a linear
system depending on the value of ZW (s)|s= jwe-

A In other terms, a linear system can be designed as a filter able to amplify
without distortion a certain set of input signals {1; and reduce or eliminate
another signals.

A Possible structures of filters will be discussed in the following lessons.
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Harmonic response function

A This result undetlines the importance of the function W (jw) for the
analysis of the forced response of LTI systems.

A The function W (jw) is called harmonic response function of the system.

A In the following we present a method able to rapidly evaluate the magnitude
and the phase W (jw) as a function of w.
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W(jw) general form

A Given an asymptotically stable L'TT system, the karmonic response function
W (jw) is given by the ratio of polynomial with real and complex conjugate

rOOts
26 )"
SVH(1+C7iS)miH 1+ —s+—
. I q a)nq wnq
W(]a)):W(S)(_, =K ”
| 26, 2
H(1+rjs)”fH 1+ 25+
J P ©rp ©np s=jo

Prof. Francesco Montefusco Automatic Control Systems 2023 /24



W(jw) general form

A Bode diagrams allows to extract the magnitude and the phase of W (jw) as
a function of w

A Bode diagrams are a main tool for the closed loop control design

A For the closed loop control problems we will be interested to analyze
magnitude and the phase of transfer functions W (s) also in case of stable
and unstable systems

A In that cases, W(s)|s=jq will be not the harmonic function.
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