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Steady state response of continuous LTI

systems to sinusoidal inputs - 1

A Let us consider an asymptotically stable LTI system with a transfer function
W (s) subject to a sinusoidal input signal

u(t)=U, sin(wyt + @) (@
W(s) :

A 4

A The evaluation of the steady state response of LTI system to sinusoidal
inputs 1s very important:

any sitgnal can be decomposed in the sum of a finite (periodic signal)
and infinite number (aperviodic signal) of sinusoids by means of the
Fourier series.
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Steady state response of continuous LTI

systems to sinusoidal inputs - 2

A Tt is possible to prove that the steady state response of an LTI system with

transfer function W (s) to a sinusoidal inputs u(t) = Ugsin(wgt + ¢) can
be written in the time domain as

V. (t) =U, |W(s)( sin(a)ot +o+ LW (s), _ o )

S:ja)o

where

+ [W(S)ls=jw, is the magnitude of the Laplace transform of W (s)
evaluated in § = jwy.

+ £W(S)|s=jw, is the phase of the Laplace transform of W (s) evaluated
ins = jwg.

Prof. Francesco Montefusco Industrial Automation 2023 /24



Steady state response at sinusoidal inputs

Total response of system W (s) = 1/(s?+s + 1) to the input u(t) = sin(2t) - 1(¢t).
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A The proposed result can be summarized as follows:

+ The magnitude of a sinusoidal input signal u(t) = sin(wgt + ¢p) is
amplified or reduced by a linear system depending on the value of

|W(S)|S=](l)0

+ An input signal u(t) = sin(wgt + @) is phase shifted by a linear
system depending on the value of ZW (s)|s= jwe-

A In other terms, a linear system can be designed as a filter able to amplify
without distortion a certain set of input signals {1; and reduce or eliminate

the other signals.
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Harmonic response function

A This result undetlines the importance of the function W (jw) for the
analysis of the forced response of LTI systems.

A The function W (jw) is called harmonic response function of the system.

A In the following we present a method able to rapidly evaluate the magnitude
and the phase W (jw) as a function of w.
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W(jw) general form - 1

A Given an asymptotically stable L'TT system, the karmonic response function
W (jw) is given by the ratio of polynomial with real and complex conjugate

rOOts
26 )"
SVH(1+C7iS)miH 1+ —s+—
. I q a)nq wnq
W(]a)):W(S)(_, =K ”
| 26, 2
H(1+rjs)”fH 1+ 25+
J P ©rp ©np s=jo
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W(jw) general form - 2

A Bode diagrams allows to extract the magnitude and the phase of W (jw) as
a function of w

A Bode diagrams are a main tool for the closed loop control design

A For the closed loop control problems, we are interested to analyze
magnitude and phase of transfer functions W (s) also in case of stable and
unstable systems

A In that cases, W(s)|s= jw 18 not the harmonic function.
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Bode diagrams definition

A The y-axis of the magnitude and phase Bode diagrams indicate respectively

+ the magnitude of the transfer function in dB (decibel)

(W(jw)|ap = 2010g;o [W(jw)]

< the phase of the transfer function in degrees or radians

LW (jw)
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Magnitude and phase diagrams
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Bode diagrams of the magnitude

A The magnitude of the Bode diagrams is expressed in decibel firstly because the
logarithmic scale allows to consider large magnitude intervals with limzted space

(CX: |10|db = 20 ) |100|db = 40 ) |1000|db - 60)

A Moreover, the magnitude of W(s)|s=j, in decibel can be written has

2 "\
SVH(I—i—O'l.S)m’H{l—kzéqS—i—i)
I q @

W(jo), =20log,| K CICY _

H(1+rjs)”fH£l+2§p s+ Sz ) p

@,, w,,

s=jo )

and using the main properties of the logarithm....
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Bode diagrams of the magnitude

W(jw), = 20log,, K + Constant term

+201log,, s + Monomial term

. Binomial
+Z2O log,,(1+o.s)" —Z2Olog10(1+rjs)”f terns
I J

Trinomial 2 2 )" 2 2 \”
+3"201og,,| 1+ 6qu+S—2 ~3"201log,,| 1+ ‘{ps+S—2
terms . o, O, > @,, w,,

A The magnitude of W(s)|s=j, in decibel is given by the sum of four terms:
constant, monomzial, binomzeal and trinomzal terms

A The phase function has the some product property of the logarithm. Hence in the
following we will construct the magnitude and phase Bode diagrams considering
these four terms separately.
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Basic terms for the Bode diagrams

A Constant term: K

A Monomial term: Zero/Pole in the origin of multiplicity v:  2010ogq¢ s

A Binomial term : Real zero/pole of multiplicity v: 20 1ogq0(1 + 78)™Y

A Trinomial term : Complex conjugate zero/pole of multiplicity V:

201 1+ 2¢s + s* "
0 —_ —_
510 w, w3
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Constant term: K

magnitude [dB]
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Monomial terms: (jw)"

IW(jw)|gg = 20 - log1o (|Gw)"])
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Zero of multiplicity one W(s) = (1 + s1)
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= 20 - lOglO (ll +](UT|) : al
20k T ....... ...... :

10 .......... ....... ...... .....

0

10" 10" 10’

Phase in degree - Phase [deg] -
LW(]a)) — L (1 + .................. ....... ..... ..... .................. ......

<]

40

20

D 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
107" 10° 10'

This result can be easily generalized to a generic binomial term
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Real Bode diagrams: trinomial term
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This result can be easily generalized to a generic trinomial term
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Bode magnitude table

A Monomial terms of multiplicity 1. The slope is constant in w € [0 oo

Zero in the origin +20 dB/decade
Pole in the origin -20 dB/decade

A Binomial and trinomial terms of multiplicity 1. The slope changes on the break

point
_ Indipendent from the sign of the real part

Real Zero +20 dB/decade
Real Pole -20 dB/decade
Comp. Conjug. zeros +40 dB/decade
Comp. Conjug. poles -40 dB/decade

A When the term has a multiplicity greater than one, the slopes should be
multiplied by the multiplicity.
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Bode phase table

A Constant and monomial terms of multiplicity 1. The slope is constant in

w € [0 oo
K<0 -180° per we [0,0)
Zero in the origin +90° per ®€[0,0)
Pole in the origin -90° per < [0,0)

A Binomial and trinomial terms of multiplicity 1. The slope changes one
decade before and after the breaking point.

_ Negative real part Positive real part

Real Zero +90° +45-> -45°/decade -90° -45-> +45 °/decade
Real Pole -90° -45> +45°/decade +90° +45-> -45°/decade
Comp. Conjug. zeros +180° +90-> -90 °/decade -180° -90-> +90 °/decade
Comp. Conjug. poles -180° -90-> +90 °/decade +180° +90-> -90 °/decade

A When the term has a multiplicity greater than one, the phase variation
should be multiplied by the multiplicity.
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Fourier analysis — continuous time signal

» Any periodic function f{#) with period T,
ft)=f(+T),

can be written as

ft)=F, + Z IF., cos(nawyt)+ F,, sin(na)ot)]
n=1

2T
where wg = T

1 2 2 .
F, = ?lf(t)dt F, = ;_]‘:f(t)cos(na)ot)dt F, = ;lf(t)sm(na)ot)dt’

F, is the average value of f over a single period.

The component with w, is the fundemental armonic or 1°* harmonic, that
with nwg is n-th harmonic.
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Using Fourier analysis:

1 2 if nis odd
Fo—§, Fen=0 VneN, an_{Oif'niseven'

Therefore, the square wave can be written

Py (t) = % 4 %sin(wot) + 3% sin(3wot) + 5% sin(5wot) + - - -
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Example: approximation of a square wave

wqo = 21 rad/s
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Example: steady state response to a square

Magnitude frequency response of the system

Let us consider the syste; °
with transfer function: o ° |
o 10 F §
©
E
G(s) = a8 l
2 £
s“+s+1 < 30 - 1
and assume we want to » | IR

compute the steady-state 10° 0"

1l\(l)lagnitude of the first five Fourier coefficients of a square wave signal with T=2x

response to the square |
wave with period T=2m. _ | 1
m
. (t)—l+zsint = !
u =T § 10 ° .
2 S0 'Y
+§51n(3t) + £l |
2 -40 i A
. 107 10° 10'
+ —sin(5t) + --- » [rad/s]

5
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Example: steady state response to a square

1o |~ ~ square wave output — first harmonic approx.
Y Y O O O
The stead state response of
08 T the  system with transfer
functé(%n
+— 0.6 n S) =
a s2+s+1
>
O o4t . . . .
is practically identical to the
02 1 response assuming just the
J first two terms of the Fourier
° U U V U \l u u expansion (the average value
0z | | | | plus the first harmonic)
0 10 20 30 40 50
time [s]
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Fourier transform

» So far we have assumed that the signal are periodic. In this case, the
frequency spectrum (i.e., the coetficients of the Fourier series) of the signal
is discrete (i.e., it 1s defined only a certain frequencies)

» When the signal is aperiodic, we can assume it as a signal with period T =

. : : 2T
0, Thus, the interval between two consecutive harmonics nwg = n—

tends to zero and the frequency spectrum becomes a continuous function
of w (t.e. defined for all the frequency values)

» Formally, given a aperiodic signal f (7, it can be analysed in the frequency
domain by applying the Fourier transform, defined as

+ 00

Flw) = f(t)e I@tdt

— 00
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Steady state response of discrete LTI

systems to sinusoidal inputs - 1

A Let us consider an asymptotically stable discrete LTI system with a transfer
function G (z)

u(k) y)

G(2)

A The steady state response to a sinusoidal input u(k),
u(k) = Usin(8yk)1(k)

is given by

y(k) = U|G(e/%)|sin (Hok + arg (G(efeo)))

where G(Z)],_,j6, is the frequency response of the discrete-time system
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Steady state response of discrete LTI

systems to sinusoidal inputs - 2

Indeed, by applying z-Transform

zsin(wT)U
(z — eIwT)(z — e—I3wT)

Y(z) = G(2)

and by decomposition

- ~ R Q Q
— 1 ¢ — ot f
yk_Z [z(zz_i_pz-l_z_eJWT+z_e—JwT)]—yk+yk

Y?(’z) Y7 (z)

Q=GN L, Q=G ™Y =-CT)Y

23 23
In the case of asymptotically stable system, limg_,o . = 0
U Z

r _ z—1 g’y >~
yk_z G(e )2]Z_erT

_ (;(eij)g “

2j z — e~ IwT
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Steady state response of discrete LTI

systems to sinusoidal inputs - 3

yz — g (G(eij)eijk _ G(eij)e—ijk)

T2

:jIm(G(ej“’T)) — Re (G(ej“’T))] [cos(wTk) — jsin(wTk)]) =

U|G (7)) ( cos ZG (7“1 sin(wTk) + sin ZG(e?“T) cos(wTk)) =
|G (7“1 |U sin(wTk + £G(e?*7T)).

From this results, given a sample time T, the response of a discrete time

. . . . 2T .
LTI to a sinusoidal input 1s the same at each frequency w + m-o, with
meE N
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Frequency response

A This result, as for the continuous time LTI systems, undetlines the importance

of the function G (€/9) for the analysis of the forced response of discrete time
LTT systems.

G(e’?) = C (&1 - A)_lB + D

A The function G(€/?) is the frequency response of the discrete time system,
with 8 € [0 27|, and €/ is not a pole of G(3).
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Fourier analysis — discrete time signal

» Any periodic function #(k), denoted here with #, with period N,
(positive integer)

Uk+N = Uk, VEk

can be written as

U = Z UnejnOOk ] 90 = —
N
The response 9, of a discrete time LTI to #«,

gk — ZYnejneok’ Y’n — G(ejnGO)Un
N
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