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Step response

A With the term step response or indicial response we indicate the forced
response of an LTT system to a step input of unitary amplitude.

A The study of the step response is of interest for two important reasons

< in many practical control problem, the input signal is constant or slowly
time variant

+ for system whose mathematical model is unknown, the experimental
step response can be used to identify a linear approximation of the
model

A In this course we will focus on the qualitative step response of a linear
system assuming that the transfer function W (s) is known.
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Step response: asymptotically stable systems

A When the system is asymptotically stable, the step response is characterized by
"decaying" exponential functions and a constant value
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A The "decaying" exponential functions determine the transient part of the
response while the constant term is the steady-state value.
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Step response: qualitative parameters

A When the system is asymptotically stable, the qualitative behavior of the
step response can be described by a set of qualitative parameters:

A Initial value
A Final value (steady-state value)

A Parameters indicating how rapidly the transient evolves and decays: rise-
time, peak time, settling time

A Parameters indicating the behavior of the response during the transient:
overshoot, number of oscillations
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Initial value of the step response

A The initial value of the step response in the Laplace domain can be
evaluated with the aim of the initial value theorem

y(0)=lim_, _sY(s)=
=lim_,_sW(s) !
S

, O For strictly proper systems D = 0
=lim__W(s)=
# 0 For proper systems D + 0

A Applying iteratively the initial value theorem it is possible to evaluate the
derivatives of the step response for t = 0.

A The difference between the number of poles and zeros of W (s) indicates
the number of null derivatives of y(t) int = 0
+n-m=1 —>y(0)=0,y(0) # 0
+n-m=2 >y(0)=0,7(0) = 0,5(0) # 0
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Final value of the step response

A The final value of the step response in the Laplace domain can be evaluated
with the aim of the final value theorem (see the properties of the Laplace
transform)

lim, _y(f)=lm,_,sY(s)

= lim

s—0

SW(S)l =
S

=lm__ W (s)=W(0)

s—0

A The final value theorem can be applied only to asymptotically stable systems
and 1nput signal converging to a constant value

A For asymptotically stable system, the value W (0) is also said Static Gain of
the system.
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Qualitative parameters for the transient
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Step response: qualitative parameters

A Rise time t, : amount of time required for the signal to go from 10% to
90% of 1ts final value

A Steady-state value Y s : asymptotic output value (it is constant for the step
response and correspond to the final value)

A Owershoot S: maximum excess of the output w.r.t. the final value (can be
defined as a percentage of the final value). In a normalized overshoot 1s
given by the maximum of the normalized output minus one.

A Peak time t), : time required for the step response to reach the overshoot

A Settling time tg : amount of time required for the step response to stay
within 5% (g 504) or 1% (€5 104) of its final value for all future times
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First order system without zeros

A An asymptotically stable first order system without zeros has a transfer
function in the form

W(S)zL >0
l+7s

A The quantitative value of the step response can be evaluated with the
antitransform of W (s)/s

y(0) =k(1-e"")1(2)
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First order system without zeros
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First order system without zeros:

parameters for the qualitative response

A Initial value y(0) = 0
A Final value lim;_o y(t) =k

A Settling time
+ tS 50 — 3T

+ tS 1% — 4.67

A Rise time t, = 2.21
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Second order system with real poles and no

ZEros

A An asymptotically stable second order system without zetos has a transfer
function in the form

k

) = ) (1 )

7,>0 7,>0

A The quantitative value of the step response can be evaluated with the
antitransform of W (s)/s

y(0)= k| 1-—

—t/ T —t/
e+ —2—e """ |1(¢)
T, —1, 1,1,

Prof. Francesco Montefusco Automatic Control Systems 2023 /24



Second order system with real poles and no

ZEros
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Second order system with real poles and no

zeros: parameters for the qualitative response

A Initial value y(0) =0 ,y(0) =0
A Final value lim;_o y(t) =k

A Settling time
+ tssy = 3Tmax

+ tS 1% — 4‘.6Tmax

A Rise time t, = 2.2T 4y
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Second order system with two poles real and

coincident

A An asymptotically stable second order system with two poles real and
coincident has a transfer function in the form

p<O0

p

_d (s —p)?Ys(s) _d [bU _ bUp bUy

T @ Tl e T T e T
-1

L t t t

—> ye(t) = kU, (1 —e_?——e_?) 1(t)

T

tS 1% — 6.6T
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Second order system with two poles real and

coincident

step response
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Second order system with real poles and one

ZEro

A An asymptotically stable second order system with one zero and two real
negative poles has a transfer function in the form

k=— bZ/TlTZ
b(s — z) (1+7s)
W(s) =-— — = , =1
(s —p1)(s —p2) (1+75)(1+128) P 2!
b2 = — 1/T2
Z = 1/1'
A The analytic expression of the response to step signal u(t)=U01(t) is given by
b(s—z U
Y(s) =W(s)U(s) = ( ) 0 —
(s =p)(s—p2) s
= as! -+ Kz + Ks Ki=(s— pi)yf(5)|5=pi

S—p1 S—p; S

1 ) = kU, [1 - L2 _Tt+T2_T = 1(t
— = — 1 2
L yf 0 Tl—TZe Tl—Tze ()
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Second order system with real poles and one

ZEro

A The behavior of the step response depends on the position of the zero wrt
the two poles.

A In the following slide 3 possible cases will be shown:

<+ a) Positive zero
+ b) Negative zero in the vicinity of the origin of the complex plane

+ ¢) Negative zero with an absolute value greater than the absolute values
of the two poles

A By exploiting the initial theotem value:
y(0) = lim sY(s) =W(s) =0
S—00

$(0) = lim s2Y(s) = sW(s) = Gt/ (7, 7,)
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Second order system with real poles and one
Zero

0 5 10 15
] : :
Undershoot, more pronounced by increasing the absolute

value of T (i.e., positive zero closer to origin)
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Second order system with real poles and one
Zero

I

Overshoot, more pronounced by increasing the value of 7
(i.e., negative zero closer to origin)
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Second order system with real poles and one

y(t) = kU, (1 - e_%) 1(t)
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Second order system with real poles and one

ZEro
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If T = 7,, then y(t) = GUO(l — e_a)l(t)
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Second order system with real poles and one

ZEro

u=kU, 009
0.8

T1=

= 0.7

0.6
T1> T2> T}-‘,-"ZLL 05

By decreasing T, the response is similar to the one without zero
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Second order system with real poles and one

ZEro

—— 8(-o45)/((e+4)(5+10))
—— 40(s+1)/((s+4)(s+10))
—— (s+8)/((s+4)(s+10))

y(t)
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Second order system with real poles and one

zeros: parameters for the qualitative response

A Initial value y(0) =0 ,y(0) #0
A Final value lim;_o y(t) =k

A Settling time
+ ts59% = 3Tmax

+ tg 1% = 4.6Tax

A Rise timet, = 22Ty

The settling time and the rise time also depend on the location on the zero. See
the book for details (drift phenomenon)
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Second order system with complex
conjugates poles and no zeros

In the case of complex poles, s2+a;s+ay,=0op=a+jo, p=a—jo
with @ < 0 (i.e. asymptotically stable system), W (s) can be rewritten by

b ~ b
(s—p)(s—p) s2—2as+a?+ w?

B b
(s —a)? + w?

W(s) =

and the relative response to a step function u(t) = Uy1(t) is described by

t) = kU (1— at gj t+9)1t,
y(t) 0 sing sin(w )| 1(t)
Wherek=£= b __ Db ,and9=tan_12.

a |p|? a?+w? a
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Natural frequency and damping factor

(see also the pdf file regardig Analysis of
The natural frequency 1s defined by LTT systems in the time domain)

2 — 2 2

and the damping factor
(= -——— w = wp/T=¢?
Va? + w?
A Im
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Second order system with complex

conjugates poles and no zeros

A The transfer function can also be rewritten in terms of { and w, (0 < ¢ <1
for an asymptotic stable system)

b
s2 —2as + a? + w?

W(s) =

2
B kw,

TS24 20w, + wy?

2
kw,
2
S 2
>+ ¢ s+1
. b b : .
with k = ——— = —, and the analytic expression of the step response, evaluated
a?+w?  wh

with the antitransform of W (s)/s, is given by

5

1(¢)
J1-&2

1
y(t)=k|1- e """ cos| 41— & @,t —arctan

J1-¢&°
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Second order system with complex

conjugates poles and no zeros

A The behavior of the responce strongly depends of the value of &. In the
following slide 3 possible cases will be shown:

4 E<<1 (£=0.1)
4+ £=0.5
4+ £=1(E=09) X
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Second order system with complex

conjugates poles and no zeros
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Second order system with complex conjugates

poles and no zeros

A Initial value y(0)=0,y(0)=0
A Final value limi o y(t) =k
tecor = 3/Cw (<1
A Settline 13 s5% n
criting rme {tss% ~475/w, (=1

tr =1/w <1
A Rise time { tr N 3/4 /7;) g ~ 1
T — . n —
-
_ 1767
A Overshoot s=e

A Peak time ty, = n/(wn [1 — (2)
A Oscillation period T = 27'[/(0)111/1 — (2)

. . 1
A # of oscillations = —,{ K 1
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A Plot the qualitative step response of the following systems

4 4
W(s)=
s7+5+2 (5) s’ +2s+3

Wi(s)=
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Example: car suspension

+
M
L
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B
K
Simplified }
_ model >1
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Example: mass-spring-damper system

* Input output representation

ut)=f)  My(t) + By(t) + Ky(t)=u(t)
¥(t)=s(1)

* State space representation
x,=s e x,—v=ds/dt

: -0

()= B)(E) (i) )

y=a o3)
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In general a second order system...

* Input output representation

y(t) + ary(t) + agy(t)=bu(t)

* State space representation X1 y
x;=y e x,=y=dy/dt 1 ( ) - ( )

= ()= (a0 —a) G)+ ()
X =1. = + u,
X2 —ap —Aa; X2 b
y=a 0(3) 1
* Transfer function
b b

s2+aqs+ ag - (s—p)(s—p)
b kw,*

s?—2as+a?+w? 524 20w,s + w,?

W(s) = k=b/a,

ap,=p*=a? + w? = w,*
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In general a second order system...

* Rewriting the characteristic equation s°+a; s+a,= 0 in terms of {and wy,,
s% + 2{wys + w,% =0,
a; = 2¢wy (

= 2®

Ag = Wn a)n=\/a_0

> |¢1<1 = complex conjugates poles (0<{<I underdamped
system)

aq

» |¢1=1 = real multiple poles ({ =1 critically damped system)

» |{1>1 = real and distinct poles ({ >1 overdamped system)
The geometric interpretation of ¢ is valid only for complex conjugates poles.

{ < 0 = unstable system
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In general a second order system...

> |1,

> |1,
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