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Laplace transform definition

ñ The Laplace transform of a function f(t) is defined as

where 𝑡 ∈ 𝑅	is a real variable, while 𝑠 = 𝛼 + 𝑗𝜔 ∈ 𝐶 is a complex variable.

ñ Vice versa, given a function 𝐹 𝑠  in the Laplace domain, the original function in 
the time domain can be obtained using the Laplace anti-transformation

ñ The Laplace transform is a bilateral only if the function f(t) is null for  𝒕 < 𝟎
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Laplace transform main properties (1/2)

ñ Linearity 

ñ Translation in the Laplace domain

ñ Translation in the time domain 
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Laplace transform main properties (2/2)

ñ Time domain derivation 

ñ Time domain integration

ñ Time domain convolution 
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Additional properties useful in control theory

ñ Initial value theorem

ñ Final value theorem

ñ Initial value theorem of the derivate of the function
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Selected Laplace transforms

ñ In the system theory, we will mainly use the Laplace transform for the 
evaluation of the forced response of LTI systems to selected sets of input :

ò Polynomial inputs  𝒖 𝒕 = 𝒕𝒏𝟏 𝒕

ò Sinusoidal inputs  𝒖 𝒕 = 𝒔𝒊𝒏 𝝎𝒕 𝟏 𝒕 	
𝒖 𝒕 = 𝒄𝒐𝒔 𝝎𝒕 𝟏 𝒕
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Selected Laplace transforms
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Selected Laplace transforms: polynomial 
signals

ñ In order to evaluate the Laplace transform of polynomial signals, let us firstly 
consider the Laplace transform of the impulse 

ò Impulse d(t)      (from the Laplace transform definition)

ñ Then, using the time domain integration  property, we have 

ò Step      1(t)

ò Ramp     t×1(t)

ò Polinomial function    𝒕𝒏×1(t)
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Selected Laplace transforms: sinusoidal
signals

ñ The Laplace transform of sinusoidal functions

ò Sine      𝒔𝒊𝒏 𝝎𝒕 𝟏(𝒕)

ò Cosine     𝒄𝒐𝒔 𝝎𝒕 𝟏(𝒕)

ñ Finally, in the control theory the following transformations are of interest for the 
definition of the Laplace domain of the evolution modes of LTI systems
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Example: Laplace transform of a window signal  
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Example: Laplace transform of a window signal 

ñ The Laplace transform of a window signal can be evaluated from the 
Laplace transforms of  two steps.
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Solution of first order linear differential
equation

𝐿 �̇� 𝑡 + 𝑎!𝑦 𝑡 = 𝐿(𝑏𝑈!1 𝑡 )

Let us consider a first order differential equation, linear with constant coefficients,

�̇� 𝑡 + 𝑎"𝑦(𝑡) = 𝑏𝑢 𝑡 , 𝑦 𝑡" = 𝑦"	

By applying Laplace trasform, assuming a step input signal, u(t)=U01(t), with
amplitude U0

𝑠𝑌 𝑠 − 𝑦! + 𝑎!𝑌(𝑠) =
𝑈!
𝑠

𝑌 𝑠 = 𝐿(𝑦 𝑡 )

𝐿(𝑏𝑈"1 𝑡 ) =
𝑏𝑈"
𝑠

𝑌 𝑠 =
𝑦!

𝑠 + 𝑎!
+

𝑏𝑈!
𝑠(𝑠 + 𝑎!)

𝑌free 𝑌forced
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Solution of first order linear differential
equation

𝑌"#$$(𝑠) =
𝑦!

𝑠 + 𝑎!
𝑦"#$$ 𝑡 = 𝑒%𝒂𝟎𝒕𝑦!1 𝑡 	

𝑌"(#)$* 𝑠 =
𝑏𝑈!

𝑠(𝑠 + 𝑎!)
=
𝐴
𝑠
+

𝐵
𝑠 + 𝑎!

ℒ CD

𝐴 = 𝑠 − 0 𝑌"(#)$* 𝑠 |+,!

=
𝑏𝑈!
𝑠 + 𝑎!

|+,! =
𝑏𝑈!
𝑎!

.

𝐵 = 𝑠 − (−𝑎!) 𝑌" 𝑠 |+,%-"
=
𝑏𝑈!
𝑠
|+,%-" = −

𝑏𝑈!
𝑎!

.

𝑌"𝒐𝒓𝒄𝒆𝒅 𝑠 =
𝐴 𝑠 + 𝑎! + 𝐵𝑠
𝑠 𝑠 + 𝑎!

=
𝐴 + 𝐵 𝑠 + 𝐴𝑎!
𝑠 𝑠 + 𝑎!

7𝐴 + 𝐵 = 0
𝐴𝑎! = 𝑏𝑈!

𝑨 =
𝑏𝑈!
𝑎!

𝑩 = −
𝑏𝑈!
𝑎!

Compute A and B by substitution: Or by residual method:
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Solution of first order linear differential
equation

𝑌"(#)$* 𝑠 =
𝑏𝑈!

𝑠(𝑠 + 𝑎!)
=
𝐴
𝑠
+

𝐵
𝑠 + 𝑎!

=

𝑏𝑈!
𝑎!
𝑠

+
−𝑏𝑈!𝑎!
𝑠 + 𝑎!

𝑦"(#)$* 𝑡 =
𝑏𝑈!
𝑎!

1 𝑡 −
𝑏𝑈!
𝑎!

𝑒%𝒂𝟎𝒕1 𝑡 =
𝑏𝑈!
𝑎!

1 − 𝑒%𝒂𝟎𝒕 1(𝑡)
ℒ CD

𝑦 𝑡 = 𝑦"#$$ 𝑡 + 𝑦"(#)$* 𝑡 = 𝑒%𝒂𝟎𝒕𝑦!1 𝑡 +
𝑏𝑈!
𝑎!

1 − 𝑒%𝒂𝟎𝒕 1(𝑡)

Then,


