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Plane Waves

Time domain (TD)

Spectral domains
Phasor Domain (PD)

Fourier Domain (FD)

Dispersive media: attenuation, distortion, phase velocity and group velocity

General expression of plane waves (PD)
Incidence (PD)
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Plane Waves

Incidence on a dielectric half-space
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Incidence on a dielectric half-space
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Incidence on a dielectric half-space

— T = _ g —jk o ro 2 A 2 L b — 2 _ 2
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Incidence on a dielectric half-space

Ky =ki +k,i +kyi,

kg =k, +ki, +kg.i,

Ky =ki +ki +kpi

>V
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on a dielectric half-space

>V
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Incidence on a dielectric half-space

El _ Ele_jf(l.f +ERe_jER'F Ele—jklf _ Ele—jkxxe—jklzz Zl =_6() L& .191 =9, |

S E. o /KT _F ok pihiz 2 = ONHE k sin 9, = k, sin 9,

E,=Ee /" RE R k. =k ssing ——
ET e kT _ ET oIk = ik S k, = \/k2 —k{ sin” §,
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Incidence on a dielectric half-space

= _ i = e k, = o/ 1, —
E. =E.e /Mt L | o /Kt Ee /T =Ee /et 1 A % =
1T R o ky = oy 1€, k,sin§, = k, sin 3,
R Ege /" =Ege e/t )
E2 =ET€ JK1 R kx:kISIHzgl i \/k2 k2 . 29
o kT —jkx —jk,.z = — K s
ETe JK1 :ETe JrKy e JRo, klz :klcoslgl 2z 2 1 |
Perpendicular Polarization |
|H,,E,.H,|
Parallel Polarization || @
|E,.HE, | & M
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Incidence on a dielectric half-space: || polarization

7 Z,-Z, ki = o\ €, 9 =5
— =—=—
I—F—Z—zT Z, +2, ky = oy e, k,sin 9, = k, sin 9,
2Z k. =k sin8
1+T'=T T= 2 o d Ly k %2 — k2 sin?
= —k{ sin” 4
2yt 2y ki, =k cos 9 o \/ 2 :
[Ex,Hy,EZ] Parallel Polarization |
H,, (Z,x) — [Hle_jklzz + HRejk“Z]e_jkxx @
~ Ax
sz(z,x) = H. e /Rt o /kx @ kR>@ﬁ E, Kk
R
FH 2 —ﬂ Zl — klz ER l9R T 9, ‘1 .
T, = 2ol z, =% b kA
Z]HI 2 a)gz @ @

cos 9, —(81/82)\/(k2 /k, )2 —sin” §,

cos &, +(51/52)\/(k2 /k, )2 —sin” 4
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Incidence on a dielectric half-space: 1 polarization

T ZlT FZM

- _Z_2 £, +7Z,
27

1+ =T T= 2
Z,+7Z,

By, (2.x)=Ere /*7e @
Fl é& 7 A

EI : klz

E w
T &=L Z, = k“2

EI 2z

_ cos _(ﬂl/ﬂz)\/(kz/kl )2 —sin” 4

2
cos +(u1/,u2)\/(k2 [k, ) —sin® 9
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ky = o 1,

ky = o\ 11,8,
k, =k s
k,, =k, cos &

9 =4
k, sinY, =k, sin g,

ky, = k2 kP sin® 9,

N X
Ky H, Kk
ER \ ETQ/
T s 40 X
—_ L7 T
Kk,
e @
H
& H : & M
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Incidence on a dielectric half-space

l—F—éT r:ﬂ
_22 £, +7Z,

27

1+T=T T= 2
Z,+7Z,

E
FJ_ é FR Z1 — a)lul
1 klz
T 2 ﬁ gy = o
+ EI kZz

2
. cos _(ﬂl/ﬂz)\/(kz/kl ) —sin” 4

2
cos +(u1/,u2)\/(k2 [k, ) —sin® 9
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ky = o 1, 9 =5

ky = o\ 11,8, k, sin§ =k, sin g,

k, =k s
k,, =k, cos &

ky, = k2 kP sin® 9,

[Ex,Hy,EZ] Parallel Polarization |

H

— _.jklzZ jklzZ _.jkxx
1y(z,x)—[l—lle + Hge ]e

H k
Ly =-——* Z, =—=
H, wE,
Z,H
T” é 2T Z2 — kZz
Z\H, wEe,

_ _cosl91 —(81/82)\/(k2 /k, )2 —sin® 9,

cosJ +(6‘1/6‘2)\/(k2 k, )2 —sin® 9,
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Incidence on a dielectric half-space

I-r=2i7 r-2-2
_22 £, +7Z,

27

1+T=T T= 2
Z,+7Z,

[Hx,Ey,HZ} Perpendicular Polarization |

7= i
klz

Z, = WO,
kZz

2
. cos _(ﬂl/ﬂz)\/(kz/kl ) —sin” 4

2
cos +(u1/,u2)\/(k2 [k, ) —sin® 9
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ki = £ 1€ 9 =5

ky = o\ 11,8, k, sin§ =k, sin g,

k, =k s
k,, =k, cos &

ky, = k2 kP sin® 9,

[Ex,Hy,EZ] Parallel Polarization
Z, :&
e,
Z, :&
e,
2 .
- :_cosé*I —(51/82)\/(k2/k1 ) —sin® 9,

I
cosJ +(6‘1/6‘2)\/(k2 k, )2 —sin® 9,

Corso di Campi Elettromagnetici 17 Maggio 2022



Incidence on a dielectric half-space

T ZlT rzﬁ

- _Z_2 £, +7Z,
27

1+ =T T= 2
Z,+7Z,

[Hx,Ey,HZ} Perpendicular Polarization |

Z = a]zﬂl r cos _(M/ﬂz)\/(kz [k )2 —sin” 4
1z I
2 .
Z, - CZﬂz cos +(y1/,u2)\/<k2 [k, ) —sin® 9
2z
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ky = o 1,

ky = o\ 11,8,
k, =k s
k,, =k, cos &

[EoH,.E |

F”

9 =4
k, sinY, =k, sin g,

ky, = k2 kP sin® 9,

Parallel Polarization |

_cosSI —(81/52)\/(k2 k, )2 —sin® &

cos g, + (51/52)\/(k2 /k, )2 —sin® §
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Normal Incidence

T ZlT FZM

- _Z_2 £, +7Z,
27

1+ =T T= 2
Z,+7Z,

[Hx,Ey,HZ] Perpendicular Polarization |

& K £ M

o) 2
212?1 . COSSI—(yI/yz)\/(kZ/kI) —sin® 9
z n = >
A cos G +(ﬂ1/ﬂz)\/<k2 [k ) —sin’ §
? k2z
Normal incidence
: | i k. =k
kR k]
— = 9 =0° —
@ ki @ ky, =k,
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ky = o 1,
ky = o\ 11,8,
k, =k s
| k,, =k, cos & |

|E,.HE, |
Z, = ki
(2o 1“”
Z2 — 27
we,

9 =4
k, sinY, =k, sin g,

hzng—ﬁgﬁg |

Parallel Polarization |

_cosSI —(6‘1/6‘2)\/<k2 k, )2 —sin® &

cos g, + (51/52)\/(k2 /k, )2 —sin® §
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Normal Incidence

T ZlT FZM

- _Z_2 £, +7Z,
27

1+ =T T= 2
Z,+7Z,

[Hx,Ey,HZ} Perpendicular Polarization |

ky = o 1,

ky = o\ 11,8,
k, =k s
k,, =k, cos &

9 =4
k, sinY, =k, sin g,

ky, = k2 kP sin® 9,

[Ex,Hy,EZ] Parallel Polarization |
A _hy cos,SlI—((91/52)\/<kz/k1 )Z—SinzwgI
== >
z, =22 cos 9, +(51/52)\/(k2 /k, ) —sin® §
we,

ou T
2=t | cosg—(u/m)(ke/k ) —sin* g
1z 1 —
2 .
22:% C0591+(#1/ﬂ2)\/<k2/k1) _Sln291
kZZ
Normal incidence
X - a)lu .
k.R ET k]z _kl Zl = k 1 = ];Lll =
i——b — = 19[ = OO ‘ 1z 1
K, K =k ;
& K Py kzz
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[Hx,Ey,HZ} Perpendicular Polarization |

I—F_éT
ZZ
1+T'=T

Normal Incidence

F_Z2_Zl

Z,+7,
_ 2Z2
Z,+7Z,

cos _(M/ﬂz)\/(kz [k )2 —sin” 4

2
cos +(y1/,u2)\/<k2 [k, ) —sin® 9

),
Z, = kﬂl
1z FJ_ =]
)
S
2z
Normal incidence
Ky K,
ol |
£ 8h 5@}“2

ky = o 1,

ky = o\ 11,8,
k, =k s
k,, =k, cos &

|E,.HE, |
Z, = ki
(2o 1“”
Z2 — kZZ
we,
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0) , ,
Z:kl le ﬂl: ﬂl: ﬂl = ﬂ:évl
ki, ki oume &
z k2 a,
Z, = e B ¢,
k22

9 =5

k, sinY, =k, sin g,

ky, = k2 kP sin® 9,

Parallel Polarization |

_cosz91 —(6‘1/6‘2)\/<k2 k, )2 —sin® &

cos g, + (51/52)\/(k2 /k, )2 —sin® §

£ W€, & !

Zl = kl =
k
Z,=—%-=¢,
0,
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Normal Incidence

T ZlT rzﬁ

- _Z_2 £, +7Z,
27

1+ =T T= 2
Z,+7Z,

ky = o 1,

ky = o\ 11,8,
k, =k s
k,, =k, cos &

9 =4
k, sinY, =k, sin g,

ky, = k2 kP sin® 9,

In the case of normal incidence, perpendicular and parallel polarizations

behave the same

Normal incidence

1

i 1) ) @
K K, k. =k lekﬂlz .
— L g = m— : e,
k, k, =k
2z =K oL
@ @ Z,= k—2
M & M 2z
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Z = ki, _k_oyHE _ ﬂ:é,
wsé  we, we, & !
k

Z,=—%-=¢,
WE,
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Normal Incidence

Perpendicular Polarization |

k

v

& H & My
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Parallel Polarization ||

& My
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Normal Incidence

Perpendicular Polarization L Parallel Polarization |l

In the case of normal incidence, perpendicular and parallel polarizations
behave the same

ky

T <
.ﬁ
(N
A
It
=
i
N
v

. Hg
S
EI?—-:
o TH" o 0o"EH o0
HI
& M & Hy & M & Hy
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G =

1-r=2L7 r-2—-
_Zz £, +7Z,

27

1+ =T T= 2
Z,+7Z,

[Hx,Ey,HZ] Perpendicular Polarization |

% Z% _cosé _(ﬂl/ﬂz)\/(kz [k, )2 —sin” g,
Z, =% cos & +(ﬂ1/ﬂz)\/(k2 [k )2 —sin® §

/2

ki = o\ €, 9 =5

ky = o\ 11,8, k,sin 9, = k,sin 9,

k, =k s
k,, =k cos§

k. =k} — k7 sin® §,

[Ex,Hy,EZ] Parallel Polarization |

Zl=& - _cosSI—(gl/é:z)\/(kz/k1 )j—sin2.9]
Z2=ki cos 9 +(6‘1/82)\/(k2/k1) —sin®
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Limit angle

Lr—7

n n / _Z2 71
=k, +k,.i, 1-T'=—-T =2
S\ kT i< 1ZZ i
(F)=Ee /™ 1+T=T T= 2
Z,+7Z,

[Hx,Ey,HZ] Perpendicular Polarization |

ou 7
le—k . . cosgl—(yl/yz)\/(kz/kl) —sin’ 4,
1z I
2 .
Z, - CZﬂz cos +(y1/,u2)\/<k2 [k, ) —sin® 9
2z

k,=ki +k.i
kR - kxix - klziz
kT — kxix + kZZlZ
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ki = £ 1€ 9 =5

ky = o\ 11,8, k, sin§ =k, sin g,

k, =k s
k,, =k, cos &

ky, = k2 kP sin® 9,

[Ex,Hy,EZ] Parallel Polarization |
A _hy cos,SlI—((91/52)\/<kz/k1 )Z—SinzgI
== >
z, =22 cos 9, +(6‘1/6‘2)\/(k2 /k, ) —sin® §
we,
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Limit angle

Zo— 2
~ A n 7z r==2_=
ky =k, +ky.i, I-T —Z—ZT Z, +7,
E (v)=F. o /KT 2Z
E l‘)—ETe J 1+F:T T: 2

Z,+7Z,

] Perpendicular Polarization |

o 2~
Z, :k—l . cos 9, —(yl/yz)\/(lez 9
1 L=
2 .
Z, - O, cos 9, +(,ul/,u2)\/(k2MZ 9,

k.
kl

k = -
if =<1, anangle 3 exists such that sin.g, =
1
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ky = o\ & 4 =9,
ky = o\ 11,8, k,sin 9, = k,sin 9,
k, =k s

k,, =k cos§

‘ k. =k} — k7 sin® §, ‘

[Ex,Hy,EZ] Parallel Polarization |

k 2
Z,=—= cosd — (& /¢ Jk}{nzg
. L= L —(&1/&,) ( / : 1
z, - ky. C08191+(81/82)\/(an2 9,
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Limit angle

7 - Z,-7, ky = o 1, 9, =%
= A A 1 =
ky =k, +ky.i, 1—F—Z—2T Z, +2, ky = oy 16, k sin 9, =k, sin 9,
E,(F)=Ee /" I+T =T T 2% k. =k sind, —
7 7 k. =k} — k7 sin® §,
1742 k,, =k cos§

[Hx,Ey,HZ] Perpendicular Polarization L [Ex,Hy,EZ} Parallel Polarization [
_ou 2 ki, 2
Z, _?21 r - cos 4 _(M/ﬂz)\/(kz /K, )2 —sin” § Z, =w%g1 r _cosSI —(51/(92)\/(k2 /k, ) —sin” 9,
o 2
z, =2 cos "'(,Ul/ﬂz)\/(kz [k ) —sin® g, Z, = ky. cos 9, +(6‘1/6‘2)\/(k2 /k, ) —sin® §
ky. ©&
Lk _ K
if —=<1, anangle  exists such that sin $, = .
1

1
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Incidence: Limit angle

k, = .\ 1, _
Z F:Z2_Zl 1 i 9 =5
I—F—Z—ZT Zl +Z2 k2 = ,uzgz kl SiIl]_gI :k2 SinlgT
2Z k. =k sin$
1+T=T =——2 A ky, =\Jk? —k’sin® 8
2yt 2y ki, =k cos 9 o \/ 2 :
H . E H - |k x
|: x>y Z] ky H, e 1 |:Ex9Hy’Ez] ER a E, k ”
Z1 — % ‘9)2 -%\ 7 = klz Eq 3}{ i ”,K
o Kk Kk
Z,= . @ L@, @ 7 :ki @ :,\9/' @
D & M ' & My 2 WE, & M ! & M
k2 — A X
if %<1 LS
I, R
An angle §Ie_xists, referred to as limit angle, such 9o
that for 9 >9, no propagation occurs in the second ( s z =
half-space @ PY e t'
sin gy = 5 B E RI @
ky & : & Hy
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Incidence: Limit angle

® | o
|
& Hy " limnite
n.:'lll-vl \
144 b <k "B
& M
Al ry
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Brewster angle

T ZlT FZM

- _Z_z L, +7Z,
27

1+ =T = —
Z,+7Z,

[Hx,Ey,HZ] Perpendicular Polarization |

ou 7
le—k . . cosgl—(yl/yz)\/(kz/kl) —sin’ 4,
1z I
2 .
Z, - CZﬂz cos +(y1/,u2)\/<k2 [k, ) —sin® 9
2z

ky = o 1, 9 =5
ky = o\ 11,8, k, sin§ =k, sin g,
k, =k s

k, =+lk?—k?sin> 9
k., =k cos Y 2 \/2 ! !

[Ex,Hy,EZ] Parallel Polarization |
Z, _he cosd —(& /¢ )\/<k k )z—sinzg
05 T - 1 —(&1/& | k2 / R : 1
z, _ Ky, cos 9, +(51/52)\/(k2/k1 ) —sin® §
we,

Let us explore the possible existence of an incidence angle such that there is no reflected wave.
Let us consider the simplest, yet important, nonmagnetic case (x,=1,). Of course, discontinuity implies in this case g#s,
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Brewster angle

Z, B M ki = £ 1€ 9, =4,
1—F=Z—2T Z +Z2, ky = 0 ¢, k,sin, = k,sin 9,
2Z k, =k s
1+T'=T T=—2- e |k =k —k?sin* 9 |
Z,+7Z, Iklz:klcos‘gl I 2z \/ 2 T K I
[Hx,Ey,HZ] Perpendicular Polarization L [Ex,Hy,EZ} Parallel Polarization |
_ 0l 2 ., k 2
Z, =—— S — \/ k, k| — 4 7, =—1 — \/ —sin?
'k r, - cos 3 — (/1) ( 2 [k )2 SN vy ' e r - _005191 (/&) (kz [k )2 sin” &
% :% cos +(,U1/ﬂz)\/(kz [k, ) —sin® 9 z, _ k. cos S, +(£1/(92)\/(k2 /k, ) —sin® §
2z e,

Let us explore the possible existence of an incidence angle such that there is no reflected wave.
Let us consider the simplest, yet important, nonmagnetic case (x,=1,). Of course, discontinuity implies in this case g#s,

) [x

RN

S e

T z
@ k, ki @
CLEr & M
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Brewster angle

Z, B M ki = £ 1€ 9, =4,
1—F=Z—2T Z +Z2, ky = 0 ¢, k,sin, = k,sin 9,
2Z k, =k s
1+T=T T=—2_ 5 k, =k2—k>sin’ 9
Z,+7Z, ki =k cos 2z \/ 2 T K I
[Hx,Ey,HZ] Perpendicular Polarization L [Ex,Hy,EZ} Parallel Polarization |
U 2. k
Z, Zk—l cos 9, —(M/ﬂz)\/(kz /K, ) —sin® 9 Z, == cos &, —(51/32)\/(k2 /k, )2 —sin® &
1z FJ_ = > 0)51 ! - _ =
% :% cos +(,U1/ﬂz)\/(kz [k, ) —sin® 9 z, _ k. cos S, +(6‘1/6‘2)\/(k2 /k, ) —sin® §
2z e,

Let us explore the possible existence of an incidence angle such that there is no reflected wave.
Let us consider the simplest, yet important, nonmagnetic case (14=1,). Of course, discontinuity implies in this case &#s,

— ‘Lx
RN
_klzfz (‘93 .
ki, z
3 ¥ e
@ k, 4@1 @
& H & M
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Brewster angle

T ZlT FZM

- _Z_2 £, +7Z,
27

1+ =T = —
Z,+7Z,

[Hx,Ey,HZ} Perpendicular Polarization |

ZI:% . cosgl—(yl/yz)\/(kz/kl )Z—Sinz&‘I
1z I
2 .
Zzz% 00331+(ﬂ1/ﬂ2)\/<k2/k1 ) —sin’ §
2z

ky = o 1, 9 =5
ky = o\ 11,8, k, sin§ =k, sin g,
k, =k s

k, =+lk?—k?sin> 9
k., =k cos Y 2 \/2 ! !

[Ex,Hy,EZ] Parallel Polarization |
Z, _he cosd —(& /¢ )\/(k k )z—sinzg
05 - 1 —(&1/& | k2 / R : 1
z, _ Ky, cos 9, +(51/52)\/(k2/k1 ) —sin® §
we,

Let us explore the possible existence of an incidence angle such that there is no reflected wave.
Let us consider the simplest, yet important, nonmagnetic case (x,=1,). Of course, discontinuity implies in this case g#s,

&, =0

. 2 _
sin” 9, =

)

&+ & L, #0

An unpolarized plane wave incident at angle 93 is reflected with

perpendicular polarization
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Brewster angle

k. =k cos 3 ki = o ue,

k,, =k —ksin*> 9, K = o’ ue,

Z
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Incidence: Limit and Brewster angles

ky = o 1,

F:Z2_Zl
£, +7Z,
27,
Z,+7Z,

l-r=47
ZZ
1+I'=T
[HXQEyDHZ} ER "z
Z = (Z'ul - 9
1z (.
k
7, = WL, @ i
k. o i,
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ky = o\ 11,8,

k, =k s
k,, =k, cos &

9 =5

k, sinY, =k, sin g,

ky, = k2 kP sin® 9,

E. H,E,| : x |
|: A kR‘}h V
7 - b ffo | MeTY
a)gl Ei E l;
N RN ®
e, S| ' &
E ~ Akx .
R™_ E, K
SR\\\I _‘_,—""_’—‘ 19T 3 .
K%// %
@ 1!51\@/;‘1 @
214 & Hy
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Incidence: Brewster angle

7 1 T4
1+ = T2 -4
- Z,+Z,
|H,.E,.H,| ie B 0 L
Z = a]:ul - % TT 5 )
. G Z
ou %
Zz - k : @ E, i @
2z & H ' & H

if =, and & # &,

An angle 9;exists, referred to as Brewster angle,
such that an unpolarized plane wave incident at
angle 9 =49, is reflected with perpendicular

polarization
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: £
sin® @, = —2
£ +&,

ki = £ 1€ 9 =5

ky = o\ 11,8, k, sin§ =k, sin g,

k, =k s
k,, =k, cos &

ky, = k2 kP sin® 9,

E H E ] : x |
|: X2 yr Tz Ky i E; k
Zl = —klz ER 3‘ == ”K
0)51 Ei = ttgj -

S & K
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Incidence: Limit angle

k, = .\ 1, _
Z F:Z2_Zl 1 i 9 =5
I—F—Z—ZT Zl +Z2 k2 = ,uzgz kl SiIl]_gI :k2 SinlgT
2Z k. =k sin$
1+T=T =——2 A ky, =\Jk? —k’sin® 8
2yt 2y ki, =k cos 9 o \/ 2 :
H . E H - |k x
|: x>y Z] ky H, e 1 |:Ex9Hy’Ez] ER a E, k ”
Z1 — % ‘9)2 -%\ 7 = klz Eq 3}{ i ”,K
o Kk Kk
Z,= . @ L@, @ 7 :ki @ :,\9/' @
D & M ' & My 2 WE, & M ! & M
k2 — A X
if %<1 LS
I, R
An angle §Ie_xists, referred to as limit angle, such 9o
that for 9 >9, no propagation occurs in the second ( s z =
half-space @ PY e t'
sin gy = 5 B E RI @
ky & : & Hy
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- Fresnel coefficients

0.9 [ 1 0.9 -
Il
D? o D? -
&, =4¢

0.6 il 1 2 1 0.6 _
- " Brewster angle
0.4 k

_2> 1

ky
0.2

Stefano Perna — Universita Parthenope — Ingegneria Informatica, Biomedica e delle TLC Corso di Campi Elettromagnetici 17 Maggio 2022



- Fresnel coefficients

0.9 [ 1 0.9 -
Il

D? o b D'l,' -

&, =4¢
0.6 il 1 2 1 0.6 _
- " Brewster angle
0.4 k

k—2> 1

0.2 1
0.1

5
0.9 7 09
0.8 ‘FJ_ ‘ ﬂl - IL[Z 0.8 ‘F ‘
I
0.7 3! 07 F
0.6 482 = 81 06
05 Brewster angle
0,45 I k 7 J
g Limit angle 2241 C Limit angle
k,

0.2 - 0.2
0.1 T 01r 1
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