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Plane Waves

Time domain (TD)

Spectral domains
Phasor Domain (PD)

Fourier Domain (FD)

Dispersive media: attenuation, distortion, phase velocity and group velocity

General expression of plane waves (PD)

Incidence
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Plane Waves

Time domain
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Plane Waves (TD)

Oe, _ % {eX’hy} rai B

oz o e 1% ool P
—_— = O ]

Oh, de, 0z ¢ ot VHE  \Oh,
0z

e (z,t)=e (z—ct)+e (z+ct)

) (z ct) (z—i—ct) ~Ch, (
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oz - o
_ [#
N ¢ \/: ey(z,t):e

Source-free

Medium
- Linear

€ hx} - Local (TND & SND)

- Isotropic
0
- Homogeneous (Tl - Sl)

- Lossless

e, ]
e Independent
{e h} each other
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Plane Waves (TD) —

Medium
- Linear

- Time non-dispersive
iF U _ - — 5 -S -di i
{e+ h+} {ex (Z,t) =€, (Z Cl‘) {e_ h_} {ex (Z,t) =e (Z+Ct) pace non-dispersive

X2y xo ' ~ ~ - Isotropic
é'h;(z,t)ze; (Z—ct) ch, (Z,t):—ex (Z+ct) T

B B - Lossless
() e, (z,t)=e (z—ct) (e i) {ey (_Z,t)=e (_Z+ct) o o
Ch (z,6) =~ (z—ct) Chy (z,t)=¢,(z+ct) ox oy
] o | o €(F,1)=€(z,t
t .m. fi t L =1 ' e ~ -
e e.m. field propagates along i, =1, the e.m. field propagates along il I h(?,t) _ h(z,t)
® the e.m. field lies on the plane xy orthogonal to the propagation direction ‘

® The Poynting vector is directed along the direction of propagation

L ‘é‘ and‘ﬁ‘ are proportional through ¢ {e h }
° é’ﬁ = fp X @ Independent

each other
{ex , hy }
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Plane Waves

Spectral domains
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Plane Waves (Spectral Domains)

-

E =E'e™+E¢"

X

H =E'e’™ -Ee"*
é/ y X X

N,
N,

N,
N,
.
N,
N,
N,
N

e )
N\,

\
Ay
N
N
\><
Y
N
N
\

¢

\,

\,
\

N\,
N,

. e s s o

’
’
e e
e %
ud e
2

e
/

- 4
’ ’ ’
2

P e -

a
e s ’

Stefano Perna — Universita Parthenope - Ingegneria Informatica, Biomedica e delle TLC

” E.H dE
dEx Z—jCO/JHy { X y} Y
<ch TE, g —0 e <0101151
24 + = . .
L = —jweE, dz* g k=p-ja -
| dz L dz

A - -
’ /’ /,

Source-free

Medium
{E H } - Linear
= jouH y o
= JOHIT, 5 - Time dispersive
d Ey 4 sz 0 - Space non-dispersive
— ja)é‘Ey dz* g - Isotropic

- Homogeneous (Tl - Sl)

g:\/z _ o+ —jkz — Jjkz -M
& Ey—Eye -I—Eye A 2

~(H =Ee’ —E "

y

E =H_=0
g {E,.H_}
g Independent

each other
{Ex JH, }
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Rationale

Time domain Phasor domain
Nondispersive & lossless Dispersive & lossy
media media

Phasor domain

Nondispersive & lossless
media
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Plane Waves (Phasor Domain) Lo
(£,

k(a)o):a)()\/;:ﬂ(a)o) -L-inear - .
El(z)=E'e’” E (z)=E "

é/H;(Z)zEJre_j'Bz ;H;(Z)Z—E_ejﬂz Vp = = = =c é’: % - Isotropic

Ete’ —el(z,t)= ‘E*‘cos(a)ot—ﬂz +(p+) =e! (z—vpt)

Time nondispersive & lossless i — i —
Progressive plane wave ox Oy
IV wav
P g real 1 é(r,t):é(z,t
-real ¢= ~ ~
Ee'”* —)e;(z,t):‘E_‘cos(a)ot+ﬂz+gp_):e;(z+vpt) g:r(c;a VHE h(¥,r)=h(z,¢)
_ ¥
Regressive plane wave
(9eq =& EZ o HZ = 0

k(a)o):a)o\/E:,B(a)o) {Ey,Hx}
Independent

each other
{Ex JH, }
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Plane Waves (Phasor Domain)

Time nondispersive & lossless medium

e/ (z,t) :‘E+‘cos(a)ot—ﬁz+go+):e:(z—vpt)

i E 9 \ 7 i=1,
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Plane Waves (Phasor Domain)

(E.H,} k(ay)=anue = Blay)  @=2af,
El(z)=E'e’” .

y =% __ % 1 _c 42\/2
CH (z)=E*e’” "B woJue Jus £

Ete’ —el(z,t)= ‘E*‘cos(a)ot—ﬂz +(p+) =e! (z—vpt)

Progressive plane wave

® The term e /**

Time nondispersive & lossless
& :real I

L :real c=
o =0 VHE

is related to the propagation along the (positive sense of the) z-axis

® When z is small with respect to A, the propagation effects become negligible
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Electromagnetic spectrum

Wavelength
(metres)
Radio Microwave Infrared Visible Ultraviclet X-Ray Gamma Ray
} } 4 } } } I Free space (Linear, isotropic,
193 102 L 108 L e A local, homogeneous)
)

NN AV VVWVIW o

B

C
Frequency f
{Hz)

“ e —— /: frequency
1012 [VIE VAL (V1L 1020 A. wavelength
t c: light speed
- I B: propagation constant
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Plane Waves (Phasor Domain) Sourcertee

(2.} Ha)=anful@)e(@) = flo,)-jalo)  o2x e e

p
E;- (Z) = E+e_jk2 ) & é/(a) ): /u(a)O) - Opace non-aispersive
CH;(Z)=E+e_ij PR 0

- Isotropic

- Homodeneous (Tl — SI

Time dispersive (lossy)

E'e™ - e (zt)=e“|E" cos(a)ot—,Bz+(p+) (@)= (m)-je (@) 0 0
,u(wo)::‘ﬁ(a)o)_jﬂz(wo) ox oy N
& 6(F,t)=¢€(z,t
E;(Z)=E+ e k(a)o):a)o\/;:ﬂ(wo) w, =27 f, h(f’t) ::(Z’t)
CH;(Z) =E" I :& = ﬁ ﬁ:z—ﬁzv—p Time nondispersive & lossless
’ % g & F ¢ :real | E=H. =0
u:real Cc=
{‘70 \/E {Ey’Hx}
Ete™/’” —>e;(z,t):‘E*‘cos(a)ot—ﬂz+go+):e;(z—vpt)

Independent

each other
{Ex JH, }
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Plane Waves (Phasor Domain)

Time dispersive & lossy medium
e;(z,t)z

E+

e cos(a)ot — fz+ go*) =e “e! (z — vpt)

t=t,

\ \/ o
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B, )

El(z)=E'e’™

| )
(H! (z)=Ee™ " Re{y i @,)e(@,)}

Ete ™ > e+(z,t)=e_‘” E*

cos(a)ot — fz+ (p*)

Ete? —el(z,t)= ‘E*‘cos(a)ot — Bz + go*) =e' (z —vpt)
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Plane Waves (Phasor Domain) Sourcertres

Medium

k(a)o) = a)o\/y(a)o)g(a)o) :ﬂ(a)o)_ja(wo) - Linear

- Time dispersive
1 - Space non-dispersive

:Re \/:u(a)o)g(a)o)} =Vp(a)0) onene

- Homodeneous (Tl — SI

Time dispersive (lossy)
e(a,)=¢&(a,)-je (o) 0

,u(a)o) :M(a)o)_jﬂz (a)o)
o : real

Time nondispersive & lossless

E =H_=0
g real
U :real Cc= 1
LO Jue {Ey,Hx}

Independent

each other
{Ex JH, }
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Plane Waves

Time nondispersive & lossless medium

t=t, (=t

. Z ]
N N
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Plane Waves
Time dispersive medium
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Plane Waves (Phasor Domain)

Time nondispersive & lossless

g real
u:real k(C‘)O):a)o\/E::B(wo)
o =0
y =% _,
c= 1 CF

Time dispersive (lossy) Aft ti
enuation

r8(&)0):(91(a)0)—j82(600) 00
T @)= (0) = jrn (@)

o: real

> Distortion

_%

k(a)o)=a)0\/u(a)0)5(a)0) =B(w,)-ja(a,) Y B =v,(m)
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4‘60 Brillouin diagram

b B B
nondispersive

dipersive
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Plane Waves (Phasor Domain)

Time nondispersive & lossless

g real
u:real k(C‘)O):a)o\/E::B(wo)
o =0
y =% _,
c= 1 CF

Time dispersive (lossy) Aft ti
enuation

r8(&)0):(91(a)0)—j82(600) 00
T @)= (0) = jrn (@)

o: real

> Distortion

_%

k(a)o)=a)0\/u(a)0)5(a)0) =B(w,)-ja(a,) Y B =v,(m)
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Brillouin diagram

hir

18!1 b2

nondispersive

dipersive
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Source-free

Plane Waves (Spectral Domains)
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Medium
(dE , E  H (dE _ E H - Linear
de - _]a)O'UHy { y} _ de :_]a)’UHy { y} - Time dispersive
JH a’ZE)C PCE -0 k= oy e JH dzEx PE =0 - Space non-dispersive
Yo joeE, a2 k=Bja | S jaep g2 N T isotropic
dz dz - Homogeneous (Tl - Sl)
+ —Jjk - Jjk é, \/7 i 7
E (z)=E/e ' +E " =E (0)e " +E, (w)e’® 9_0 _,
(H,(z)=E/e’ -E " gHy(z,a)) =E; (w)e ™ -E (0)e” o o
é(F.r)=¢€(z.1)
{g(wo):‘gl(a)o)_jgz(wo) {g(a)):gl(a))—]gz( ) ﬁ( 9t) ( t)
/U(a)o):/u (a)o)_jluz(a)o) ;U(a))::u1 a))_j/uz(a)) ‘
E =H =0
k(a)o):a)o\/y(a)o)g(a)o) =a)\/,u(a))g(a))
k(”O):ﬂ(wo)_ja(a)o) k(a)):ﬂ(w)_ja(w) {E H}
Phasor Domain Fourier Domain »?""*) Independent

each other
{Ex JH, }
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Plane Waves (Fourier Domain) Sourcertres

Medium
(dE . EX,H - Linear
P de =—jou { y} - Time dispersive
= W\ HE ; d°E,. - Space non-dispersive
k=p-ja H, = — jweE. d=> tHE =0 Isotropic
L dz - Homogeneous (Tl - Sl)
;e \f g
=E (w)e ™ +E_(w)e™ 0_0_,
gHy(z,w) B (0)e* —Ei(w)e= ¥
¢(F.1)=¢(z1)
{ew) (@)= 72, (0) B(7.0) = R(=.1)
(@)= (@)= ju (o) \ 4
E =H_ =0
= a)\/,u(a))g(a)) S

k(o)=f(w)- ja(o)

Fourier Domain {Ey’H"}

Independent

each other
{Ex JH, }
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Source-free

Plane Waves (Fourier Domain)

Medium

(dE . Ex,H - Linear
P i =—jouH { y} - Time dispersive
= W\ HE 7 d’E, 42 - Space non-dispersive
k = ,B—jOl Y _ — jweE dz* i Ex =0 - Isotropic
dz g

- Homogeneous (Tl - Sl)

;= H M
\/: El(z,0)=E"(w)e’™ 0

k(a))za)\/y(a))g(a)) -
k()= (o) ja(o) {

- O b
Fourier Domain o

E,H}

Independent

each other
{Ex JH, }
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Rationale

Phasor domain Phasor domain

Nondispersive & lossless media Dispersive & lossy media

Fourier domain
Time domain

Dispersive & lossy media
Nondispersive & lossless media

Fourier domain

Nondispersive & lossless media
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Rationale

Phasor domain Phasor domain

Nondispersive & lossless media Dispersive & lossy media

Fourier domain
Time domain
Dispersive & lossy media
Nondispersive & lossless media

Fourier domain

Nondispersive & lossless media
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Plane Waves (Fourier Domain)

Time dispersive (lossy)

(e(w)= ¢ (@) - j&, (o)
u(@)=m(0)=ju (o)
o : real

(o) =clo)1- 27

we (o)

N
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k = o\ ue
k=p-ja

y
R

Source-free

Medium

dex | {ExaHy} - Linear
dzEx 5 - Space non-dispersive
dHy ——7 2 tk Ex =0 - Isotropic
i JOEE dz p
Z

El(z,0)=E"(w)e’™

CH (z,0)=E" (w)e ™

Fourier Domain

\E, .|
{E H} each other
x2" Ty
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Source-free

Plane Waves (Fourier Domain) -
edium
Time dispersive (lossy) ( dEx _ {Ex’Hy} - Linear
—OVHE 3 dzEx - Space non-dispersive

e(0)= & (0)- jes(0) .
(0) = (@)= i () =0

\G:rea;(w){l_ . } ;:\/%

we (o)

- Isotropic

k:ﬂ—jd y=—ja)8Ex d22

N

k(@)= ()~ ja(o) L
Fourier Domain h(¥,7)=h(z,7)
Time nondispersive & lossless ‘
g real E =H =0
L :real
o =0
E H
{ 4 x} Independent
k(a)):a)\/ﬁzﬁ(a)) {E H } each other
x? ¥y
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Source-free

Plane Waves (Fourier Domain) -
edium
Time dispersive (lossy) ( dEx _ {Ex’Hy} - Linear
—OVHE dzEx - Space non-dispersive

(@)= &(0)-je () ; :
<,u(a)) :M(a))_jﬂz (a)) k=p-jo dHy =— jweE, dz* ol =0 - Isotropic
o: real - dz

1T g =J§ —
geq(a))—g(a)){ a)g(a))} E;(z,a))zE+(a))e Jpz

H (z2,0) = E* ()

k(@)= ()~ ja(o) L
Fourier Domain h(¥,7)=h(z,7)
Time nondispersive & lossless ‘
g real E =H =0
L :real
o =0
E H
{ 4 x} Independent
k(a)):a)\/ﬁzﬁ(a)) {E H } each other
x? ¥y
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Source-free

Plane Waves (Fourier Domain)

Medium

{Ex,Hy} k(a))za) ,ug=,3(a)) - Linear
‘
- Space non-dispersive

E (z,0)=E" (w)e "

¢ = H - Isotropic

CH (z,00) = E* ()& "

Independent

{ E., Hy} each other
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Source-free

Plane Waves (Fourier Domain)

Medium

{Ex,Hy} k(a))za) ,ug=,3(a)) - Linear
‘
- Space non-dispersive

E (z,0)=E" (w)e "

¢ = H - Isotropic

CH (z,00) = E* ()& "

Independent

{ E., Hy} each other
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Source-free

Plane Waves (Fourier Domain)

Medium
{Ex,Hy} k(a))=a)\/E=,B(a)) - Linear
E; (z,a)) =E" (0)) e /P* - opace non-dispersive
§H+ (Z w) _ g (a)) e_j'BZ 4/ — \/Z - Isotropic
y\™ & - Homoaeneo

e;(z=0,t)=LjE+ (w)’dw = f(t)

Independent

each other
{Ex,Hy}
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e (z>0,1) =—’[E+ a))e )da) = (



Plane Waves

t=t,>t,

t=t,

>i 5
=c(ty=t,) >0 /\/\/Az
y " ¢ = >0
tz _to

é(z,0,)=¢"(z—cty)i,
é(z,t,)

The electromagnetic perturbation propagates without deformation and with constant speed c¢ along the
positive sense of the z-axis

e’ (z—ctz)fx =e' (z—ct, +ct, —ctz)fx =¢" (z—cto —clt, —to])f

X

+
e (Z —ct
{h* ( ) is referred to as electromagnetic progressive plane wave
z—ct
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Source-free

Plane Waves (Fourier Domain)

Medium

{Ex,Hy} k(a))za) ,ug=,3(a)) - Linear
‘
- Space non-dispersive

E (z,0)=E" (w)e "

¢ = H - Isotropic

CH (z,00) = E* ()& "

Independent

{ E., Hy} each other
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Source-free

Plane Waves (Fourier Domain)

Medium

{Ex,Hy} k(a))za) ,ug=,3(a)) - Linear
‘
- Space non-dispersive

E (z,0)=E" (w)e "

¢ = H - Isotropic

CH (z,00) = E* ()& "

Independent

{ E., Hy} each other
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Source-free

Plane Waves (Fourier Domain)

Medium

{Ex,Hy} k(a))za) ,ug=,3(a)) - Linear
‘
- Space non-dispersive

E (z,0)=E" (w)e "

¢ = H - Isotropic

CH (z,00) = E* ()& "

Independent

{ E., Hy} each other
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Source-free

Plane Waves (Fourier Domain)

Medium
{Ex,Hy} k(a))zw\/ﬁzﬂ(w) - Linear

E; (z,a)) =E" (0)) e /F? - space non-dispersive
4’ s

CH' (z a)) = (a)) o I & - Isotropic
y \ % .

E =H_=0
{Ey ,Hx} Independent

{ E., Hy} each other
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Mathematical tools

1@ F(®) f(@) real =|F(0)=F (-o)

FT
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Mathematical tools

f(®) F(®) f(@) real = F(w)=F (-o)

FT
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Source-free

Plane Waves : dispersion

Medium
- Linear

- Time dispersive
- Space non-dispersive

- Isotropic
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Source-free

Plane Waves : dispersion

Medium

Eva B B . - Linear
{ Y} k(a))—a)«/,u(a))g(a)) —,B(a)) ]a(a))
E; (z,a)) =E" (a)) e =F* (a)) e e - space non-dispersive
£ = H - Isotropic

CH (z,0)=E" (w)e ™ =E" (w)e e
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Source-free

Plane Waves : dispersion

Medium

Eva B B . - Linear
{ Y} k(a))—a)«/,u(a))g(a)) —,B(a)) ]a(a))
E: (z,a)) =E" (a)) e =F* (a)) e e - space non-dispersive
£ = H - Isotropic

CH (z,0)=E" (w)e ™ =E" (w)e e
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Source-free

Plane Waves : dispersion

Medium

E H : - Linear

o SO IOTORIORYA)

E: (z,a)) =E" (a))e_jkz =FE" (a))e_jﬁzx - space non-dispersive
ﬂ ) .

CH (z,0)= E* (0)e 7 = E* (0)e 7 ¢ = \g _ isotropie

——

a(w)~0
2(0)=& ()
Sp(o)=u (e
L0'=0
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Source-free

Plane Waves : dispersion

Medium

Ex,H - Linear

o 1) el

E: (z,a)) =E" (a))e_jkz =FE" (a))e_jﬁzx - space non-dispersive
ﬂ . -

CH (z,0) = B (w)e ™ = E* (w)e 73 ¢ = \ﬁ s
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Source-free

Plane Waves : dispersion

Medium

Eva _ _ - Linear

{ Y} k(a))—a),/,u(a))g(a)) —,B(a))
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- Lossless
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Source-free

Plane Waves : dispersion L
(E.H,) (@)= oyu(@)e() - A(0)

E (z,0)=E" (a))e_jﬂ(w)z

_ - Isotropic

JH; (Z’ w) =E" (w) e_Jﬁ(W)Z - Homogeneous (Tl — SI)
- Lossless
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(@) =p (o)
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Source-free

Plane Waves : dispersion

Medium

Eon B B - Linear
\E..H,| | k(0) = ofi(@)2(@) = (o)
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¥y b

- Homogeneous (Tl — Sl)
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dipersive : f = w\ p(w) ()

Stefano Perna — Universita Parthenope - Ingegneria Informatica, Biomedica e delle TLC Corso di Campi Elettromagnetici 6 Maggio 2022



Source-free

Plane Waves : dispersion

Medium
- Linear

- Time dispersive
- Space non-dispersive

- Isotropic

- Homogeneous (Tl — Sl)

- Lossless

(e(w)=¢ (o)
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Plane Waves : dispersion
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Source-free

Medium
- Linear

- Time dispersive
- Space non-dispersive
- Isotropic

- Homogeneous (Tl — Sl)

- Lossless

()= (o)

(@) =m(@)
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Plane Waves : dispersion

F @y e 4 u
ijE+(”)e_jﬂ(w)zewa'w -1 (t } jE+(a)o +77)e{ ] dn
7[0 T -Aw

Stefano Perna — Universita Parthenope - Ingegneria Informatica, Biomedica e delle TLC

Source-free

Medium
- Linear

- Time dispersive
- Space non-dispersive
- Isotropic

- Homogeneous (Tl - Sl)

- Lossless

(@)= (o)

(@) =p (@)

a
v

_%
p ﬂo
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Plane Waves : dispersion sourcertee

Medium

Eva B B - Linear
o R
= opace non-dispersive

z
———

e (z,t)=Re lej%[ v"J Af) E*(a, +77)e]{tvzg]nd77}

E (z,0)=E" (a))e_jﬂ(w)z

- Isotropic

CH; (z,a))zE*(a))e_jﬂ(“’)z 7 v

- Homogeneous (Tl — Sl)

- Lossless

(e(w)=¢ (o)

L1

g ﬁ’(a)o)
0)0

y =—

p ,Bo
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Plane Waves : dispersion Sourcertres

Medium
E H B B - Linear
e VoI
E? (z,a)) =FE" (a)) g Pk ol e | Ao {,_z - Space non-dispersive
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- Lossless
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Plane Waves : dispersion
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Py
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Plane Waves : dispersion

© v, =tany, ej(z,t):%f[t—vijcos[a){t—viﬂ vg:ﬂ'(lwo) (5,

4

— p
v, =tany,

2Aa)t @,

-—/

hir

Py

dipersive : f = w, /,u(a))g(a))

Stefano Perna — Universita Parthenope - Ingegneria Informatica, Biomedica e delle TLC Corso di Campi Elettromagnetici 6 Maggio 2022



Source-free

Plane Waves : dispersion

Medium

Eon B B - Linear
\E..H,| | k(0) = ofi(@)2(@) = (o)
E? (Z, a)) =E" (a)) e Pk - Space non-dispersive
CH; (2,0) = B (0)e "
¥y b

- Homogeneous (Tl — Sl)

- Lossless
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V(@)= (o)

Q
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Plane Waves : dispersion

"(a’o)
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Py
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Plane Waves : dispersion
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Plane Waves : dispersion
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Plane Waves : dispersion
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