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C
=

queness (TD)

TT==- Interior Problem

| Consider a source distribution j(F,¢) with its associated electromagnetic field (é’,ﬁ)

Il Consider a (smooth) surface A with an everywhere defined unit normal n
Il Consider the values of the electromagnetic field everywhere in the finite volume V bounded by the surface A at the initial
time; that is, consider €(¥,z,),h(¥.z,)

Consider the values of the tangential component of the electric (or magnetic) field upon the surface A at any time after
the initial one; that is, consider nx€é (or nxh ) on the boundary at any time

The Uniqueness Theorem states that the electromagnetic field produced by the source in (1) within the finite volume V bounded
by the surface A in (1), enforcing the initial condition in (lll) and the boundary condition in (V) is unique.
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Uniqueness (TD-Interior Problem)

_ - o é(i:,l‘o) —0 - Medium
1:‘ NN nxe =0 - Linear
V' e(l‘,t ,h(l‘,t) | fl(f,to) =0 - Isotropic
| I—» n - Space-Nondispersive
\ ~ o jo(f, t)=0 Let’s apply the Poynting theorem (TD) -Time-Nondispersive
e

= Time-invariant

€(F,1)=¢ (F,1)—¢,(F,1)

>
X
o2}

(F,t)=0 on the boundaryJ
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Uniqueness (TD-Exterior Problem)

é(f’t‘))’ﬁ(f’to) S A ﬁxé(or ﬁxfl)
— \ B
If no| 3 é(F,7),h(F,z)
\ ‘—l O j(F’t)
S o - |

| Consider a source distribution j(F,¢) with its associated electromagnetic field (é’,ﬁ)

Il Consider a (smooth) surface A with an everywhere defined unit normal n

Il Consider the values of the electromagnetic field everywhere in the infinite volume outside the surface A at the initial
time; that is, consider €(¥,z,),h(¥.z,)

Consider the values of the tangential component of the electric (or magnetic) field upon the surface A at any time after
the initial one; that is, consider nx€é (or nxh ) on the boundary at any time

The Uniqueness Theorem states that the electromagnetic field produced by the source in (1) within the infinite volume V outside
the surface Ain (1), enforcing the initial condition in (lll) and the boundary condition in (V) is unique.
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Uniqueness (TD-Exterior Problem)

r,t,)=0 A \ A Medium
— - — = Aixe=0 \ - Linear

_’t)=0 Vd S — (= v \ - Isotropic
Il hoy é(r,t),h(F,1) o

| <—| j-’o (i‘, t) -0 I - Space-Nondispersive

\ . ] -Time-Nondispersive

S~ — ,I ) / - Time-invariant
- - Let’s apply the Poynting theorem (TD)
/

é(r,7,)=0
0} nxé(¥,r)=0 on the boundary

€(r,1)=¢ (F,7)—¢(r.t i
6(F,1)=&(F.1)~%(F.1) [Sourcedistribution Jo (1)
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Mathematical tools that we will exploit today
Ax(BxC)=(A-C)B-(A-B)C

Let A be the surface of a sphere of radius r centered in the origin of the reference system

27

dACD dACD I’ 3,0 dgoﬂdgrzsingcb r,9,¢
{paaa(¥)=4p )= [ o] (r.5.0)

0

dA = r?sin 9d 9d ¢
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The radiation condition

o N
e, =0 .. on a sphere of radius r
h-i.=0 as ¥ —> oo centered in the origin of th§

o 1 reference system, being i,.
e—Chxi, ~ o(—j the radial unit vector
r

/

g = \/Z is the intrinsic resistance of the medium, which is assumed homogeneous, isotropic, nondispersive
¢ and lossless at infinity
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The radiation condition

\
.. on a sphere of radius r
centered in the origin of the
o0 B
L 1 as r— reference system, being i,
( and thus (h—i. x¢é ~ 0(—] j the radial unit vector
r

/

g = \/Z is the intrinsic resistance of the medium, which is assumed homogeneous, isotropic, nondispersive
€ and lossless at infinity

Ax(BxC)=(A-C)B-(A-B)C
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The radiation condition

\

e-i. =0 .. on a sphere of radius r
centered in the origin of the

h-i, = as v —> oo 7
o 1 reference system, being i,.
e—Chxi, ~ o(—j the radial unit vector
r
"~ Y,
\

g = \/Z is the intrinsic resistance of the medium, which is assumed homogeneous, isotropic, nondispersive
€ and lossless at infinity

Ax(BxC)=(A-C)B-(A-B)C
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The radiation condition

\

.. on a sphere of radius r
centered in the origin of the
o0 B
Oy = reference system, being i,.
] j the radial unit vector

[andthus é’ﬁ—frxé~0(l

r

/

\
g = \/Z is the intrinsic resistance of the medium, which is assumed homogeneous, isotropic, nondispersive
€ and lossless at infinity

Ax(BxC)=(A-C)B-(A-B)C

Stefano Perna — Universita Parthenope — Ingegneria Informatica, Biomedica e delle TLC Corso di Campi Elettromagnetici 21 Aprile 2022



The radiation condition

\_

~
.

~

e, =0 .. on a sphere of radius r
h-i =0 centered in the origin of the
" o 1 o 1 CASES S reference system, being i,.
e—Chxi, ~o(—j (andthus ¢h—i, xé~0(—j J the radial unit vector
r r
J
\
¢ = \/Z is the intrinsic resistance of the medium, which is assumed homogeneous, isotropic, nondispersive
¢ and lossless at infinity
/
s _ i \
S=—1, = é"h i
5 y
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The radiation condition

N A
[and g“h—zrxe~o(—) J .. on a sphere of radius r

4 centered in the origin of the
as r—%  reference system, being i,

T D the radial unit vector
J

2 T
{pdad(r,9,0)= [ dp[d9rsin 9 (r,9.p)
A 0 0
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Uniqueness (TD-Exterior Problem)

r,t,)=0 A \ A Medium
— - — = Aixe=0 \ - Linear

_’t)=0 Vd S — (= v \ - Isotropic
Il hoy é(r,t),h(F,1) o

| <—| j-’o (i‘, t) -0 I - Space-Nondispersive

\ . ] -Time-Nondispersive

S~ — ,I ) / - Time-invariant
- - Let’s apply the Poynting theorem (TD)
/

é(r,7,)=0
0} nxé(¥,r)=0 on the boundary

€(r,1)=¢ (F,7)—¢(r.t i
6(F,1)=&(F.1)~%(F.1) [Sourcedistribution Jo (1)
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Uniqueness (PD-Interior Problem)

| Consider a source distribution j(F,¢) with its associated electromagnetic field (é’,ﬁ)

Il Consider a (smooth) surface A with an everywhere defined unit normal n

Consider the values of the tangential component of the electric (or magnetic) field upon the surface A at any time after
the initial one; that is, consider nx€é (or nxh ) on the boundary at any time

The Uniqueness Theorem states that the electromagnetic field pgbduced by the source in (1) within the finite volume V boundec

by the surface A in (ll), enforcing the initial condition in (lll) affd the boundary condition in (V) is unique.
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Uniqueness (PD-Interior Problem)

=\ ﬁxE(or ﬁxﬁ)
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Uniqueness (PD-Interior Problem)

=\ ﬁxE(or ﬁxﬁ)
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=={0

= =l
~

Uniqueness (PD-Interior Problem)

[Source distributionJ, ()= 0 }

N—

Il I
==t
= =
-

-

I
=1

(3]
—~
=
N
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Uniqueness (PD-Interior Problem)

A Medium
_——— o - Linear
7 E(e)(r) N oowopie
| ‘ lﬁ n - Space-Nondispersive

-Time-Dispersive

S o i o(F)=0 Let’s apply the Poynting theorem (PD) - Time-invariant

~—
I
=

—

=={0 STt
e
ST T
N
[l
sl
—~

-
-
[
=)
N
—
-
N




-
=

queness (PD-Interior Problem)

A Medium
_——— o - Linear
7 E(e)(r) N oowopie
| ‘ lﬁ n - Space-Nondispersive

-Time-Dispersive

S o i o(F)=0 Let’s apply the Poynting theorem (PD) - Time-invariant




-
=

queness (PD-Interior Problem)

A Medium
— - o - Linear
7 B aE) O\
| ‘ ‘q n - Space-Nondispersive
\ j (i‘) —0 I _ -Time-Dispersive
S ! Let’s apply the Poynting theorem (PD) - Time-invariant
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-
=

queness (PD-Interior Problem)

A Medium
. - Linear
7 E(e)(r) N oowopie
| ‘ lﬁ n - Space-Nondispersive

-Time-Dispersive

S o i o(F)=0 Let’s apply the Poynting theorem (PD) - Time-invariant

[Source distributionJ, ()= 0 ] [ nxE(F)=0 on theboundary}
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-
=

queness (PD-Interior Problem)

A Medium
. - Linear
7 E(e)(r) N oowopie
| ‘ lﬁ n - Space-Nondispersive

-Time-Dispersive

S o i o(F)=0 Let’s apply the Poynting theorem (PD) - Time-invariant

[Source distributionJ, ()= 0 ] [ nxE(F)=0 on theboundary}
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-
=

queness (PD-Interior Problem)

A Medium
. - Linear
7 E(r)aE) MEE)= isotropic
| ‘ ‘* n - Space-Nondispersive
Do !
S ~°_ - ,l Let’s apply the Poynting theorem (PD) T Timeinvariant
?(f) - ]ill(l;)_Ef (r} [Source distribution J, (F)=0 ] [ ﬁxE(f) =0 on theboundary}
H(r)=H, (¥)-H,(r)
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-
=

queness (PD-Interior Problem)

A Medium
. - Linear
7 E(p)AE) O
| ‘ ‘» n - Space-Nondispersive
Do !
S o ~°_ - ,l Let’s apply the Poynting theorem (PD) T Timeinvariant
?(f) - ]ill(l;)_Ef (r} [Source distribution J, (F)=0 ] [ ﬁxE(f) =0 on theboundary}
H(r)=H, (¥)-H,(r)

g, =0 ,
+ No Homic losses o =0

1, =0 Uniqueness is not ensured anymore!

Stefano Perna — Universita Parthenope — Ingegneria Informatica, Biomedica e delle TLC Corso di Campi Elettromagnetici 21 Aprile 2022



Uniqueness (PD-Interior Problem)

= = AxE(or i)
- = nX or nx
7 OE(F)A(F)
| Q — f
3 I

-— o

—

| Consider a source distribution j(?) with its associated electromagnetic field E(f),ﬁ(?)

Il Consider a (smooth) surface A with an everywhere defined unit normal n

|y Consider the values of the tangential component of the electric (or magnetic) field upon the surface A; that is,
consider n x E (Or nx H) on the boundary

The Uniqueness Theorem states that the electromagnetic field produced by the source in (1) within the finite volume V bounded
by the surface A in (ll), enforcing the boundary condition in (V) is unique provided that the considered medium is lossy.
In a lossless medium, instead, the solution is unique but for a set of resonant solutions.
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Uniqueness (PD-Exterior Problem)

A .
= —— ﬁxE(or ﬁxH)
\ =N
If il - E(r),H(r)
\ @™
S o - |

—

| Consider a source distribution j(?) with its associated electromagnetic field E(f),ﬁ(f‘)

Il Consider a (smooth) surface A with an everywhere defined unit normal n

|V Consider the valyes of the tangential component of the electric (or magnetic) field upon the surface A, that is,
consider nx E (OI’ n x Hj on the boundary

The Uniqueness Theorem states that .......
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Uniqueness (PD-Exterior Problem)

_——’i~ ﬁxE(or ﬁxﬁ)

4 ) E(F), i (F)

| n_| s
X 7 ‘J(r)
\~~ ]
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Uniqueness (PD-Exterior Problem)

_——’i~ ﬁxE(or ﬁxﬁ)

4 ) E(F), i (F)

| n_| s
X 7 ‘J(r)
\~~ ]
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= =l
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Uniqueness (PD-Exterior Problem)

[Source distributionJ, (F)= 0 ] [ nxE(F)=0 on theboundary}

N—

Il I
==t
= =
-

-

I
=1

(3]
—~
=
N
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Uniqueness (PD-Exterior Problem)

- A nxE(F)=0 Medium
Ve -~ - \ _ B - Linear
| n |\ E(r),H(r) - Isotropic
\ I jo (f) =0 - Space-Nondispersive
~ ] ' -Time-dispersive
S o~ — o - Time-invariant

Stefano Perna — Universita Parthenope — Ingegneria Informatica, Biomedica e delle TLC Corso di Campi Elettromagnetici 21 Aprile 2022



Uniqueness (PD-Exterior Problem)

A nxE(F)=0 Medium
Ve - = \ _ - - Linear
n o\ E(r)aH(r) - Isotropic
l J (¥)=0 - Space-Nondispersive
\ L @"
~ / -Time-dispersive
=~ — o - Time-invariant

~—
I
=

—

=={0 STt
—_~
ST T
N

[l

sl

- -
N—

[

=)

N

—~

-

%ource distributionJ, (F)= 0 ]




Uniqueness (PD-Exterior Problem)

- /i - ﬁxE(F):O ’ Medium
\ - - Linear
lf fl_l o E(r),H(I‘) - Isotropic | |
" i ' J, (r) =0 - Space-Nondispersive
-Time-dispersive
S o |
e e - Time-invariant
li(r)=]ill(r _Ef(r) %ource distributionJ, (F)= 0 ] [ nxE(F)=0 on theboundaryJ
H(F) = H, ()~ H, (7
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The radiation condition

j ﬁ~0(1j é—{ﬁxfr~0(lj (andé’ﬁ—frxé~o(ljj as r—> oo TD
r
h

r

= 1 — 1 = — 1 = = 1
E~O(—j H~O(—j E—Q’Hxi,,~o(—j (and ;H—zer~0(—D as r—» o PD
r r r r
i, -E=i -H=0
¢ = ; is the intrinsic resistance of the medium, which is assumed homogeneous, isotropic, nondispersive

and lossless at infinity

Note that in the PD, the quantity ¢, called intrinsic impedance, can be, in general, complex. At infinity,
we assume that C is a real quantity.

- /
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The radiation condition
6~0G] ﬁ~0(1j é—§ﬁxfr~o(%) [andg“ﬁ—zixé’w[l]] as r—> oo D

r

- _ . . A - 1
E l ~0(lj E—Q’HXZ',,'“O(lj [and Q’H—i,,xE~0 as v —> © PD
r r r

Note that in the PD, the quantity ¢, called intrinsic impedance, can be, in general, complex. At infinity, we
assume that C is a real quantity.

Ax(BxC)=(A-C)B-(A-B)C
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The radiation condition

. 1 - ., L.
e~0 —j h~0(lj é—é’hxir~o(lj (andé’h—irxe~0(l) j as v —> o TD
r r

r

E~O(lj I?I~O(lj E—(ﬁxfr~o(lj (and §Ijl—frx]§~0(l)j as v —> o PD
r r

r

2r T
q“_.'.)dAcD(r,S,gp)z Id(pjd&fz sin 4 CI)(r,S,(o)
A 0 0
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Uniqueness (PD-Exterior Problem)

S A - ﬁxE(F)=0
,’ - \ S = - Linear
n o\ E(r),H(r) - Isotropic
N jo (f) =0 - Space-Nondispersive
-Time-Dispersive
- Time-invariant




Uniqueness (PD-Exterior Problem)

e A ~ HxE(F)=0
- \ - - - Linear
E(r),H(r) - Isotropic
- Space-Nondispersive
-Time-Dispersive

Vd .
| nl s
\ | ‘ Iy (r) =0
~ /]
S o~ — o = Time-invariant




Uniqueness (PD-Exterior Problem)

A nxE(F)=0 Medium
Vd -= " - \ _ B - Linear
| n |\ E(r),H(r) - Isotropic
\ I jo (f) =0 - Space-Nondispersive
~ ] ‘ -Time-Dispersive
== il - Time-invariant

~—
I
=

—

~~
=l =

E r
H(¥)=H,(F)-H,(F




Uniqueness (PD-Exterior Problem)

’i ﬁxE(F)=0 Medium
Vd - - " - \ - _ - Linear
| n |\ E(r),H(r) - Isotropic
\ I jo (f) =0 - Space-Nondispersive
. ;@
=~ -—- - Time-invariant

~—
I
=

—

~~
=l =

E r
H(¥)=H,(F)-H,(F




Uniqueness (PD-Exterior Problem)

- - e ~ 0xE(F)=0 . Medium
\ - - Linear
lf fl_| - E(r),H(r) - Isotropic | |
\ | ‘ J, (l') =0 - Space-Nondispersive
. :
S~ —— - Time-invariant
E(f)=E,(¥)-E, (¥ y =
5 (¥) 91(1‘ f(r) %ource distributionJ, (¥)= 0 ] [ nxE(f)=0 on theboundaryJ [Radiation condition at infinity]
H(F)=H, (F)- A, (F

g, =0 . . .
{ ? + | No Homic losses o =0 Uniqueness is still ensured!




Uniqueness (PD-Exterior Problem)

A .
= —— ﬁxE(or ﬁxH)
\ =N
If il - E(r),H(r)
\ @™
S o - |

—

| Consider a source distribution j(?) with its associated electromagnetic field E(f),ﬁ(f‘)

Il Consider a (smooth) surface A with an everywhere defined unit normal n

|V Consider the valyes of the tangential component of the electric (or magnetic) field upon the surface A, that is,
consider nx E (OI’ n x Hj on the boundary

The Uniqueness Theorem states that the electromagnetic field produced by the source in (1) within the infinite volume V outside
the surface Ain (ll), enforcing the boundary condition in (IV) as well as the radiation condition at infinity is unique.
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