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New formulas, important considerations,
important formulas, important concepts

Very important for the discussion

Memo

Mathematical tools to be exploited
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Constitutive relationships

Time domain - Differential form

Vxé(?,t) = _Gb(r,t)
ot
IV xh(F,t)= @dg,t) +j(F,1)+ j, (F.1)
V-d(F,t)=p(¥,t)+ p, (F.1)
V-b(F,t)=0
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Even assuming knowledge of the
impressed sources j, (¥.2); 0, (¥.?)

Number of independent scalar equations: 7

Number of unknown scalar quantities: 16

Maxwell equations involve a number of
unknowns larger than the number of
equations!

The additional missing equations are
provided by the constitutive relationships,
which describe interaction of fields and
matter from a macroscopic point of view
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Constitutive relationships

Linear & Anisotropic media
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Constitutive relationships

Linear & Anisotropic & Dispersive media
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d(F,0)= [d¥' [ dr'g, (F,¥,1,1')-&(¥,t')
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b(¥,0)= [dr'[dt'g, (F,F,1,')-h(

i(E,0)=[dr'[dr'g, (F,F,0,0)-(

Linear & Isotropic & Dispersive media
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Il
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d(¥,0)= [dF' [ dt' g, (F.F,0.t')é(F.¢)

=
Il
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Il
Sﬁ
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b(F,t)= °df’jdt’gb(f,?’,t,t’)ﬁ(i',t’)

i(,0)=[dar j dt' g, (¥,¥,1,t')8(
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Constitutive relationships

In the following, just for the sake of simplicity,
we will consider isotropic media
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SV-TV

SV-TI

SI-TV

SI-TI

Time: dispersive
Space: dispersive

Space-Dispersive (SD)
Time-Dispersive (TD)

d(¥,0)= [dr'[dr' g, (F,F,6,0')é(F.0)
d(r,0)=[dr'[dt' g, (¥, ¥t —t")&(F,t')
d(r,0)= [dr'[dr' g, (F—F,1,0')é(F,¢)

d(¥,0)=[dv'[dt'g, (F—F't—1)&(F.t")
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Time: nondispersive
Space: dispersive

Space-Dispersive (SD) Space-Dispersive (SD)
Time-Dispersive (TD) Time-Nondispersive (TND)

SV-TV  d(F,0)=[dr'[dr' g, (F,F..0)é(F.0)  d(F.0=[dF'g, (F,F.0)é(Ft)
sv-Tl A= [dF'[dl' g, (EF,1~1)(F,r)  d(F.0)=[di'g, (F.¥)e(¥1)
STV d(F,0)=[dr'[d' g, (F-F.0.t)é(F.r')  d(F,0)=[dF'g, (F—F,1)é(F,1)

SITL  d(F.0)=[dF [dr'g, (F-F.t—1)e(¥.r)  dFn)= [av'g, (F-¥)e(¥.0)
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Time: dispersive
Space: nondispersive

Space-Dispersive (SD) Space-Nondispersive (SND)
Time-Dispersive (TD) Time-Dispersive (TD)

SV-TV  d(F,0)=[dF'[dr' g, (F.F..0)é(F.0)  d(F,0)=[dr g, (F.0,t')&(F.0)
SV-TI  d(F.0)=[dF [dr' g, (F.,i~1)&(F.r')  d(E.0)=[dr'g, (F.o—1)E(F.1")
STV d(F,0)=[dF'[di' g, (F-F,0,0)e(F.1)  d(F.0)=[dr'g, (t.t')&(F.r')

STl d(F,0)= [ dF [dr' g, (F—F,t~')é(F.r') d(F,0)=[dt' g, (t—1)&(¥.0')
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Dispersive (time & space) vs. nondispersive (time & space)

Space-Dispersive (SD) Space-Nondispersive (SND)
Time-Dispersive (TD) Time-Nondispersive (TND)
SV-TV  d(F,0)=[dr'[dr' g, (F.F,0.0')é(F.0) d(¥,0)=&(F,1)é(F,1)
SV-Tl  d(F,0)=[d¥'[dr' g, (F,F,t—1')&(¥,1') d(¥,0)= &(F)e(F,7)
STV d(F,0)=[dr'[dt' g, (F—F.0,0')é(F.1') d(F,0)= &(1)é(E.¢)
SITL d(F,)=[dF [di' g, (F~F,t~1')é(¥1') d(¥,1)= é(F,1)
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Fourier and Phasor domains
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Memo: linear time-invariant (LTI) systems

x(?) X(w)
SE— FT
x(t) —| g0  pF—»®
y(t) Y ()
_— FT —
g() G(w)
—_— FT
Time domain Frequency domain

Time-dispersive J’(f)Zjdf'g(f—f)x(f') Y(w)=G(w)X (o)

Time-nondispersive ()= §x(f) Y(w)=gX (o)
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Memo: linear time-invariant (LTI) systems

x(¢) X
———  T-to-P
x(t) — g() p— @
(1) Y
———| TtoP [—
g(t) G(o)
— FT
Time domain Frequency domain Phasor domain
Time-dispersive ()= 'fdt'g(t —1')x(1') Y(w)=G(0)X () Y =G(w))X
Time-nondispersive ()= §x(f) Y () =gX(w) Y=gX
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Fourier and Phasor domains

Time domain

Time-nondispersive
Time-invariant T
Space-nondispersive d(r,t)= ge(r,t)
Space-invariant

Time-nondispersive ~

Time-invariant d(r,7)= g(f)é(f,l‘)
Space-nondispersive

Space-variant

Time-dispersive

Time-invariant d(F.1 =jdl" t—Ve(T.t
Space-nondispersive ( ’ ) gd( ) ( > )
Space-invariant

Time-dispersive

Time-invariant a F 7 ZIdt' e3¢
Space-nondispersive (r,1) gd( ’ ) ( ’ )
Space-variant
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Frequency domain

Phasor domain
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Time: nondispersive & invariant
Space: nondispersive

_ é(r,1) E(r, )
e— g24() —d FT
d(¥,?) D(r, )
- FT
Time domain Frequency domain Phasor domain
Space-invariant d(t,t)=cé(F,¢) D(F,w) = ¢E(F,w)
Space-variant d(F,1)=&(F)é(F,¢) D(F,®) = £(F)E(F, )
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Time: nondispersive & invariant
Space: nondispersive

) é(T,1) E(r)
6 — 2,0 . d —_— T-to-P
d(F D(r)
d(—r,t) T-to-P
Time domain Frequency domain Phasor domain
Space-invariant d(F,1)=£é(T,¢t) D(F,w) = ¢E(F,w) D(F) = ¢E(T)
Space-variant d(¥,1)=e(F)é(F,¢) D(¥,w) = £(F)E(F, ) D(F) = £(F)E(F)
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Time: nondispersive & invariant
Space: nondispersive

—

c— gd(') —d

Real quantities, all equal each other

uency doma Phasor domain

Time domain

Space-invariant d(t, @ r,t ) ]3(?, @)

Space-variant d(F,t)= e(F)é(T,?) D(F, ) = £(F)E(F, w) D(F) = £(F)E(F)
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Time: nondispersive & invariant
Space: nondispersive

—

c— gd(') —d

Real quantities, all equal each other

{

Time dofmain domain Phasor domain

Space-invariant d(F,1)=gB(F.t) D(Kw) = ¢E(F,0) D(F) = ¢E(T)

Space-variant d(¥,7) @é (f, f) D(F, ») =®(F, ) ]3(?) =(f)
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Time: dispersive & invariant
Space: nondispersive

. é(F,7) E(r, )
d(¥,?) D(¥, »)
- FT
84(1) G, (o)
— FT

Time domain Frequency domain Phasor domain
Space-invariant d(F,0)=[dt'g, (t-1)é(F,t')  D(F,0) =G, (0)E(F,0)
Space-variant d(¥,1)= _[dt'gd (F,t—1")é(F,")

Stefano Perna — Universita Parthenope — Ingegneria Informatica, Biomedica e delle TLC Corso di Campi Elettromagnetici — 4 Aprile 2022



Time: dispersive & invariant
Space: nondispersive

~ é(F,t) E(r, w)
e— g,() —d FT
d(¥,?) D(r, )
- FT
g, (1) G,(r,w)
— FT
Time domain Frequency domain Phasor domain
Space-invariant d(F,0)=[dt'g, (t-1)é(F,t')  D(F,0) =G, (0)E(F,0)
Space-variant d(¥,1)= _[df'gd (F,t—1")é(F,") D(F,») = G, (¥, ®)E(F, »)
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Time: dispersive & invariant
Space: nondispersive

—

€c— g,0) —d

é(F,7)

d(¥,?)

E(F)

T-to-P

D(F)
T-to-P

84 (1) G, (@)
— FT
Time domain Frequency domain Phasor domain
Space-invariant d(r,f)= Idt,gd (t—1")é(r,t) D(F, ) = G, (»)E(F, ») D(¥) = G, (a,)E(F)
Space-variant d(¥,1)= _[df'gd (F,t—1")é(F,") D(F,») = G, (¥, ®)E(F, »)
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Time: dispersive & invariant
Space: nondispersive

—

€c— g,0) —d

é(F,7)

d(¥,?)

E(F)

T-to-P

D(F)
T-to-P

g,(¥,1) G,(r,m)
— FT
Time domain Frequency domain Phasor domain
Space-invariant d(r,f)= Idt,gd (t—1")é(r,t) D(F, ) = G, (»)E(F, ») D(¥) = G, (a,)E(F)
Space-variant d(r,0)=[dt' g, (F,t~t'")é(F,t') D(F,0)=G,(F.0)E(F.0) D(F)=G,(F,o,)E(F)
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Time: dispersive & invariant
Space: nondispersive

—

e— gd(') —d

Real Complex Complex
T
Time domain Frequency domain Phasor domain
Space-invariant d(F,1)= _[dl‘ @(1‘ t')  D(F, 60) ), ©) D(r)
Space-variant d(F,0)=[dt' g, (F.t—1')é(F.') D(F.0)=G,(F.0)E(F.0) D(F)=G,(F, a,)EF)
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Time: dispersive & invariant
Space: nondispersive

c— 2,0

—

— d

Space-invariant

Real
1

Time d&gmain

d(v,0)=[dt' g, (1-1)&(¥.t')

Com

plex

A

Frequencyﬂ domain

D(F,®) = G, (

0)E(F, ®)

Complex

Phasor di

D(F) =G,

omain

@, E(F)

Space-variant a(f,f)= Idf@(f’t,) B(F,w) @F,a)) ﬁ(f) @(f)
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Time: dispersive & invariant
Space: nondispersive

i—| &) |—d 2,(0) -
B

Time domain Frequency domain Phasor domain

Space-invariant d(r,f)= Idt,gd (t—1")é(r,t) D(F, ) (f»“)) D(F) (F)
Space-variant d(F,t)= _[df'gd (F,t—t")e(r,1) D(F,®) E(f,a)) D(F) )E(f)
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Time: dispersive & invariant
Space: nondispersive

i—| 0 |—d 0 - RED
gd(fat) T

Time domain Frequency domain Phasor domain

Space-invariant d(r,f)= Idt,gd (t—1")é(r,t) D(F, ) (f»“)) D(F) (F)
Space-variant d(F,t)= _[df'gd (F,t—t")e(r,1) D(F,®) E(f,a)) D(F) )E(f)
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Time: dispersive & invariant
Space: nondispersive

i—| 0 |—d 0 - RED
gd(fat) T

Time domain Frequency domain Phasor domain

Space-invariant d(¥F,1)= Idt,gd (t—1")é(r,t) D(F,w) (i",a)) D(F) (f)
Space-variant d(¥,1)= _[df'gd (F,t—t")e(r,1) D(F, ) (f,a)) D(F) E(f)
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Fourier and Phasor domains

Time domain Frequency domain Phasor domain

Time-nondispersive
Time-invariant TN o= — S P .
Space-nondispersive d(r,)= ge(r,t) D(r,w) = ¢E(r, 0) D(r) = ¢E(T)
Space-invariant

Time-nondispersive _ . . . .
Time-invariant d(r,r)= g(f)é(?,t) D(¥,w) = ¢(r)E(F, w) D(r) = ¢(r)E(r)

Space-nondispersive
Space-variant

Time-dispersive
Time-invariant d(¥,t)= jdt'gd (t - t')é(f,t’) D(F,®) = ¢(w)E(F, w) ]3(?) = &(w, )E(f)

Space-nondispersive
Space-invariant
Time-dispersive
Time-invariant aft:jdt' r,t—1)eé(¥,7) I DF,0) = &(F,0)E(F,® D(F) = &(¥. 0. E(F

Space-nondispersive (r,1) gd( ’ ) ( ’ ) (F,0) = &(F,0)E(r,®) | D(F) = &(r,w,)E(r)
Space-variant
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Fourier and Phasor domains

Time domain Frequency domain Phasor domain

Time-nondispersive
Time-invariant TN o= — S P .
Space-nondispersive d(r,)= ge(r,t) D(r,w) = ¢E(r, 0) D(r) = ¢E(T)
Space-invariant

Time-nondispersive _ . . . .
Time-invariant d(r,r)= g(f)é(?,t) D(¥,w) = ¢(r)E(F, w) D(r) = ¢(r)E(r)

Space-nondispersive
Space-variant

Time-dispersive
Time-invariant d(¥,t)= jdt'gd (t - t')é(f,t’) D(F,®) = ¢(w)E(F, w) ]3(?) = &(w, )E(f)

Space-nondispersive
Space-invariant
Time-dispersive
Time-invariant aft:jdt' r,t—1)eé(¥,1') D(F,w)=e(F,0)E(F,o D(F) = &(¥. 0. E(F

Space-nondispersive (r,1) gd( ’ ) ( ’ ) (F,0) = &(F,0)E(r,®) | D(F) = &(F,,)E(F)
Space-variant
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Fourier and Phasor domains

Time domain Frequency domain Phasor domain
Time-nondispersive

Time-invariant TN o= — S P .
Space-nondispersive d(r,)= 8e(r,t) D(r,w) = ¢E(r,0) D(r) = ¢E(r)

Space-invariant

Time-nondispersive _ . . .
Time-invariant d(r,1)= g(f)é(?,t) D(¥,w) = ¢(¥)E(F, w) D(r) = ¢(r)E(r)
Space-nondispersive
Space-variant
Time-dispersive

Time-invariant d(F.0)=[d'g,(t-1)é(F.t) D(F,0)=e(@EF®)  D(F)=s(w,)E(F)

Space-nondispersive
Space-invariant

Normal media d(¥,1)= jdt'gd (f,t _ t')é(F,t’) ]3(?,(0) = g(f,a))E(f,a)) ]3(?) =¢(r,m, )E(f)
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Fourier and Phasor domains

Time domain Frequency domain Phasor domain

d(¥.0)=[dt' g, (F.t—1')é(F.t) D(F,0)=c(F,0)EF,0) D(F)=&(F,a,)E(F)
Normal media

B(F,t)zjdt’gb(F,t—t’)ﬁ(f,t’) B(f,0) = u(f,0)H(F,0) B(F)= u(F,w,) H(F)

Conductors j(f,t):o-é(f',t’) j(?,a)):o-ﬁ(?,a)) j(f):O'E(f)
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Fourier and Phasor domains

Time domain Frequency domain Phasor domain
Time-nondispersive

Time-invariant TN o= — S P .
Space-nondispersive d(r,)= 8e(r,t) D(r,w) = ¢E(r,0) D(r) = ¢E(r)

Space-invariant

Time-nondispersive _ . . .
Time-invariant d(r,1)= g(f)é(?,t) D(¥,w) = ¢(¥)E(F, w) D(r) = ¢(r)E(r)
Space-nondispersive
Space-variant
Time-dispersive

Time-invariant d(F.0)=[d'g,(t-1)é(F.t) D(F,0)=e(@EF®)  D(F)=s(w,)E(F)

Space-nondispersive
Space-invariant

Normal media d(¥,1)= jdt'gd (f,t _ t')é(F,t’) ]3(?,(0) = g(f,a))E(f,a)) ]3(?) =¢(r,m, )E(f)
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Fourier and Phasor domains

Time domain Frequency domain Phasor domain

Time-nondispersive
Time-invariant S N o=
Space-nondispersive d(r,n)= 5e(r,t)
Space-invariant

Time-nondispersive _» D=¢E
Time-invariant d(r,7)= g(i-’)é(i-”t)
Space-nondispersive
Space-variant B - 4H
Time-dispersive H
Time-invariant d(t.¢ =jdl" —"elF.¢
Space-nondispersive (r,1) gd( ) ( ’ )
Space-invariant J=0F

Normal media d(r,0)=[dt' g, (F,t—t')&(F.1)
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Time-nondispersive
Time-invariant
Space-nondispersive
Space-invariant

Time-nondispersive
Time-invariant
Space-nondispersive
Space-variant

Time-dispersive
Time-invariant
Space-nondispersive
Space-invariant

Normal media
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Fourier and Phasor domains

Time domain

d(¥,1)= £é(F,?)

Vxé(f‘,t):—abg’t)
. od(¥,t) =, \ -
Vxh(¥,t)= +j(F,1)+ j, (F.1)
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Fourier and Phasor domains

. ob(¥,7)
Time domain Vx@(F,1)=- ot
Time-nondispersive L od(¥,t) - .
Time-invariant {Vxh(¥,t)= (r )+j(r,t)+J0(r,t)
Space-nondispersive # ot
Space-invariant V-d(F,t)= p(¥,t)+ p,(T.1)
Time-nondispersive \% -f)(f,t) =0
Time-invariant (e N\ o(E\al( s )
Space-nondispersive = 8(r)e(r,t) l
Space-variant
Time-dispersive . 81*1(* )
Time-invariant N _ r,?
Space-nondispersive Vx@(F,1) = —u(F) ot
Space-invariant 86(? t) ~

Normal media
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Time-nondispersive
Time-invariant
Space-nondispersive
Space-invariant

Time-nondispersive
Time-invariant
Space-nondispersive
Space-variant

Time-dispersive
Time-invariant
Space-nondispersive
Space-invariant

Normal media
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Fourier and Phasor domains

Time domain

d(r,1)= _[dt’gd (t—1")&(¥,1)

d(r,0)=[dt' g, (F,t—t')&(F.1)

Much more convenient
to work in the
frequency/phasor
domains!
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Fourier and Phasor domains

Frequency domain
Time-nondispersive

Time-invariant (oo (= _ =
Space-nondispersive VxE(r,a)) - jaiB(r,w) - ~
Space-invariant V x H(F, a)) = ja)D(f, a)) +J(r, a)) +Jo (f, a))
<
Time-nondispersive V-D(F.0)= T
Time-invariant _ (r, a)) p(r, a)) i (r, a))
Space-nondispersive V-B(F,a)) =0
Space-variant
Time-dispersive
Time-invariant D=cE: B= uH
Space-nondispersive ’ ’
Space-invariant
(Vxﬁ(f‘,a)) — — jouH(F,0)
Normal media . _ — -
VxH(f,a)): ja)gE(f,a))+0'E(f,a)) +Jo (f,a)
<
V-¢E(F,0)=p(F,0)+ p,(F,0)
\% yﬁ(f,a)) =0
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Phasor domain

=l
~

VxH(F)H jo,D(F)+JI () +Jo(
)

V-D(F)=p(F)+p, (F

V-B(F)=0

=0E;
Vxﬁ(f)——ja)nyﬁ(ﬂ

—

r)= ja)ogﬁ(f)+aﬁ(f)‘+ Jo(F)
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Fourier and Phasor domains

Frequency domain Phasor domain

Time-nondispersive
Time-invariant
Space-nondispersive
Space-invariant

Time-nondispersive
Time-invariant
Space-nondispersive
Space-variant

Time-dispersive
Time-invariant
Space-nondispersive
Space-invariant

Normal media
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One consideration

- Conducting media

o
&,y :({1—]—}
ws

- Highly conducting media
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Another consideration

- In time-dispersive media, when working in the Fourier/Phasor domain, we have:
£=¢ - je,
M= = J M,

It can be shown that the real and imaginary parts of these quantities are not independent
each other: they are related by the Kramers- Kroning relations
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.... two last considerations

- Note that causality and finite velocity of propagation must be enforced when writing
the impulse response that describes the medium

- Note that, due to the finite velocity of propagation, space-dispersive media are
time-dispersive too
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